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Fermulae connected with the Radii of the Incircle and the
Excircles of a Triangle.

By J. 8. Mackay, M.A,, LL.D.

The motation employed in the following pages is that recom-
mended in a paper of mine on ‘“The Triangle and its Six Scribed
Circles” * printed in the first volume of the [Proceedings of the
Edinburgh Mathematical Society. It may be convenient to repeat
all that is necessary for the present purpose.

a b ¢ = the sides BC, CA, AB of triangle ABC.
by Py My = the perpendiculars from A, B, C on BC, CA, AB.
™my, My, My =the medians from A, B, C.
r = the radius of the incircle.
Py Ty Ty = the radii of the 1%, 2" 3™ excircles.

These are frequently denoted by r,, 7, 7.

8 =semiperimeter  of ABC.
8, 8, &8 =g—-a,8-b,s~c. }
A =area of ABC.

When an equation expresses a property of a triangle relating
to one of the excircles it is easily enough transformed into the
corresponding equation for either of the other excircles. It is
not however so easy at first sight to transform an equation relating
to the incircle into the corresponding one relating to an excircle.
The following table gives the substitutions that are necessary to
effect the required transformation.

* The title is somewhat of a misnomer. Five only of these circles are treated
of. The sixth (the nine-point circle) is discussed in the eleventh volume of the
Proceedings.

+ On the Continent of Europe p is generally employed instead of s.

I This notation was suggested by Thomas Weddle in 1842. See Lady’s and
Gentleman’s Diary for 1843, p. 78, Professor Neuberg proposes p;, p,, p; instead
of p~a, p-b, p-cin Mathesis, II1. 167 (1883).
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When 7 is changed into r,

a b ¢ 8 8 8 8 become
a -b -c -3 -8 8 8
” 7y s hy hy hy become
ro—ry -1y, =N hy b,
A B C R A become
-A 180°-B 180°-C -R -A

The greater part of this table is given in the Lady’s and Gentleman’s
Diary for 1871, p. 98, and it is due either to the editor of the Diary,
W. 8. B. Woolhouse, or to one of his correspondents, W. B. G.
(William Bywater Grove?). No demonstration however is offered
of the law of transformation thus enunciated.

A discussion of this law by Mr E. Lemoine will be found in the
Bulletin de la Socidté Mathématique de France, XIX. 133-141 (1891),
in Mr De Longchamps’ Journal de Mathématiques Elémentaires,
4™ geries, I. 62-69, 91-93, 103-106 (1892), and in Mathesis,
2" geries, II. 58-64, 81-92 (1892). Two articles on the same
subject by Edouard Lucas will be found in Nouwvelle Correspondance
Mathématique, I1. 384-391 (1876), I1I. 1-5 (1877).

The following algebraical identitics will be found useful.

8—81=32+83=a
§~0=8,+8=>0

§-8,=8+8=c

s+8=b+c 8- 8=c-0b

$+8=a+b 8, —8=b-a

S+8+5+8=2s
$—8+8+38=2a

1+ 2+ 3 III.
§+8 —8+8,=2b

!
J
s+8=c+a 8 —-8,=a-c } IT.

