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1. I n t r o d u c t i o n . Differentiation of a set function JJL wi th respect to 
another v a t a point x involves taking the limit of the rat io fxA/vA as A "con
verges" to x in some sense which requires t h a t A belong to some family of 
sets N(x) (e.g. spheres with centre x). For the development of a reasonable 
theory of differentiation certain restrictions mus t be placed on the families 
N(x). T h e best-known restriction is t h a t they form a Vitali system. However, 
other systems have been considered. 

In this paper we s tudy the relationships between three sys tems: Vitali 
systems, which we call V-systems; a modification of the systems having 
proper ty (V) introduced by Sion in (4), which we call S-systems; and a 
modification of the tile systems studied in H a h n and Rosenthal (2) , which 
we call T-systems. T h e main difference between systems having proper ty 
(V) and S-systems is t h a t sets in the la t ter are not required to be open. T h e 
main difference between tile systems and T-systems is t h a t sets in the first 
are assumed to be measurable whereas in the la t ter they need not be. 

T h e main results in Section 3 s ta te t h a t V-systems are always S-systems; 
under certain conditions, V-systems are T-sys tems; under more s t r ingent 
conditions, S-systems are T-systems. We then show t h a t the converses, in 
general, do not hold. 

In Section 4, we prove t h a t for T-systems, measurable functions are approxi
mately continuous and apply this result to obtain a densi ty theorem. This 
generalizes similar results for tile systems and parallels similar results for 
systems having proper ty (V). 

2. N o t a t i o n a n d t e r m i n o l o g y . T h e following nota t ion and terminology 
will be used throughout this paper : 

(1) co is the set of all integers greater than zero. 

(2) (A ~B) = {x :x e A,x(B}. 

(3) aF = U a. 
aeF 

(4) JJL is a (outer) measure on X if and only if fi is a function defined on all 
subsets of X, /JLO = 0, and 

0 < fiA < X A whenever A C\J BnCX. 
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(5) For fi a measure on X , a set A is ju-measurable if and only if, for every 
B C X, fxB = n{B r\A)+ n{B ~ A). 

(6) t l V = {*:/(*) G F} . 

(7) For /x a measure on X , a function / on X to a topological space F is 
/x-measurable if and only if, for every open V C Y, f~~lV is a /z-measurable 
set. 

3. Cover ing s y s t e m s . In this section X is a topological space and M is 
a measure on X . In the next set of definitions we introduce the three types 
of covering systems t h a t will be compared. 

D E F I N I T I O N S 3.1. 

3.1.1. X is an arbitrari ly fine system if and only if X is a function on X 
such tha t , for every x G X , N(x) is a family of sets and for every neighbour
hood U of x there exists a G N(x) with a C U. 

3.1.2. For every A C X , N(A) is the collection of all families F such t h a t 

(i) FC UN(x), 
xeA 

(ii) for every x G A and neighbourhood U of x there exists a G /y1 O X (x) 

with a C £/. 
3.1.3. X is a V-system for fx if and only if X is an arbitrari ly fine system 

and for every A C X and T7 G X ( / l ) there exists a countable disjoint family 
7<v of /x-measurable sets such t ha t F' C F and /*(/! ̂  <rF') = 0. 

3.1.4. X is an S-system for JJL with factor X if and only if X is an arbitrari ly 
fine system, 1 < X < °°, and for every A C X and F G X(^4) there exists a 
countable family T7' C F such tha t ju(/l ^ cr/7') = 0 and for every B C cr^7' 

a e f 

3.1.5. X is a T-system for /x if and only if X is an arbitrari ly fine system 
and for every A C X , F G N(A), and e > 0 there exists a countable family 
F' C F such t ha t fx(A ~ crF) = 0 and 

X^ /xa < jLî l + e. 

T h e next set of definitions introduces two conditions on the measure p. 
These will be used in the hypotheses of theorems later on. 

D E F I N I T I O N S 3.2. 

3.2.1. ju satisfies Hi if and only if /zX < oo and for every e > 0 and A (Z X 

there exists an open set A' Z) A with \xA' < \xA + e. 

