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Let R, 1 and M, denote the set of real numbers, Lebesgue outer measure and
the class of Lebesgue measurable subsets of R respectively. It is easy to prove that
the complement E€ of Ee M, is a set of Lebesgue measure zero if the inequality
W(E N I) = éu(I) holds for some § > 0 and all intervals 7 of R. However, in
[1], Hewitt raised a problem whether the result is still true if E is not a priori
measurable set. In this paper, a negative answer to this question is given through
a counter-example. Also, it is proved that for a given set E'e€ M, with y(E) > 0
there is a non-measurable subset 4 of E satisfying u(4) = u(E).

LEMMA 1. Let E€ M, with y(E) < o and A < E. Then A€ M, if and only
if W(E) = p(A)+u(E—A).
For the proof, the reader is referred to [2].

LemMMA 2. If {E;} is a sequence of pairwise disjoint sets of M, each having
positive measure and {A;} is a sequence of non-measurable sets such that A; < E,
for each i, then | Ji%, A; is non-measurable and p(| )%, 4;) = Y52 u(4)).

ProoF. The non-measurability for | J;Z, 4; is obvious. We need only prove

W 4) 2 3 u(4)

for every n, from which p(| Ji2,4;) = 32, u(4,) follows, and the conclusion is
obtained in view of subadditivity of u. By monotoneity of 4,

u(iglA.-) = u(iL:JlAi)

for all n. We shall show that p(| J}-, 4;) = Y7—, u(4;) by induction. The equality
is trivial for n = 1. Assume that it holds for n = k. Since 4,,, < E,,, and
(=14, = E{,,, measurability of E,,, implies that

k+1 k k+1

ﬂ( iUIAi) = H(iylAi)+#(Ak+ 1) =i;1,u(‘4i)'

The last equality follows by inductive hypothesis. The proof is now completed.
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LemMmA 3. If Ee M, with u(E) > 0, then there is a non-measurable subse:
A of E such that y(A) = $u(E).

Proor. The existence of a non-measurable subset Q of E is well-known.

If 0 < p(E) < oo, then by lemma 1, u(E') < u(Q)+ pu(E— Q). Thus we have
w(Q) > Ju(E) or W(E—Q) > Iu(E). Since Q ¢ M,, E—Q ¢ M,. The conclusion
follows.

If u(E) = oo, then by o-finiteness of y, there is a sequence of pairwise disjoint
sets {E;} of M, such that E = ( )2, E; and u(E;) < oo for each i (we may as-
sume 0 < u(E;) < o). By what we have just shown, there is a non-measurable
subset 4, of E; for each i such that p(A) > Hp(E). Let A = \J7, A;. By lemma
2, A¢ M, and

W) = 3 1(A) 2 3 3 u(E) = u(E).

THEOREM. If E'€ M, with y(E) > O, then there is a non-measurable subset A
of E such that u(A) = p(E).

ProoF. Case 1. 0 < u(E) < co. Wedefiner, = p(E)and B, = 0.

By lemma 3, there is A < E such that 4 ¢ M, and u(A4,) = ry/2. Also,
there is B; € M, such that E—B, > B, > A; and u(B,) = u(A4,). Let r, =
U(E—B,). Clearly 0 < r; < ry/2.

If r; = 0, then we are through. Assume r, > 0. By the same reason, there are
A, ¢ M, and B, € M, such that 4, = B, < E—|Ji_,B; and u(B,) = u(4,) =
rif2. Letr, = p(E—\Ji=oBi), then0 < ry < ry/2 < ro/2%

Suppose {4;}}-, {B;}j-o and {r;}}_, have been defined such that 4;¢ M,,
BieM,, A; < B; E—U,’;;(I,Bk,

j .
u(B;) = u(A;) Z rj-1/2,r; = W(E— U:Bk) S rof2forj=1,2,---n.
k=
Clearly {B;}}-, is pairwise disjoint. By lemma 2, ()}_,4; ¢ M, and
H( .Ul 4;) = _ZIH(A,') = 'Zlﬂ(Bj) = u( -U1 B)) = W(E)—r,.
j= j= j= Jj=

If r, = 0, we may take 4 = { J7.4;. Otherwise, W(E— )i B;) =1, > 0
and there are A,., ¢ M,, B,,, € M, such that 4,,; < B,.; = E—(Ji=0Bs

n+1

#(Bn+1) = .U(An+1) Z T2, Tasr = ﬂ(E_ ]‘QOBk) < "0/2"+1-

If this process does not terminate, we obtain infinite sequences {4;}, {B;}
and {r;}. Let 4 = ( J{2, 4;. By lemma 2 again, 4 ¢ M, and

W(A) = 3 14) = ¥ u(B) = u( U B
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Thus

WE) 2 1(4) 2 W) B = W(E)=r, 2 WEXI - 112)
for all n. It follows that u(A4) = u(E).

Case 2. u(E) = oo. By o-finiteness of y, there is a sequence of pairwise disjoint
sets {E;} of M, such that E = U E;, 0 < u(E;) < oo for each i. The conclusion
follows easily from case 1 and lemma 2.

Finally, we proceed to the construction of a counter-example. Let E = [0, 1].
By the above theorem, there is a Q < E such that Q ¢ M, and u(Q) = p(E) = 1.
Let

A=(—00,00uQu(l, o).

Obviously 4 ¢ M,, and therefore p(A4°) # 0. We assert that u(4 n I) = u(I) for
every interval 7 of R,

Case l. I < [0, 1].

1.1. 0el or 1 eI: There is a subinterval J of [0, 1] such that I nJ = 0,
I'v J = [0, 1], where J may be empty or a singleton. Thus

L=p(Q)=pw(@nD+u(Q@nI) =@ nI)+u(@nJ)
If i{Q n I'}) < p(I), then we would have
1=p(Q) =@ N+u(@nJ) < ul)+u(J) =1

This leads to a contradiction. Thus u(Q n ) = u(I) and hence u(4d n 1) =
w(@ A1) = ull)

1.2. 0¢ I and | ¢ I There are two subintervals J,, J, of [0, 1] such that J,,
I, J, are pairwise disjoint and J, u Tu J, = [0, 1]. Since J, v Te M,, J, e M,
we have

1=u(Q) =@ (Jy vI))+uQnJ,)
= (@ N J)+u(@ N D) +p(@ N T).
If u(Q n I) < w(I), then we would have
1= p(Q) < u(J1)+u(D)+u(J2) = 1.
This leads to a contradiction too. Thus u(A4 N I) = u(Q n 1) = p(I).

Case2. I¢ [0,1). Let Iy =In(—,0), [, =In[0,1] and I, = In
(1, ) (some of them may be empty). Since I,, [, € M,,,

wAnI) =pAnL)+udn (v ls))
=p(AnIL)+u(AdnL)Y+u(dn L)
= u(l)+u(4 0 1)+ p(l3).
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[4]
By case 1, we have
wA ) = p(l)+p(4 N L)+pls) = p(l)+ (L) +p(l3) = p(I)
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