S+ 8 +8 ~8=2¢
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8 +8+8=8

8§ —8;~8;=4§

IV,
8 —8 —8;=8
8 ~8—8 =3
S+’ +8r+st=a'+ 0+ V.
88, — 8,8, — 8,8, + 8,8 =a?
885 — 8,8, — 88, + 8,8 = b? VI.
88, — 8,8, — 8,8, + 8,8 =¢?
85, +88,+355,=8
8,8 — 88, — 88,=3 VII
88 — 88y — 8,8, ==8;°
8,8 — 8,8, — 8,8, = 8
88, + 8,8, =bec, 88,+8,8 =ca, 88;+838,=ab VIII
2(ssy - 88;) = — @’ + b2+ ¢ }
2(s8, —858)= a’-b"+¢* f IX.
2(ss; - 818)= a*+b-c*
4(8,8; + 855, + 8,8,) =2(be +ca +ab ) - (a*+5°+c?)
4(85%, — 8,8 —88,)=2(bc —ca —ab) - (a*+b*+¢?) x
4(s,8,— 88 —88)=2(ca —ab ~bc) - (a*+ 5 +¢?)
4(8,8, - 8,8 —88,)=2(ab - bc —ca )~ (a*+*+c?)
2as, +b8+cs)=2(bc +ca +ab)—- (a®+ 8 +c%)
2as,+ b3 +cs)=2(as, + bs, + ¢8)= a*+ b + ¢
— a8 + b3+ cs; =28, —as, + bs +c¢s,=2ss,
9 X1
as, —-bs,+cs;, =28 as, — bs, + cs = 2ss,
as, +bs,—cs =2s5s, as + bs, — cs, = 288,
8(b - ¢) + 8,(c — a) + s,(a— b) =0 )
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8+ 8" + 8" + Babe=¢"
esla._,s;,(_l. + i + .l_ - ,1_) =abe
8 8 & 8
a8,8; + b8,8, + c8,8, + 28,8,%, = abe
as®+ ba,t +c8 + 288,82 =abe

4(0s + b3, +¢8,7)

=a®+ 0% + ¢ + Babe — b - be? - ¢®a - ca® ~ a®b - ab?

a(b—c)s’+b(c - a)s?+cla ~b)s,’=0

A A A A

Pr= ____ 'rl=_ 7‘2=_. 1‘3=__

8 8 8y 8

where A = Vasgg, =3k =3bh,=Ych,

XIT,

1)

These results may be put into a variety of other forms, such as

s o=8r, =8,

&y r & r

Ty _ 8% Ty 8 0N

vy, 8y T, 8y Ty
Ty = O =88,8,8.

"l _ A 8,8.8,

8 r
7Ty A 8 848
& ”
AN
Y3 72
AT
LYl oA=L
8y 7y

s 8 =0"18,8,

3

ryry i 8 =12 a8,

Ty =28

=&,

https://doi.org/10.1017/50013091500001711 Published online by Cambridge University Press

(@)

3)

4


https://doi.org/10.1017/S0013091500001711

90

Other proportions may be obtained by putting for the extremes
rr, 88, etc., and for the means r? s etc.

s 8% =7212889
Py, s =7r2:888,
(6)

rrrgist=r’1888

rrg st =158,

i o e

8,8, 88, . R88, 88,
s :33, rl= -esa, re=00 0 e )
s 8 8, 8 -
rrT. 7T (‘ )
7y Ty, : r
2__ 179" 2 1750 2_ "7y 2 _ T7eh)
8= y &= y S = y Sy =
r 7, 7y 7y

By means of (7) and I, II, IIL, IV. a large number of
expressions may be obtained. The following is given as a

specimen :
T Ty, e Ty
\/12:,':\/ 2 4 s 4 2" (8)
r 7 7y 75
PT = 8,8, PPy =838 TPy = 8,8, )
88 =17,73 88y =737 8§83 =717y

77+ ryry=be rry+ Ty = ca 77y + 7y =0b (10)

See VIII.
2(ryrs + 137y + i+ 17y 17y + 775) = 2(be + ca + ab) (11)
2rrs ity = —rry — )= @'+ 0+ (12)

See IX,

&t +4ryr;=(b+c)
B+ 4ryg = (c +a)*
4 drry=(a +6)
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be—ry; _ca~ryy  ab-—rry,
! T2 7y
he — 88,  ca—sg  ab-ss,
TP = AL =3
B Sa S

(14)

e R

Similar expressions may be obtained for r), r,, 7, and for s, s, s,.

