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RELATIVE ABELIAN KERNELS OF SOME CLASSES OF
TRANSFORMATION MONOIDS

E. CORDEIRO, M. DELGADO AND V.H. FERNANDES

We consider the symmetric inverse monoid Z, of an n-element chain and its in-
verse submonoids POZ,, PODI,, POPI, and PORI, of all order-preserving,
order-preserving or order-reversing, orientation-preserving and orientation-preserving
or orientation-reversing transformations, respectively, and give descriptions of their
Abelian kernels relative to decidable pseudovarieties of Abelian groups.

INTRODUCTION

The computability of kernels of finite monoids became a popular problem in Finite
Semigroup Theory after a paper of Rhodes and Tilson [23]. Independent solutions were
given by Ash {3] and Ribes and Zalesskii [24]. Both solutions contains deep results which
led to the development of the theory in various directions. See for instance [19, 2]. Com-
puting kernels relative to other pseudovarieties had then interested various researchers;
for examples, see Ribes and Zalesskil [25], the second author [5] or Steinberg [26]. As
computing kernels are directly connected with the Mal'cev product of pseudovarieties
of monoids where the second factor is a pseudovariety of groups (see [18]), decidability
results can be obtained in this way.

The interest of the second author in using in practice the algorithm to compute the
Abelian kernel of a finite monoid obtained in [5] led him to work towards a concrete
implementation. Having this idea in mind, by detailing some aspects and improving the
efficiency of that algorithm (see [6]) a concrete implementation in GAP [27] was then
produced.

Following this, the second and third authors (7, 9] achieved fruitful computations
involving classes of monoids for which extremely simple presentations were previously
determined by the third author (14, 15, 16] or by third author together with Gomes and
Jesus [17].
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We observe that the interest of this kind of computations goes far beyond the com-
putations themselves. For example, they have been at the basis of theoretical results
such as those obtained by the second and third authors in [8], which extend the no-
tion of solvability of groups, and later generalised with the collaboration of Margolis and
Steinberg [10].

In this work we consider kernels relative to decidable pseudovarieties of Abelian
groups. An algorithm was obtained by Steinberg [26], from which the first and second
authors [4] described the necessary details to achieve an implementation using GAP.
The implementation used to perform tests that led us to get a better intuition and,
ultimately, to the results presented in this paper, was achieved by the second author with
the collaboration of José Morais, using the GAP language. The GAP package SgpViz [11]
has been very useful to visualise the results.

Besides this brief introduction, this paper is divided into four main sections. A fifth
section containing a few consequences and conjectures is also included.

The first section contains the preliminaries and is divided into several subsections.
Notation and definitions are given. Several results are recalled and some others are new
and proved here. These results are to be used in Sections 2 and 4.

In Section 2 we compute the relative Abelian kernels of finite cyclic, dihedral and
symmetric groups. These are the maximal subgroups of the monoids considered in this
paper.

Aiming to keep the paper as self-contained as possible, we present in Section 3 a
summary of the relevant results on presentations of the transformation monoids POI,,
PODI,, POPIL,, PORI, and I,.

In Section 4 we give descriptions of the kernels relative to all decidable pseudovari-
eties of Abelian groups of the transformation monoids considered in Section 3.

1. PRELIMINARIES

A pseudovariety of groups is a class of finite groups closed under formation of finite
direct products, subgroups and homomorphic images. In this paper we are particularly
interested in the class Ab of all finite Abelian groups, which is clearly a pseudovariety,
and its subpseudovarieties.

It is well known that the computation of the kernel of a finite semigroup relative
to a pseudovariety of groups can be reduced to the computation of the kernel of a finite
monoid relative to the same pseudovariety of groups, so we shall mainly be concerned
with monoids, as is usual.

For general background on Green relations and inverse semigroups, we refer the
reader to Howie’s book [20]. For general notions on profinite topologies and finite semi-
groups, Almeida’s book [1] is our reference.

This section is divided into several subsections. The first one recalls a connection
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between supernatural numbers and pseudovarieties of Abelian groups. Then we introduce
some notation. The third subsection recalls an algorithm due to Steinberg [26] to compute
the closure of a subgroup of a finitely generated free Abelian group relative to the profinite
topology of the free Abelian group given by a decidable pseudovariety of Abelian groups.
The definition of relative kernel of a finite monoid is recalled in Subsection 1.4. In
Subsection 1.5 we prove two general results that will be applied in Section 2 to the
groups considered in this paper. In Subsection 1.6 we prove a combinatorial result that
will be used in Subsection 4.4 to describe the relative Abelian kernels of the monoids
PORI,.

1.1. SUPERNATURAL NUMBERS AND PSEUDOVARIETIES OF ABELIAN GROUPS. A su-
pernatural number is a formal product of the form 7 = II,p"» where p runs over all
natural prime numbers and 0 < 1, £ +00.