3.2.2. [x satisfies H2 if and only if \xX < œ and for every A C X there 

exists a /z-measurable set A' Z) A with iz^4' = /z^4. 

The main relations between the various covering systems are listed below. 
The proofs and counter-examples follow the s ta tement of the theorems. 

https://doi.org/10.4153/CJM-1964-003-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1964-003-6


20 DONALD J. MALLORY AND MAURICE SION 

Theorem 3.4 can be found in (2, p . 269) bu t is included here for the sake 
of completeness. 

T H E O R E M 3.3. / / N is a V-system for /x, then N is an S-system for [x with 
factor 1. 

T H E O R E M 3.4. / / \x satisfies Hi and N is a V-system for \x, then N is a T -
system for LX. 

T H E O R E M 3.5. If \x satisfies Hi and N is an S-system for jx with factor X and, 

for every x G X, N(x) consists of \x-measurable sets, then N is a T-system for ix. 

Remark 3.6. T h e converses of the above theorems do not hold in general , 
even when ix satisfies Hh open sets are ^-measurable, and the N(x) consist of 
open sets, as is shown by the examples 3.6.1. and 3.6.2. below. 

Proofs and counterexamples. Theorem 3.3 follows immediately from the fact 
t h a t for any countable disjoint family F oî ^-measurable sets and any B C o-F, 
»B = Z a e F M ( a n ^ ) . 

Proof of Theorem 3.4. Let N be a V-system for LI, A C X, F G Ar(/1), and 
e > 0. Then since ix satisfies Hi, there exists an open set B Z) A such t h a t 
fxB < LIA + e. 

Let F' = {a :a £ F and a C B). Then Ff Ç N(A) and there exists a 
disjoint countable family G of /^-measurable sets such t h a t G C F' and 
ix {A ~ aG) = 0. Since the elements of G are //-measurable 

2_j VOL = \X(JG < fxB < \xA + e. 

Therefore N is a T-system for /x. 

T o prove Theorem 3.5 we need the following lemma. 

LEMMA. Let A C X, 1 < X < œ and ixX < oo. If F is a countable family 
of fx-measurable sets such that fx(A ^ aF) = 0, and for any B C <*F 

S fx(aDB) < \-LIB, 
aeF 

then for any k > 1 there exists a subfamily G C F such that 

22 fxa < T fxaG and jxaG > 77- . 
aeG & — t ^X 

Proof. Let the elements of F be ordered, i.e. let F = {ai, a2, . . . } . Let 
G — {atl, ai2, . . .} C_ F where the in are defined by recursion as follows: 
ii = 1 and for n Ç œ, in+i is the smallest j £ o>, if any, such t h a t j > in, and 

Then 
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and 

Therefore 

<rG = atl U U \ain+l ~ U < 
3=1 

IMJG > naix + X —-—fJ.ain+1 > — - — X) A*a* 

^ fJL(X < ~ jLtO-G. 
aeG K J-

Also, since aG C GF, 

Z ^ a + Z M(« n o-G) = 2 ^ M(« P I O-G) < Xjuo-G. 
aeG aeF~G aeF 

And, since 

MCG < 2 ^ M«, 

Z *J(« O «rG) < (X - l)M<xG. 
aeF~G 

But, for a G F ~ G, /JL(CC P\ O-G) > jua/&. Therefore 

22 M« < S kn(a H cG) < &(X — l)naG, 
aeF~G aeF~G 

Thus 

ju.l < /xo\F < J 3 jua + jLto-G < [&(X — 1) + lJ/zo-G < kXjjtaG, 
aeF~G 

and 

/xcG >̂ jj,A/k\. 