Tyt =8
Ty - T =T ry=gY
Yy = = =80

T =P =y =80

See VII.
— vy A ey = (20 - 8)
rs e + e r,=8(2a + %)
o+ 1y =820 + 1)
e Frr,=s5(2¢+8,)
See ITL.
dr(ri+ 4 1y) = 2(0e + eu+ ab) - (@ + 07 + %)
dr(r == ) =200 — ea —ab) — (¥ + 17+ ¢?)
dryr —r ~ ) =2 - ab - be) ~(a®+ 1"+ ¢%)
Aryr — o~ 1) =2(ah — be - ca) - (@ + U+ 7)
See X.
r(m+retr)=0be—-s'= ca-s= ab-g?
r(r =y -r)=be~s?= —ca-x’= —ab -}
(1 = —r)=ca—~s = —ab-s'= - be -8}
rr ==Y =ab- s = —be—sl=—ca-g®

4y + vy + 1y — 41y — 1y — vy =4m?
Arg s+ s — drry — 1y — Ty = 4m,?

driry+ 1oy + 1y ~ drry - vy — Ty = 4my?
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h_ s b _w k&
2r a 2r,  « %, G 2r, @
bt kb s k& ks
2r b 2r, b 2r, b 2r, b
b g b s k& k&
2r ¢ 2n ¢ 2r, ¢ 27, ¢
hobs _rry by ey Rby vy
drg,  be drgr,  ca irp,  ab
8¢ , 8s® ,
ahe" Sahe T Tl
2r 27,

A -m*,(l W _slr(l+’—‘l)_

1 1.1 1 1 1 1

7—7,_ o ory, Il by My

11 1 1 1.1, 1

noor "'2__hl+ha by

111 1_ 11,1

re T o7 1y kg kg My

11 1 1 1.1.1

O Y WL T

These may be put into many other forms; for example

1 1 1 1\ 4/1

— =t ) ===

oo Py oy r\n
1 1_l+1_2 2rr,
o oy My -
ror 1.1 2 2m
PR U I R % To—1T
r 1 1.1 2 >
r vy 1 Ty Ry ry—1

2r .y

1 1

F—t-

Ty My

T2+ 7y

=k

> (20)

L (24)

(25)
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1,1_2 2 2rry oy
r o hy by r+ry hg+hy
1+l_2+2 2rry Al
T rry Ryt hy
1,1_2 2  2m_ hh
Ty Ry r4ry b +hy
_l__i=_2_ 2 2747, _ hoh,
ry vy hy hy  rs—1y hy—hy
1. 1_2 2 2w kb
rnn 1y hy by ri—ry hy-
L_L=_‘:)‘__3 2ry7y - hhy
ry 1 ko hy  rg—-ry A —h
_ Tl _ Fyhohy
79y + T3 + 1T T hh iy + Pohy + Bhy
. 70, _ hihsh,
Yoy g =y —hohy+hhy+ by
_ Ty _ b, ~
Ty =y =1y = b+ Mg+ Rk
- T _ oyl
ST = =11y = lghy+ R+ Iy
2 2,22

Try+7r5r + 17y

ot

T — T —T Ty

rorlr?

Ty =7r =77

T =TT =TT

=A2

= the reciprocal of

ERUSNRUSNNINS
(7¢:+_h;+h3 _7l,+/z, AN IL3+7L; hy
7 Vol. 12

11
T
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1 1 1 1 4 be )
T ra 8,8, 88, hohy  INT
1 1 1 1 4 ca
TPy | reTy 8% 88, hghy DT (30)
1 1 1 1 4 ab
g T s ss Rk, A7
(o))
r 1 _7'T —7‘—3 "\ s S 8 —;‘?_A:
(1 1)(1+1)_(1 l)(l_{_l)_-t__b2 (31
o\ ) T s T s N\ T s TR A @31
(1 (1 1) (1 1)(1 1) 4
— Nt =)= Nt ) ==
r o /\ry 7 8 8 5 S hy? :

1ttt 44t
Ry LT W W T W 3 L (33)
_ betca+tab
= A"’—

33
a'z+b‘:_t—cj {( )

RFAY
1 1 1 1 ]
"J—Ts; g $1¥%,
3 1 1 i (34)
1 1 1 ___1_ J
TR
and so on.
1,1,1,1_4 4 4
F+;? IO A X A
(35)
a2+b2+c‘2
=R
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and so on.