We say that a supernatural number IIp™ has finite support if all n,, except possibly
a finite number, are zero. There is an obvious notion of division of supernatural numbers,
which in turn leads to the notion of greatest common divisor of two supernatural num-
bers. A supernatural number is said to be recursive if the set of all natural numbers which
divide it is recursive. In particular, supernatural numbers of finite support are recursive.
A supernatural number IIp™» of finite support such that all the exponents n, are finite
is said to be finite and is naturally identified with a positive natural number. All other
supernatural numbers are said to be infinite. In general we use the Greek letter = for
a (possibly infinite) supernatural number, but when the supernatural number is known
to be finite, we prefer to use a roman letter, for example, k. We say that the supernat-
ural number 7 is odd when ged(2,7) = 1 and that it is even otherwise, that is, when
ged(2,7) = 2.

To a supernatural number 7 we associate the pseudovariety of Abelian groups H,
of all finite Abelian groups whose torsion coefficients divide 7 (that is, Hy = ({Z/mZ |
m divides w})). See Steinberg’s paper [26] for details. Notice that the pseudovariety
of Abelian groups associated to a natural number k is just (Z/kZ), the pseudovariety
generated by the cyclic group of order k. In particular, the pseudovariety of groups
corresponding to the natural number 1 is the trivial pseudovariety. Observe that to the
supernatural number [1p™, where p runs over all positive prime numbers, is associated the
pseudovariety Ab of all finite Abelian groups. Observe also that decidable pseudovarieties
of Abelian groups correspond to recursive supernatural numbers and that the converse
is also true. All supernatural numbers considered in this paper are recursive.

For a pseudovariety H of groups and a finite set A, we denote by Fy(A) the relatively
free group on A in the variety of groups (in the Birkhoff sense) generated by H.

Let 7 be a supernatural number and H, the corresponding pseudovariety of Abelian
groups. The following holds:

PrROPOSITION 1.1. ([26]) Let n be a positive integer and let A be a finite set
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of cardinality n. Then if 7 is a natural number, Fy_(A) = (Z/7Z)". Otherwise, that is,
when = is infinite, Fyy (A) = Z", the free Abelian group on n generators.

It turns out that the pseudovarieties of Abelian groups corresponding to natural
numbers are locally finite, while those corresponding to infinite supernatural numbers
are non locally finite. The relatively free groups appearing in the last proposition will be
turned into topological spaces, the finite ones being discrete.

1.2. NoraTtioN. Throughout the paper n will denote a positive integer. Without sur-
prise, after Proposition 1.1, the free Abelian group Z" plays a fundamental role here.

In order to render our notation more understandable, we shall use subscripts in some
components of the elements of Z". For instance, we write (0,...,0,1,0,...,0) with the
meaning of “(0,...,0,1,0,...,0) (1 is in the position i)”. We adopt the usual notation
for the neutral element of an Abelian group: (0,...,0) € Z" is simply denoted by 0. The
set of non-negative integers, also named natural numbers, is a monoid under addition
and is denoted by N.

Let A = {a1,...,an} be a finite ordered alphabet. The canonical homomorphism
v : A* — Z%, from the free monoid on A into the n-generated free Abelian group, defined
by v{(a;) = (0,...,0,1(),0,...,0) will be widely used (for the alphabets in the context).
The image under +y of a rational language of A* is a rational subset of N* (C Z"), thus it
is a semilinear set, that is, a finite union of sets of the form a + ;N + - - - + b,N. There
exists an algorithm (see, for instance, 5, 6]) to compute (a semilinear expression for)
the image of a rational language of A* by v, when it is given by means of a rational
expression.

Suppose that M is an A-generated finite monoid and let ¢ : A* =& M be an onto
homomorphism. We say that an element £ € M can be represented by a word w € A*
(or that w is a representation of z) if p(w) = z.

When a monoid M is given through a monoid presentation (A | R), we always assume
that A is an ordered alphabet and ¢ denotes the homomorphism ¢ : A* — M associated
to the presentation. Thus, a presentation of a monoid determines two homomorphisms
which will be represented throughout the paper by the Greek letters ¢ and .

1.3. TOPOLOGIES FOR THE FREE ABELIAN GROUP. Let 7 be an infinite supernatural
number and H, the corresponding pseudovariety of Abelian groups.

The pro-H, topology on Z" is the least topology rendering continuous all homomor-
phisms of Z" into groups of H.. The free Abelian group Z" endowed with this topology
is a topological group. When H, = Ab, the pseudovariety of all finite Abelian groups,
the pro-H, topology is usually referred simply as profinite topology.

For a subset X of Z", we denote by Cly_(X) the pro-H, closure of X. The pro-Ab
closure will in general be referred as the profinite closure. The following holds [5].

PrROPOSITION 1.2. Fora,b,,...,b, € N*, the profinite closure of the subset
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a+b1N++b,N of Z" lsa+b1Z++b,Z

Next we recall an algorithm to compute the pro-H, closure of a subgroup G of the
free Abelian group Z". See (4, 26] for details.

Let M be a matrix whose rows generate G. We say that M represents G. Notice
that, by adding rows of zeros when necessary, we may suppose that M is an n X n matrix.

ALGORITHM 1.3. [INPUT: a subgroup G of Z" given through an integer n X n matrix
M.
OQUTPUT: a matrix representing the pro-H, closure of G.