Proof of Theorem 3.5. Let // and iV satisfy the hypotheses of 3.5. Let C C. X, 
JJLC > 0, and F Ç N(C). For any e > 0 choose fe > 3, k > e such t h a t 
ldC/(k — 1) < e/10, and define An, 8n, An

f, Fn, and Gn by recursion so t h a t 
A i = C and for any n G to: 

cL = min 
1 0 - 2 n ' 2 £ X / ' 10-2n 

^4 / is an open set, An C ^4»/, M r / < M n + &*; 

7^ C ^ , ^ is countable, aFn C - 4 / , M(-4» ~ <rFn) = 0, 

and for any 5 C 0"^n, 

aeFn 

(Fn exists since N is an S-system) ; 

Gn C Fn, fxaGn > — - , and X , M« < T 7 M "̂Gn, 
#A aEG„ # — 1 
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(Gn exists by the previous lemma) ; 

An+1 = An~ aGn; 

A'n+i C An
f. 

Then 

flAn+1 < p(An' ~ aGn) = flAn — V<rGn 

By induction, 

Let Af be so large that 

Then [xAM < e/SkX and 

(I-2fe)'"^'< € 

3&X' 

M e r ^ < ^ ^ < U + 2 ^ ; 3 ^ < ^ . 

Therefore 
X) M« ^ X/daFM < - . 

Now, since for each n £ w 

and /z/lw > /z^U' — ôn, we have 

jLtC > JU./1 / — ôi > fiA2 + /icrC7i — 5i 

> £1/1 3 + /XO-C2 + M<jGi — (Ôi + Ô2). 

By induction, 
n n 

\lC > nAn+1 + 22 M^Gj ~ 22 <̂> 

and as n —•> °° , 

and we have 

MC > 22 Mo-G* — 2 2 ^ > 22 M0^* ~~ 

Let 

H = U G, U J?*. 

€ 

10 
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Then II is countable, II C F, and n(C ~ all) = 0. Furthermore, 

aejy itdi aeGi aeFM * e w 

= uc+ MC + ^ + i 
M° ^ k - l ^ IO(* - i) ^ * 

Thus, iV is a T-system for /x. 

The following example shows that the converse of Theorem 3.2 does not 
hold in general although fx satisfies both Hi and H2. 

Example 3.6.1. Let X be the interval (0, 1) with the usual topology. Let 
the rationals in (0, 1) be ordered rh r2, . . . , and let \x be such that \x{r/\ — 1/2* 
and 

M ( « U ) ~ { r l f r 2 , . . . } ) = 0 . 

For x y£ 1/2, let N(x) be the family of all open intervals which have irra
tional end-points, contain {x}, and do not contain {1/2}. Let iV(l/2) consist 
of all open intervals in X which contain {1/2} and have rational end-points. 
Then 

(1) N is an 5-system for /x with factor 2. 

Proof. Let A C X, F G N(A), and C = A ~ {1/2}. Since the intervals 
in N(x), x 9e 1/2, have irrational end-points, we can define, by recursion, 
disjoint elements ah a2, . . . of F such that 

Jc~\J<*i) = 0. 

If 1/2 Ç yl, take a 0 ^ with 1/2 G a0, and if 1/2$ A, take a0 = «i. Let 
T7' = {ao, a i , . . . } . Then /*(/! ^ ai7') = 0, and for any B C cT7' 

Z ^ n f f l = E M(5n«o + MOBn«0) < 2 ^ . 

(2) N is not a V-system for /JL. 

Proof. Let A = X, F = VJX€X AT(x). Then any countable covering F ' C -F 
of the rationals must contain some a £ iV(l/2). Since the end-points of a 
are rational, they must be covered by elements of F'. However, this implies 
that the elements of F' are not disjoint. 

The next example shows that the converse of Theorem 3.5 does not hold 
in general. 
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Example 3.6.2. The construction in this example was used by Banach (1) 
to show that the family of all open rectangles is not a Vitali system for Lebesgue 
measure on the plane. It will be used here to show that this class of sets does 
not form an S-system for Lebesgue measure on the plane, although it is known 
to be a tile-system (2). 

Let Q be the open unit square (0, 1) X (0, 1), and JJL be Lebesgue measure 
on Q. 