r (36)

- (37)

P+ hy+ Ry~ (1 473+ 1) -3

8

r r 7 oo Ty
—++— )+ =+ +-"=0
a b c a b ¢

(38)
hl—hz“hz'*'(r'7‘3‘7‘:)_3(_7;1__11___7;1_)+_7'_+2+_"_2= [
8 a b ¢ a b
and so on,
h.z+hz,_i_h.x+hl+h,+hg=6 ]
8} T 7y
(39)
Bt by hy—hy hy—h, ‘
r 7y s
and so on.
.h1_+._.___h2+h"’_ .I_Ll_+h_2+_’)_3_)=6 ]
r Ty Ty
¢ (10)
—Iz,+j2_ih_3+(£,_ by h,) 6 J
7y Ty
and so on
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Many formulae may be obtained from (41) and

ra=s(r,—r)
rh=sfr,—r)

re=s(ry—7)

Ty0 =813 +17,)
rb=s(ry—7r)

7y0 =8(1r, + 1)

sa=rry+ry)
sb=mry(r;+m)

sc=ryr+1y)

S =T1yry ~7 )
sb=r(r +7,)
sc=rry—7)

appropriate grouping.

a(bry —éry) =7 (rf—rf)
a(br, — cry) =r(rd — 1)
albry —cr )=ryr-r?)

afer, — br ) =ryr?--1r7?

and so on.

96

ra=s(r—r)
b =syry+ 1)

e =81y +71)

7@ =8,(ry+ 1)
rb=s(r, +7,)

e =5(ry=1)

sax=r (7"3 + 7‘2)
sb=rr,—7r)

sic=rr;—r)

s =11y — 1)
sh=r(r,-7r)

s =7 (ry+ 1)

bler, —ar))=r(rf-r?

c(ary — b)) =r (v — 17

blar,—cr ) =r (-1

cary— br ) =r(rf -17)

blery — ar) =ry(r2 = r?)

o(bry —ar ) =ryr — %)

Bors— ar )= rfr = 1)

clar, — bry) =ry(r* - 7)0)

it rtr)

8

a b ¢ U-r+ry+r
L0 ATt

4
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_a.+_b_+_c_) ij-_.bji =4 W
Ty Ty T3] r+Te+7y
L (45)
(a b c) —a+b+ec
—_— _+-— ————— =
r T3 Tl =7 +1r3+7, J
and s0 on.
_arr, _al + _arys _alA )
NTTSR T YT T
_brr, BA _bryn  BA
TR T TR Ty (46)
_erry (il_ _enry gé
7‘3-7‘_—5—_7,1'2 nEnEn T )
8 — 1y & — ryry _ & - Wy
— = . =b T =°¢ (47)
ry(ra+r)=38c+a) r(rs+r)=8(a+b)
ro{rs+7)=8(a+b) ro(ry 47 )=84(b +¢) (48)
ryry 1) =8(b+c) ryra+7)=8(c+a)
See I1.
7 (ry—r3)=8(b-c) r(ro—r)=8(b-c)
r (rs— 1) =8,(c - a) rrs—r)=28(c—a) (49)
r(r —r)=28a-0) 77y —1r) =8 (a - b)
See I1.

Many formulae may be obtained from (48) and (49) by
appropriate grouping.

ary~br = -7—:(b +a)
(30)

ar,-br,=
73

(b-a)

and so on.
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rn+rrn-r=bic:a
VYot ivy—7 =c+a:b

r3+r iry—r =a+bic

o=y iyt ry=b—-c:a
ry—1r i1t =Cc~a:b

T—ryirtr=a-b:c

(ritr)(re—r) =G +c)b~-c)
(re+rXrs—r)={(c+a)(c—a)
(rs+r)(r—m)=(a+b)(a-0b)

2. a2

Sirt=rydrgir—r =stir

(ri=rybr i, —r =82 "

Sirt=r4rir-r =82 70

82'7'2_7' r iy +1. 2. 2 .