(1) Compute invertible integer matrices P and Q such that

ag 0 0 ... O
0 as 0 ... 0
PMQ=5=|. . . .
0 0 0 ... a,

is a diagonal matrix. Notice that if, for 1 € i < n -1, a; | ai41, then the
matrix S is in Smith Normal Form.

(2) For each a;, compute b; = ged(a;, 7) (note that we are assuming that 7 is

recursive) and consider the matrix
bp 0 0 ... O
0 b 0

S=

(3) Return the matrix SQ~!.
The matrix returned represents the pro-H, closure of G.
Next example illustrates the usage of the algorithm. It will be referred in Section 2.2.

ExaMpPLE 1.4. (1) Let G = nZ. Then Cly_(G) = ged(n,7)Z. More generally, let G
be a subgroup of Z" represented by a diagonal matrix. A matrix representing the pro-H,
closure of G can be obtained from M by replacing each nonzero entry a with ged(a, 7).

(2) Let G be the subgroup of Z° represented by the matrix M = [2 0 . Then

11
0 1{|2 0/|1 -1 _|1 0
-1 2{ |t 1|0 1| |0 2|
In order to use the notation of the algorithm just stated, we write S = [1 Ojl and

1 -1 1 -1 11 02
Q:I:O —IJ‘WethushaveQ*:[O —1] =[O 1].
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If 7 is even, then ged(2,7) = 2. So, in this case, § = [(1) g] and Cly_(G) can be

represented by
= 1 0111 1 11
SQ = =
Q [0 2] |:0 1} [0 2}

and therefore Cly, (G) = G.

If 7 is odd, then ged(2,7) = 1 and we get SQ~! = l:(l) j Thus {(1,1),(0,1)} is a

basis of the pro-H, closure of G and it follows that Cly_(G) = Z2.

1.4. RELATIVE KERNELS OF FINITE MONOIDS. Let M and N be finite monoids. A
relational morphism of monoids 7 : M—e— N is a function from M into P(N), the power
set of IV, such that:

(a) Forallse M, 7(s) #0;

(b) For all s1,s2 € M, 7(51)7(82) C 7(5152);

(¢) 1er(1).

A relational morphism 7 : M -e» N is, in particular, a relation in M x N. Thus, com-
position of relational morphisms is naturally defined. Homomorphisms, seen as relations,
and inverses of onto homomorphisms are examples of relational morphisms.

Given a pseudovariety H of groups, the H-kernel of a finite monoid M is the sub-
monoid Ky(M) = N7t~!(1), with the intersection being taken over all groups G € H and
all relational morphisms of monoids 7 : M-e+» G. Sometimes we refer to the H-kernel sim-
ply as relative kernel. When H is Ab, we use the terminology Abelian kernel. Accordingly,
when H is a subpseudovariety of Ab, we say relative Abelian kernel.

As an example we can state the following proposition which was proved in a slightly
more general form in [5]. See also [7].

PROPOSITION 1.5. The Abelian kernel of a finite group is precisely its derived
subgroup.
All statements of the following remark follow directly from the definition or are easy

to prove (and well known, in any case).

REMARK 1.6. Let H and H’' be pseudovarieties of groups and let M be a finite monoid.
Then
(1) IfH C H, then Ky (M) C Ky(M).
(2) If N is a subsemigroup of M that is a monoid, then Ky (N) C Ky(M)NN.
(3) Ku(M) contains the idempotents of M.
When the subsemigroup of M mentioned in the second statement of previous remark

is the group of units, the inclusion can be replaced by an equality, as stated in the following
lemma.

https://doi.org/10.1017/5S0004972700035413 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035413

(7] Relative Abelian kernels 381

LEMMA 1.7. ({7, Lemma 4.8]) Let G be the group of units of a finite monoid
M. Then Ky(M) N G = Ku(G), for any pseudovariety of groups H. In particular,
KAb(M) n G = G'.

As a consequence of Proposition 1.5 and the first step of Remark 1.6 we get the
following.

COROLLARY 1.8. Any relative Abelian kernel of a finite group contains its de-
rived subgroup.

Let 7 be an even supernatural number. It is clear that H, C H,, thus, for any finite
monoid M, Kap(M) C Ky, (M) C Ku,(M). Consequently we have the following.

PROPOSITION 1.9. Let M be a finite monoid such that Ky,(M) = Kap(M).
Then, for any even supernatural number 7, Ky, (M) = Kap(M).

1.5. SOME RESULTS CONCERNING RELATIVE ABELIAN KERNELS. Let 7 be an infinite
supernatural number, let H; be the corresponding pseudovariety of Abelian groups and
let M be a finite A-generated monoid. The following result was proved by the second
author [5] for the case H, = Ab and generalised by Steinberg [26] to cover all other cases.

ProrPosITION 1.10. Let z € M. Then z € Ky, (M) if and only if
0 € Cly, (7(<p"(z)))-

Next we recall some facts proved by the first and second authors [4]. In order to
compute Cly, (’y(cp‘l(a:))) we can calculate Clap ('y(go’l(a:))) in an intermediate step, as
the next result shows.