We first observe that if for v G co, Cv > 0, m G co, and a = (ah a2) G (?, 
we let 

Wm
v{a) = {(x,y) : 0 < x — ax < 1/ra, 0 < y — a2 < 1/w, 

= (x — ai)(y — a2) < e ^ / m 2 } , 

Fv = {a : a = Wm"(a) C (? f° r some a G Q, m > *>}, 

then we can easily check (see 1) that 

nWn>(a) = { ^ r ( C , + l)}/m2 

so that /% satisfies the hypotheses of the Vitali Covering Theorem (2, p. 
265) in the plane. Hence there exists a countable disjoint subfamily F' C F 
such that 

M ( < 2 ~ O-TV) = 0. 

For each x G Q, let 7V(x) be the family of open rectangles a such that 
x G a C Q> It is known that iV is a T-system for /x (2, p. 284). We shall show 
that it is not an S-system for /x for any factor X. 

Suppose N is an S-system for ix with factor X. Let n G co and for each v G co 
let Cv > 0 and such that 

E-^-<- 1< 1 . 
7 Î C + l w X 

Taking Wm
v(a), Fvy FJ as above, let 

P = H cr/V. 
J>€C0 

Then P C Q and M(<2 ~ P) = 0, so that /xP = 1. 
Given x G P , ^ G co, there exists exactly one a G FJ with x G a. Let 

pv{x) G Q and mv{x) G co, m„(x) > ^ be such that a = Wmv(x) (pv(x)). Let 
Bv(x) be the open rectangle with centre x and pv{x) as a vertex, and let 

G = {a : a = Bv(x) for some x £ P and p G co}. 

Then G G iV(P) so that there exists a countable G' C G such that jx(P ^ o-G') 
= 0 and for any 5 C cG', 

^ M ( a O P ) < X/xP. 
atG' 

Recalling that n G co and w > X, we see that for a fixed v G co, no more than 
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n elements Bv{x) all having the same vertex pv{x) can be in G\ for if there 
were, the intersection D of n + 1 of them would be open, /xJ9 > 0 and 

X MO H £>) > (» + 1)/J? > \fJiD. 
aeG' 

Also one can check that 

4e~°v 4 

Let 

Then 

and 

*B-(*) < ̂ - ^ = crrï"^"^^'^^-

il„ = {a : a = J3„(x) £ G' for some x Ç P J . 

aeHv W + 1 a t F / W ~f" 1 

atG' veoi aeHv veo) Cj> " | 1 

Therefore n(P ~ <rGf) > 0, contradicting the choice of G;. Thus, N cannot 
be an S-system for any X. 

4. Approximate continuity and density. Throughout this section we 
assume X and F are topological spaces, / is a function on X to F, N is an 
arbitrarily fine system for X, and M is a measure on X. 

DEFINITION 4.1. / is (/z, N)-continuous at x if and only if for every e > 0 
and neighbourhood V of f(x) there exists a neighbourhood U of x such that for 
every W 6 N(x) with W C U we have n(W ~ f~1V) < e-idW. 

It has been shown that if f is a /x-measurable function and the range of / 
has a countable base, then for \x almost all x, f is (/x, N)-continuous at x pro
vided either 

(i) N is a tile system for JJL and n satisfies Hi and II2, and f is real-valued 
(2, p, 288), or 

(ii) TV is a system having property (V) for n and n satisfies If i (4, Theorem 
3.8). 

The proof under assumption (i) given in (2) makes use of density theorems. 
We follow the direct method used in (4) and get the same conclusion provided 

(iii) TV is a T-system for n and /x satisfies Hi and H2. 
For the proof of this theorem we need the following two results. 

THEOREM 4.2. If /JL satisfies Hi, f is ^-measurable, e > 0, and Y has a count
able base, then there exists C C X such that n (X ~ C) < e and f is continuous 
on C. 