L T =TT 4T, ST Iy =TT It
IR =1 =1 1Tty 8 v i=ry—rir 4y

stirl=r -7 iyt sl inisr-rirg+ry

(re+7)(r ~7)=a®

(rs+r)(rg~r)y=4

(r+r)(rs—r)=2c
See 1.

i (ry + "':;)2

=qa?
T+ T T
2 . \2
) ("'s +9 l) _ bz
L R R A
2 2
A GRS o

Ty + 750 1T
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rrs+13) - ro{rs+ 1) _ r5(r1 4 1)
a b ¢

r(ratm) _mlry—r)_mra-r1)
a b ¢

rri=r) r{rt+mn) nrn-r)
a - b - ¢

r{n=r)_nln-r)_r(n+n)
a - b - ¢

raro(ry + 7 )(ry + 1) —be
s+ 71y + 17,

ryry(my + ra)(rs + 75) _
Tol's + 737 + 17,

ca

(P + P} (ry 1) —ab
7yrs + 57, + 77

(raA 1)+ m)(r 1) tabe=s i1
(ry=7)ry-r)rs—7):abc=r:s

88,188 =a’ 1 (1) — ) = (ry+1ry)* 1 0
P AN

88,1 88, =": (g =) =(r + 1)t :

Arrs—rr)= —a*+ 02+ ¢
2("'37'1 —rr)= a*-b+c
2rry—rry)= @+ b
rry=1r _ —a’+ b 4-¢?
rra ko, 2b¢

rary~rr,  a@*-b 4 ¢?
rery 7y 2¢ca

Ty — T3 a4+ b -c?
Ty + 77y 2ab
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r 7'21 TSy
poey =(r-7)

Tyt T,
=_..’1:’A=(r2+rx)x/ﬁ.=a,
7oTs rars

-7) 7'3"'1

(63)
= ﬂ'A (rs+ r,),J— =b

rsry

"

_7-) 7.7.3

rn+7 oy
=‘——’A=<r,+rz>«/,,7*=c
12

T

2r 7y = —as, +bs, + ¢z l o4
Argry= —as;+bs +cs, J (64)
and s0 on.
See XI.
DA () =b+c ]
'r2+rA (’r,,+’r)\/-——c+a, » (65)
r‘“ =a+b
J
'i—(rl +r)(ry+r Yratr)=(b+c)c+a)atb)
(66)
;‘—(ﬁ +7)(rs =) (e =) =(b+c)(a-c)a-b)
1
and so on.
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— 7y

D=(r,~ry) =b-c

7 z"'.s

Yy~
LI A =(r~n
4

=, rr.
! ‘A=(rl—r2)\/;73=a—b
172

7T

(ra=a)(ra = )i~ 72) = (b~ )(e - a)(a - B)

ry=r)ratr ) +1)=(b =) e+a)a+d)

and so on.

of 1 1) _
L 5) =) =al +9
2o - ) =it ) = b o)

A(r_ 3) (m+r)r+r)=cla+d)

1 _) (ry = 7)1~ 1) = (b - ©)
A*(— - —-) (ry=r)(re =) =b{c —a)

A”Z—r_l-) (ry =1 )rs=7r)=c(a-b)
(47 )ra+r Yrs+r): (B+c)ct+a)a+d)=r:s

ry=r)(rs—m)(ri—r) i (b—c)ec-a)a-b)=s:7
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AN
_rars(ritr) _rrbte) rr(ra—r) rry(b—c)
T b4e m+r  b-c vt
_ ryr(ra+7) _rrac+a) rrrs—-m)  rae-a) r (72)
cta  mtr  c—a | r-n

="'1"'s("'a+"')=”""s(a+b)_"""3("'1—"'z)_”'x"z(a"b)
a+bd rs+r  a-b -

(r, = r)(ry ~r)(ry - ) A
e =ab

c
r (73)
abe

(re +ro)(rs +m)(ry + 102 _
PaN

(r 4+ 2) a4 r) s b 7)(rg = r) (g — 1)(ry — 75) = (B - )(c* — a?)(a® - B%) (74)