PropOosiTION 1.11. Letz € M. Then

Cly, (’r(‘P—l(x))) = Cly, (CIAb('Y(‘P_l(I))))-

Now let k be a finite supernatural number and Hx be the corresponding pseudova-
riety of Abelian groups. We consider the projection ¢, : Z" — (Z/kZ)" (defined by:
ce(r1,...,Tn) = (rp mod k,...,r, mod k)) and the homomorphism v, = ¢; 0 v : A*
— (Z/kZ)". Note that for a word w € A*, the i** component of v (w) is the number of
occurrences modulo k of the i** letter of A in w.

The next proposition is similar to Proposition 1.11. It allows us to compute
Ye(¢~Y(z)) using Clap (7((,0‘1(1))) in an intermediate step.

PrROPOSITION 1.12. Letz € M. Then % (¢ !(z)) = c (C(Ab (’y((p_l(.’z:)))).

An analog to Proposition 1.10 was also stated in [4].

PROPOSITION 1.13. Let £ € M. Then z € Ky (M) if and only if
0 € % (v~ (x))-

The following is another simple and useful characterisation of the Hy-kernel proved
in the same paper.
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PROPOSITION 1.14. Letz € M. Then z € Ky, (M) if and only if z can be
represented by a word w € A* such that, for any letter a € A, |wj, =0 mod k.
Note that, as a consequence, we get that if £ € Ky, (M), then z can be represented

by a word whose length is a multiple of k. The following result and its proof is similar
to [9, Theorem 3.4].

THEOREM 1.15. Let T be a monoid, let z,,z,,...,%,,y be a set of generators
of T such that y* =1 and let S be the submonoid of T generated by z,,z,,...,z,. If for
each i € {1,...,s} there exists u; € S such that yz; = u;y, then Ky, (T) C S.

Proor: Let z € Ky, (T). Then, by Proposition 1.14, we can represent = as a word
w € {z1,T2,...,Ts, ¥y} with a number of occurrences of the generator y that is a multiple
of k. Then, applying the relations yz; = wy, i € {1,..., s} from the left hand side to
the right hand side of w and the relation y* = 1 whenever possible, we can represent
without any occurrence of y, thus z € S. 0

Another important result of this subsection is Proposition 1.17 that gives a simple
and efficient way to compute the Hy-kernel of a finite group. In order to state it, we need
to introduce a subgroup of a group containing the derived subgroup.

Given a finite group G, denote by G the subgroup of G generated by the commu-
tators of G (that is, the elements of the form zyz~!y~!, z,y € G) and by the k-powers
of G (that is, the elements of the form z*, z € G). In other words, G is the smallest
subgroup of G containing the derived subgroup G’ and the k-powers.

LEMMA 1.16. The subgroup GM is normal in G.

PRrooF: Let G; and G, be finite groups and let ¢ : G; — G be a homomorphism.
We have that

o(zyz "y ™) = w(@)e(y)e(z ey ™) = e(@)e) (e(2) ™ (pv) ™

and p(z*) = (¢())", thus (G\™) € G,M.

In particular, taking the inner automorphism ¢, : G — G defined by p,(z) = gzg~!,
we have that, for any g € G, gGlFlg=! C GI*], concluding the proof. ]

Since G' C Gl¥, we have that the factor group G/G! is Abelian. Furthermore, the
order of any element zG¥ of G/G divides k, which implies that G/G¥ ¢ H,.

PROPOSITION 1.17. For a finite group G, we have: Ky (G) = GI¥.

PRrROOF: The projection p : G — G/G™ is such that p~}(1) = G*), thus Ky, (G)
C GIH.

Conversely, by Corollary 1.8, G’ C Ky, (G). Since the elements of the form zF may
be written involving each generator of G a multiple of k times, the result follows from
Proposition 1.14. 0
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1.6. A COMBINATORIAL RESULT. We end the section of preliminaries with a combina-
torial result (Proposition 1.22) to be used in Section 4.3.
Let j be an integer. Consider the set

BGg)={r(n-1)—i+j|(Gr)e{l,...,n=1} x {0,...,n = 1}}.

LEMMA 1.18. B(j) consists of n(n — 1) consecutive integers.

PRrROOF: Denote by m and M, respectively, the minimum and the maximum of B(j).
Clearly m = 0(n-1)—(n—1)+jand M = (n—1)(n—1)—-1+j. AsM—-m+1=n(n-1),
it suffices to prove B(j) has cardinality n(n — 1) to conclude that all integers between m
and M belong to B(j).

On the other hand, as n(n — 1) is precisely the cardinality of {1,...,n — 1}
x {0,...,n — 1}, to prove that B(j) has also cardinality n(n — 1) it is enough to observe
that, for (i,7), (¢',7") € {1,...,n—=1} x{0,...,n=1},if r(n=1)—i+j = r'(n—1) —i' +j,
then ¢ =4’ and r = r'. Now observe that ~(n — 1) <i—-¢ <n—-landr{n-1)—i+j
=r'(n—-1)—7+j& (r—r)n-1) - (i—7¢) = 0. But this implies that r = 7/, from
what follows that also i = 7. 0

As an immediate consequence of the preceding lemma we get the following corollary.