Proof. See (4, Theorem 3.5). 
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LEMMA 4.3. If /x satisfies H2, F is countable, A C X, e > 0, n(A ~ a F) = 0, 
and 

£ tWKvA+e, 
WeF 

then for every B d X 

£ »(B HW) <»B + e. 
WeF 

Proof. Let A, e, and .F satisfy the hypothesis of the lemma. For B Q X 
let B' be a /x-measurable set such that B C. Bf and /xJ3' = JJLB. If 

£ / x ( ^ H £ ' ) > ViB' + e, 
WeF 

then 

TFeF TFcF WeF 

= /xo\F + e > /x̂ 4 + e, 

which contradicts the assumptions. Thus, 

E ^ n f x E M(-B'n^x^B' + e 
TTeF WeF 

= »B + 6. 

THEOREM 4.4. If/x satisfies Hi and H2, N is a T-system for /x, F tes a count
able base, and f is a \x-mea sur able function, then f is (/x, N)-continuous at x for 
fx almost all x. 

Proof. For each w Ç co, let An = {x £ X : there exists a neighbourhood V 
of /(#) such that for any open U with x £ U there exists IF G N(x) with 
I f C c7 and »(W ~ f~lV) > (l/n)tiW\. Then ( x f l : / is not (/x, ^ - c o n 
tinuous a tx} = \Jn€(aAn and we need only show that JJLAU = 0 for all n £ co. 

Given n ^ co and e > 0, using 4.2, let C C ^ , MC^T ~ C) < e, / be con
tinuous on C, and ^4' = 4̂W C\ C. For each x G -4', let F^ be a neighbourhood 
of jf(x) such that for any open U with x (z U there exists TF £ iV(x) with 
W C U and M C W ^ / - 1 ^ ) > (l/n)fxW. Since / is continuous on C, let Ux 

be a neighbourhood such that C C\ Ux Cf~1Vx and let 

F = {W: for some x Ç ,4', We N(x), W CUX, and fi(W ~ f'WJ > (l/n)fiW}. 

Then F £ N(A'). 
Since 2V is a T-system, there exists a countable Fr C F such that 

/x(/l' ~ *F') = 0 and ZweF> nW < nA' + e. Let D = <jFr ~ C. Then /x£> < e 
and for every W e Fr there is an x Ç i ' with W C ^ so that 

z>n w = TF~C = w~ (en ^) D I F ^ / - ^ . 
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Therefore, n{DC\W)> »{W~tlVx) > (l/«)/tW, and by Lemma 4.3 

2e > nD + e > 2 M(£> H WO > - E VW 
WeF' % WeF' 

> -H<JF'>-IXA'. 

n n 
Therefore, 

M » < n(An r\C) + fjL(An ~ C) < 2^6 + e. 

Since e was arbitrary, /x̂ 4n = 0. 

THEOREM 4.5. If N is a T-system for n, n satisfies Hi and H2, and A is a 
fx-measurable set, then for /x almost all x £ X ~ A, 

lim ^AQWl = o. 

Proof. L e t / be the characteristic function of A. By Theorem 4 . 4 / is (/x, N)-
continuous at x for /x almost all x £ X. Let 

JB = jx Ç I ^ i : / is (/x, iV)-continuous at x}. 

Let e > 0 and F be a neighbourhood of 0 which excludes 1. Then for every 
x Ç B there exists a neighbourhood [/ of x such that for every IF Ç N(x) 
with IF C Î7, 

fx(wr\A) = M ( w ~ / ^ F ) < C-MW. 
Since iV is a T-system, 

IJL{X e X : fiW = 0 for some IF 6 AT(x)} = 0. 

Therefore, for \x almost all x Ç B, and therefore for JJL almost all x £ X ~ A, 

n(wnA) 
fxW 

Since e > 0 is arbi t rary, for /x almost all x 6 X ^ A, 

I i m M U ^ J E ) = 0 

REFERENCES 

1. S. Banach, Sur le théorème de M. Vitali, Fund. Math., 5 (1924), 134. 
2. H. Hahn and A. Rosenthal, Set functions (The University of New Mexico Press, 1948). 
3 . S. Saks, Theory of the integral (Warsaw, 1937). 
4. M. Sion, Approximate continuity and differentiation, Can. J. Math., 14 (1962), 467-476. 

University of British Columbia 
Vancouver, British Columbia 

https://doi.org/10.4153/CJM-1964-003-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1964-003-6