(=) (ra =) 3= )2+ 1) (rs + 1)(7s + 7y) =a?b? (75)
(r+ra+rs—-r)A=abe (76)
ETELTE TR S

14_1_1)=abc (78)

N( LI
7'7'3”'3 7‘7'1"'3 ?'7'27'1 7, 1 ”'2 ’I"-,

1 1 1 1 24
=T 79
rs om0 nd Ry 9
Ty TN Ty, (1_ _1_ _1_)
] 75 S " N * g + gt
(80)
Pory T Ty 2 1 1 1
-7‘3_ o 7’23 =8, F+-;;‘+'r—2‘

and so on.
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In the following notes an endeavour has been made to assign the various

formulae to the authors who first published them more or less explicitly. But it
would be presumptuous to suppose that this endeavour has met with more than a
partial success. T shall be grateful to any one who will inform me of earlier
sources than those I have been able to find.

(1) Both of the expressions 87 = A and 388,85, = A? are given by Heron
of Alexandria in his treatise *“ On the Dioptra.” See Hultsch's Heronis
Alexandrini Geometricorum et Stercometricorum Reliquiae, pp. 235-7
(1864).

(2) Weddle in the Lady's and Gentleman’s Diary for 1845, p. 82.

(3) It is stated in a note in Gergonne’s Annales, 1. 150 (1810-11), that Mahieu,
professor of mathematics at the College of Alais, discovered the theorem
A= rr7,"; about 1807, and that Lhuilier gives it in his Elémens
d'Analyse, p. 224 (1809).

(4) The first half of the first expression is given by Feuerbach, Eigenschaften...
des...Dreiecks, §4 (1822). All the expressions which have 7’s in the
numerator are given by L.P.F.R. in Gergonne’s Annales, XIX. 214
(1829).

(9) T. 8. Davies in the Philosophical Magazine, II. 28 (1827). In the same
place Davies gives also the first proportion of (6).

(7) The first expression of the first line is given by Euler in Novi Commentarii
Academice. .. Petropolitanae, for the years 1747-8, 1. 54 (1750) ; the second
by T. 8. Davies in the Ladies’ Diary for 1835, p. 56. The first expres-
sion of the second line is given, implicitly, by Feuerbach, §4 (1822) ; all
the expressions in the second line are given in Gergonne’s dnnales,
XIX, 214 (1829).

{9) The first three expressions are given by T. S. Davies in the Philosophical
Magazine, 11. 28 (1827); the second three by L.P.F.R. in Gergonne’s
Annales, X1X. 214 (1829).

(10) Weddle in the Lady’s and Gentleman’s Diary for 1843, p. 86.
(11), (12) Feuerbach, § 6 (1822).

(13) The first expression occurs in the Ladies’ Diary for 1759 ; all four occur
in Gergonne’s Annales, XIX. 214 (1829).

(16) Mr Emile Lemoine in Muthesis, 2nd series, IT. 83 (1892).

(17) The first expression is given by C. J. Matthes in his Commentatio de
Proprietatibus Quinque Circulorum, p. 9 (1831).

(18) The first of these expressions is given by Mr R. Knowles in Matkematical
Questions from the Educational Times, XLI. 93 (1884).

(19), (21) Weddle in the Lady’s and Gentleman’s Diary for 1848, p. 76, and for
1845, p. 78.

(28) Mr Emile Lemoine in Mathesis, 2nd series, IL. 81 (1892),
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(24) The relation between 7 and 7, 7'y 73 was given by Steiner and Bobillier
in 1828. See Steiner’s Gesammelte Werke, 1. 214. The relation between
r and Ay Ay Ry was given by L.P.F.R. in Gergonne's Annales,
XIX. 212 (1829).

(25) Half of these expressions were given by Lowry and Rutherford in the
Ladics’ Diary for 1830, p. 54 ; the other half and also the whole of (26)
and (27) by Weddle in the Lady's and Gentleman’s Diary for 1843,
pp. 90-1.