COROLLARY 1.18. Ifd is a divisor of n(n — 1), then B(j) contains n(n — 1)/d
multiples of d.

The proof of Lemma 1.18 has also the following corollary as an immediate conse-
quence.

COROLLARY 1.20. The function g : {1,...,n—1} x {0,...,n — 1} — B(j)
defined by ¢(i,r) = r(n— 1) — ¢ + j is a bijection.

Let X ={1,...,n—=1}x{1,...,n}x{0,...,n—1} and suppose now that 1 € j < n.
Denote by U = U B(j) x {j} the disjoint union of the B(j)’s. From the preceding

j€{1,...,n}
corollary we get immediately the following.

COROLLARY 1.21. The function f : X — U defined by f(i,j,7) = (r(n - 1)
—1+4,J) is a bijection.

Denote by A(n,d) the set of elements of X corresponding, via the bijection of the
preceding corollary, to elements of I whose first component is a multiple of d, that is

Aln,d)={(i,j,r) € X:d|(r(n—-1)+j—i)}.

As a consequence of Corollary 1.19 we get the main result of this section.

PROPOSITION 1.22. Ifd isa divisor of n(n—-1), then |A(n,d)| = n*(n—1)/d.
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2. RELATIVE ABELIAN KERNELS OF SOME FINITE GROUPS

As already observed, in this paper, cyclic, dihedral and symmetric groups appear
frequently. This section provides the computations of relative Abelian kernels of finite
groups of these kinds. We shall consider them as given by the monoid presentations of
the following example. In this section n is a positive integer.

ExXAMPLE 2.1.
1. C,=(g|g"=1) (the cyclic group of order n);
2. Dop=(h,g| h* =g" = hg" thg"! = 1) (the dihedral group of order 2n);
3. Sn=(a,g|d=g"=(90)"" = (ag"'ag)* = (ag"ag’)’ =1 (2 <
< n - 2)) (the symmetric group on a base set with n elements).

The presentation given for S, requires some explanation. Consider the transposition
a = (12) and the n-cycle g = (12 --- n}) of S,. Then, it is well known that {a, g} is a
set of generators of S, and, from a group presentation due to Moore [21], one can easily
deduce [16] the monoid presentation for S, given in the above example.

As Proposition 1.10 (together with Proposition 1.11 or even Proposition 1.12) makes
clear, one possible strategy to compute relative Abelian kernels is to start computing
profinite closures. This is what we do in this section for the cases of kernels relative to
pseudovarieties corresponding to infinite supernatural numbers.

2.1. PROFINITE CLOSURES. In this subsection the n-generated free Abelian group Z"
is considered endowed with the profinite topology.

Let G=(A|r =7y ="+ =1, =1) be a monoid presentation of a finite group. As
any word in ¢~ !(1) can be obtained from the empty word by inserting or removing some
relators, we have that v(r1)N+---+(r,)N C v(¢7}(1)) € ¥(r1)Z+- - - + v(r,;)Z. Using
Proposition 1.2 we have the following lemma.

LEMMA 2.2. With the above notation, Clay (7(<p‘1(1))) =y(r)Z+---+7(r,)Z,
that is, Clap ('y((p'l(l))) is the subgroup of Z" generated by y(r1),¥(r2), - .., ¥(rs).

Next result shows, in particular, that to compute Clap (7(<p‘1(x))), where z is an
element of the group G, it is not important which representative of z is used.

LEMMA 2.3. Letw, € A* be a representative of t € G. Then

Clab (’Y(‘P—l(f))) = y(wz) + Clab (’7(90_1(1)))-

PROOF: QObserve that

¥(wz) + Clap (’Y(<P_ ) = ClAb( Y(wz) + v(p (1))),

since addition in Z" is continuous. As w;~!(1) C ¢~ (z), we have that

(2)),

y(wz) + (1)) €
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which implies that
Y(wz) + Clap (7(«)"‘(1))) C Clap ('r(w‘l(z)))-
For the reverse inclusion it suffices to observe that

(9™ (=) € ¥(wz) + Clab (7(<p“(1)))-

But this is immediate, since any word w representing z can be obtained from w, by
inserting or removing the relators a finite number of times, thus

(W) € Y(wg) + Y(r)Z + - - - + ¥(rs)Z = y(wg) + Clap (7(90‘1(1)))' 0

Next we apply the results just obtained to the groups C,, D, and §,,.

THE CASE OF THE CYCLIC GROUP C,. Let z € C, and let r be a non negative integer
such that ¢g” is a word representing z (that is, z = ¢(¢")). By Lemma 2.2 we have
Clay (’y(go_l(l))) = nZ and then Lemma 2.3 shows that

Clab (7((,0‘1(:1:))) =v(g") +nZ =1 + nZ.

THE CASE OF THE DIHEDRAL GROUP Dy,. Let x € Dy, and let w, € A* be a represen-
tative of z. By Lemma 2.2,

Cla (7(<p-1(1))) = (2,0)Z+ (0,n)Z + (2, 2n — 2)Z.
Using now Lemma 2.3 we have that
Clas (’y(<p_1(x))) = y(ws) + (2,0)Z + (0,n)Z + (2,2n — 2)Z
= y(wz) + (2,0)Z + (0,n)Z + (0, —2)Z
v(wz) +(2,0)Z + (0,1)Z if n is odd
N {'y(w,,.) +(2,0)Z + (0,2)Z if n is even.

THE CASE OF THE SYMMETRIC GROUP §,. Using similar notation and arguments we
have

Clas (7(971(2)) ) =7(w2) + (2,02 + (0, W)Z + (n— 1,0 = VZ + (6, 30)Z + (4, 2n)Z
=v(w;) + (2,0)Z+ (0,n)Z + (n— 1,n — 1)Z
_ ) (we) +(2,00Z+ (0,n)Z + (0,n - 1)Z if nis odd
B {7(%) +(2,0)Z + (0,n)Z + (1,1)Z if n is even
Y(we) + (2,0)Z+ (0,1)Z if n is odd
- {7(11;,) +(2,0)Z + (1,1)Z if n is even.

https://doi.org/10.1017/5S0004972700035413 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035413

386 E. Cordeiro, M. Delgado and V.H. Fernandes [12]

2.2. RELATIVE ABELIAN KERNELS. Next we compute relative Abelian kernels of cyclic,
dihedral and symmetric groups.

We start by applying to these particular cases the fact that the Abelian kernel of a
finite group is its derived subgroup (Proposition 1.5). One can easily compute the derived
subgroup of a dihedral group (see [12]) and it is well known that the derived subgroup
of the symmetric group is the alternating subgroup. We thus have the following lemma.

LEMMA 2.4.

(1) The Abelian kernel of a finite Abelian group is the trivial subgroup;
(2) The Abelian kernel of the dihedral group D,, of order 2n is the subgroup

(@) {(g) ifn is odd
9= % Sl BT e
< =
{g |0<ig 2} ifn is even
of D,,,, where g is the generator of order n;
(3) The Abelian kernel of S, is the alternating subgroup A,.
For kernels relative to proper subpseudovarieties of Ab we shall distinguish the cases

of pseudovarieties corresponding to infinite supernatural numbers and those correspond-
ing to natural numbers.

Let 7w be an infinite supernatural number and let H, be the corresponding pseu-
dovariety of Abelian groups. Recall (Proposition 1.10) that for z € G, z € Ky, (G) if
and only if 0 € Cly, ('y(<p‘1(z))). Note also that Proposition 1.11 allows us to use the
computations of Subsection 2.1 to calculate Cly, ('y(w‘l(x))).

THE CASE OF THE CYCLIC GROUP C,. Let z = ¢(g") € C, and let d = ged(n,w). By
the Example 1.4 we have Cly, (’y(go“(z))) =r+dZ.

Since there exists t € Z such that 0 = r 4+ dt if and only if 7 is a multiple of d, we
have

Kn, (C) = (9%,
where d = ged(n, 7).
THE CASE OF THE DIHEDRAL GROUP D,,. Let £ € D,,. Then

Cln, (’y(cp'l(z))) = Cly, (ClAb('Y(ﬂP“l(z))))

Cly, (Y(ws) + (2,0)Z + (0,1)Z)  if n is odd
Cly, (’7(1111) +(2,0)Z + (0, 2)Z) if n is even.

We shall consider two sub-cases according to whether 7 is even or 7 is odd.
Subcase 1. 7 even. As gcd(2, 7) = 2, by making use of Example 1.4, we have that

y(wz) + (2,0)Z +(0,1)Z if n is odd

O, (1067 () ) = y(ws) + (2,002 +(0,2)Z if n is even

= Clap ('y(<p_1 (z))) .
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Therefore
KH,.(D2n) = KAb(D2n) = Dlzn = <g2>.

Subcase 2. 7 odd. As ged(2,7) = 1, by making again use of Example 1.4, we have

Clu, ('y(go'l(:l:))) = Z2. Thus
KH, (D2n) = D2n-

THE CASE OF THE SYMMETRIC GROUP §,,. Let £ € S,,. Then

-1 _ ) Cn, (v(we) + (2,0)Z + (0,1)Z) if n is odd
e ('Y(‘P (I))) - {GH,(’Y(’UJ:) +(2,0)Z + (1,1)Z) if n is even.

We consider again two subcases and make use of Example 1.4.
Subcase 1. 7 even. We have

1 _ y(w;) + (2,0)Z + (0,1)Z if n is odd
Chae (7(<P (27))) {’Y(wx) +(0,2)Z+ (1,1)Z ifnis even

thus, also in this case, Cly, (’y(tp“(z))) = Clab (’y((p‘l(m))) and therefore,
Kh, (Sn) = An.
Subcase 2. 7 odd. Again Cly, (7(<p‘1(z))) = Z? and therefore
Kn, (Sn) = Sn.

Similar results for finite supernatural numbers could be attained in an entirely anal-
ogous way, but here we prefer to observe that these correspond to particular cases of
Proposition 1.17 and give alternative proofs. Let k be a natural number and let Hy be
the corresponding pseudovariety of Abelian groups.