(28) The expression for 7 in terms of 7, %y 7y occurs in the Ladies’ Diary
for 1759. The expressions for 7, 7y, 7y 75 in terms of the A’'S are
given by Lowry and Rutherford in the Ladies’ Diary for 1836, pp. 53, 55 ;
the other expressions, by T. 8. Davies in the Lady’s and Gentleman’s
Diary for 1842, p. 81.

(29) The expressions for A? interms of the 7S were given by Steiner in
1828. See his Gesammelte Werke, I. 214. The expression in terms of the
h’s was given by J. A, Grunert in Supplemente 2u Kliigels Worterbuche
der reinen Mathematik, 1. 703 (1833).

(30)—(383) Weddle in the Lady’s and Gentleman’s Diary for 1843, pp. 91-2.

(34) First expression given by T. 8. Davies in the Philosophical Magyazine,
11, 29 (1827).

(35) Weddle in the Lady’s and Gentleman’s Diary for 1843, p. 91.
(36) Mr David Trowbridge in Runkle’s Afathematical Monthly, 111. 188 (1861).

(37), (38), (40) The first expression in each of these is given by Thomas Dobson
in the Lady’s and Gentleman’s Diary for 1862, pp. 95-6; the first
expression in (39) is given by Dobson in Mathematical Questions from
the Educational Times, IT1. 104 (1865).

(41) The values of 730, 7.,¢ are given in the Ladies’ Diary for 1759 ; those of
ra, rb, rc, and of 7@, 70, 7,6, in a slightly different form, were
given by Steiner in 1828. See his Gesammelte Werke, 1, 215.

(42) The values of 84, 8b, SC are given in the Ladies’ Diary for 1759. All
the expressions in (41) and (42) were given by Weddle in the Lady’s and
Gentleman’s Diary for 1843, p. 84.

(43) Mr Emile Lemoine in Mathesis, 2nd series, II. 81 (1892).

(44), (45) Thomas Dobson in the Lady’s and Gentleman’s Diary for 1865, p. 53,
and for 1864, p. 83.

{46) Mr Bernhard Mollmann in Grunert’s Archiv, XVII, 880-1 (1851).
(47) L.P.F.R. in Gergonne’s Annales, XI1X. 214 (1829).

(48), (49) Weddle in the Lady’s and Gentleman’s Diary for 1843, p. 86.
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(50) Mr Emile Lemoine in Mathesis, 2nd series, IT. 81 (1892). The first pro-
portion in (51) and the last in (52) are given by C. J. Matthes in his
Commentatio, p. 52 (1831).

(33), (54), (33) Weddle in the Lady’s and Gentleman’s Diary for 1843,
pp. 83, 87, 80.

(56) and the first line of (57) are given by L.P.F.R. in Gergonne's Annales,
XIX. 214-5 (1829).

(58) T. 8. Davies in the Ladies’ Diary for 1836, p. 51.
(61) Mr C. Hellwig in Grunert’s 4drchiv, XIX. 50 (1852).

(63) The expressions in which — occeurs were given by Steiner in 1828. See his
Gesammelte Werke, 1. 215. C. J. Matthes in his Commentatio, p. 52
(1831), gives one of the others.

The first value of b+ ¢ in (65) and the first of @ — & in (67) are given by
C. J. Matthes in his Commentatio, p. 52 (1831).

{66), (68) Mr Emile Lemoine in Mathesis, 2nd series, IT. 82 (1892).

(69), (70) The expressions where £\* occurs are given by Mr Lemoine in
Mathesis, 2nd series, 11, 91 (1892); the others by Mr C. Hellwig in
Grunert’s Archiv, XIX. 50 (1852).

(71), (72) Weddle in the Lady’s and Gentleman’s Diary for 1843, p. 86.
(76)—(78) T. S. Davies in the Lady’s and Gentleman’s Diary for 1842, p. 90. -
(80) Mr Emile Lemoine in Mathesis, 2nd series, I1. 84 (1892).
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