THE CASE OF THE CYCLIC GROUP C,. Let G = C,. Since C, is Abelian, there is
no need to consider the commutators. Let d = ged(n, k). As d | k, we have that GI¥]
= (g*) C (g9). Let r and s be integers such that d = rk + sn. Thus g% = g™*¢*" = ¢'*
€ G, Thus (g¢) C G, and therefore GI¥] = (g9).
THE CASE OF THE DIHEDRAL GROUP Dy,. Let G = D,,. As (g?) = G', we have
that (g?) C Gl Note that the relation hg™~! = gh follows from the defining relations
for Dy, and therefore the elements of Dy, may be written in the form g* or hg', with
1€ {1,...,n}. We consider again two subcases, according to whether & is even or odd.
Subcase 1. k even. As hghg = h?g""'g = h%g™ = 1, we may conclude that,
fori € {1,...,n}, (hg*)> = hg'hg' = hg'"'hg"~'g' = hg*"'hg""! = 1. It follows that
GH = (g%) = G'.
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Subcase 2. k odd. Note that, as k = 2r + 1, for some r, (hg')* = (hg')¥*+! = hg,
for i € {1,...,n}. In particular, h,hg € G, thus g = h - hg € G 1t follows that
Gl = G.

THE CASE OF THE SYMMETRIC GROUP §,,. Let o0 € §,,. Once again, we consider two
subcases, according to whether % is even or odd.

Subcase 1. k even. It is clear that o € A, and therefore S = A, = S

Subcase 2. k odd. In this case, o* has the same parity than o, thus S, cannot
be contained in A,. Since .4, has index 2in S,, S¥ must be Sa.

Summarising, we have:

THEOREM 2.5. Let 7 be a (finite or infinite) supernatural number and let H,
be the corresponding pseudovariety of Abelian groups. Then:

(1) Kn,(Cn) = (g%), where d = ged(n, ).

(2) Ifr is even, then Ky, (Dan) = Kap(D2n) = Dy, = (g?).
Ifn is odd, then Ky_(Day,) = Dy,.

(3) Ifm is even, Ky (S,) = Kab(Sn) = An.
Ifr is odd, Kn, (S,) = Si.

Since any relative kernel of a finite monoid M is a submonoid of M, as a consequence
of Remark 1.6 and previous theorem we have:

COROLLARY 2.6. Let m be an odd supernatural number and let H, be the
corresponding pseudovariety of Abelian groups. Let M be a finite monoid all of whose
maximal subgroups are symmetric or dihedral groups. If M is generated by its group-
elements, then Ky (M) =M.

3. ON PRESENTATIONS OF SOME TRANSFORMATION MONOIDS

In this section we give some background on the inverse monoids whose relative
Abelian kernels will be described.

To avoid ambiguities, from now on we take n > 4. Notice that, for n < 3, the relative
Abelian kernels of the finitely many semigroups under consideration can be easily com-
puted using the already referred implementation in GAP {27] of the algorithm presented
in [4].

The reader can find more details and the proofs of the facts presented in this section
in {13, 14, 15, 16, 17].

3.1. THE INVERSE SYMMETRIC MONOID Z,. We begin by recalling some well known
facts on the symmetric inverse monoid I, on a base set with n elements, that is, the
inverse monoid (under composition) of all injective partial transformations on a set with
n elements.

Notice that the symmetric group S, is the group of units of the monoid Z, and
that two elements of Z,, are R-related or L£-related if they have the same domain or
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the same image, respectively. Moreover, given s,t € Z,, we have s <3 t if and only if
|Im(s)| < |[Im(t)|. Hence, for k € {0,1,...,n}, being J; = {s € L. | |Im(s)] = k}, we
have

I,,/3={Jo<3J1 <y <3J }

Since |Jx] = (")2k' for k € {0,1,...,n}, it follows that T, has Z (") k! elements.

Observe that J, = S,. Moreover, the maximal subgroups of Z, con’camed in Ji are
isomorphic to S, for 1 £ k € n. We obtain a generating set of Z,,, with three elements,
by joining to the permutations ¢ = (12) and g = (12 --- n), which generate S,, any
injective partial transformation of rank n — 1. For instance, if

. 2 3 ... n
“lo2 3 ...

then the set {a, g, c} generates the monoid Z,. In particular, we have the following:

COROLLARY 3.1. The inverse symmetric monoid I, is generated by its group-
elements.

Combining the monoid presentation for S, given in Example 2.1 with the Popova
presentation of Z,, [22], one can deduce [16] the following presentation of Z,, in terms of
the generators a, g and c:

(a,9,c|a® =g" = (9a)" ' = (ag"'ag)® = (ag" "ay’)2 =12<j<n-2),

n 2

" lageg" lag = gacag® ! = c = ¢, (ca) = cac = (ac)? ).

3.2. SOME INVERSE SUBMONOIDS OF Z,. A partial transformation ¢ of a chain X,
with n elements, say X, = {1 < 2 < --- < n}, is called order-preserving [order-reversing]
if, z < y implies zo < yo [zo > yo), for all z,y € Dom(c). We denote by POT,
the inverse submonoid of Z, of all order-preserving transformations and by PODI,, the
inverse submonoid of Z,, whose elements are all order-preserving or order-reversing trans-

formations.
Let ¢ = {(c1,¢2,...,¢) be a sequence of ¢ (t > 0) elements from the chain X,,. We
say that c is cyclic [anti-cyclic] if there exists no more than one index i € {1,...,t}

such that ¢; > ci41 [6i < ¢iy1], where ¢i41 = ¢;. Then, given a partial transformation
o on the chain X, such that Dom(c) = {a;,...,a;}, witht 2 0 and a; < --- < a,, we
say that o is orientation-preserving (orientation-reversing] if the sequence of its images
(a10,...,a:0) is cyclic [anti-cyclic]. We denote by POPI, the inverse submonoid of 7,
of all orientation-preserving transformations and by PORIZI, the inverse submonoid of
Z, of all orientation-preserving transformations together with all orientation-reversing
transformations.

Notice that, POZ, C PODI, Cc PORZI, and POI, C POPI, C PORI,, by
definition.
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Let M be one of the monoids POZ,, PODI,, POPI, or PORI,. As for I,, given
two elements s,t € M, we have s <3 ¢ if and only if IIm(s)‘ < |Im(t)|, hence

M/3= {Jo <3 Ji <3 -<3 Jn},

where Ji = {s € M : |Im(s)| = k}, for 0< k< n.

Concerning maximal subgroups, the monoid POZ, is aperiodic, while each $-class
of an element s € PODI, has exactly two elements (an order-preserving one and another
being order-reversing), unless the rank of s is one or zero, in which case its $-class is
trivial. On the other hand, for 1 € k& < n, the H-class of an element s € POPI, of
rank k has precisely k elements, being a cyclic group of order k if s is a group-element.
Finally, given s € PORZ,, if ]Im(s)| = k > 3, then the $-class of s has 2k elements and,
if s is a group-element, it is isomorphic to the dihedral group Dy, and if IIm(s)l = 2 then
$-class of s has precisely two elements, otherwise it has just one element.

Next, let us consider the elements xg,z,,. .., -1 of POZ, defined by:

2 .- n-1 n

1. Tg = ’
1 - n—-2 n-1
1 -+ n—-i-1| n—i |n—-t+2 --- n

2 ;= . . . ’
1 - n—i—1l|n—-4i+1|in-%i+2 -+ n

fori<i<n—1

Consider also the permutation (that reverts the order)
h= 1 2 -+~ n-1n
n n-—1 --- 2 1
of PODI, and the n-cycle
{12 .- n-1n
23 .. n 1)’

which is an element of POPZ,,. Hence, A = {zo,z,,...,Z,-1}, B = AU{h}, C = AU{g}
and D = AU {h, g} are sets of generators of POZ,, PODI,, POPI, and PORI,,
respectively.
Furthermore, consider the following set of monoid relations:

Ry, ziz0 =ZoTiy1, 1 S1< N -3

Ry, zjzi=1ziz;,2<1+1<j<n—-1

Ry zir) = 22 = Tpn17};

Ry Zi1TiTiy) = Tin1Ti = TiTipiTi, 1 K1 €<n —2;

Rs z3i41 0 Ta1ZoZ1 - TiaaZi= T, 0SS n— 15

Rs ZTip1 + Tno1ToZy  Tio1T2=1z3,1<ig<n—1;
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Ry gri=1zing, 1<i<n—-3

Rg gz0z) = 1), and Zn_1T0g = Tn-1;

Ry ¢"=1;

Ry h?2=1;

Ry hzg= 551 “*Tp_rh and hz; = Tp_iyy -+ Ta1ZToT1 - - Tnoia1 h,
forlgig<n-1;

Ry zi7'h =zn_1---a:3z§;
Riz hg=g""'h;
Ru (¢ Hz19)" )" %h = (0" (210)" )" 2((z19)"2¢7)" g™
Observe that, we are adopting the following convention: giveni,j € {0,...,n—1},if
i < j the expression z; - - - z; represents the word of length j —i+1 such that the letter in
the position p € {1,...,j — i+ 1} is z;4,—1 (that is, the indices of the letters are ordered
in the usual way and are consecutive), and if j < i the expression z; - - - z; represents the
empty word. For example, the expression z3 - - -z, denotes the empty word.
Hence, (A | Ri — Rs), (B | Ry — Rs, Rig — Ri2), (C | Ri — Rg) and (D | Ry — Ryy)
are presentations of the monoids POI,,, PODI,, POPI, and PORZI,, respectively.
Next, we recall a set of canonical words associated to each of these presentations.
Letke{l,...,n-1},{=n—-k (1 <£<n—-1)and wj = To_j41 - Te—j4k, for
1 € j < £ Notice that [wj| =k, for 1 <7 < Z. Let Ay, [Cy] be the set of all words

(f)(f) [t

where [0 € @ < n - 1], u; is a suffix of w; and v; is a prefix of wy, for 1 € j € ¢,

Slul € Slud S QS m| < S lugd <kl and k 2 o] 2 -+ > |wg| 2 0.
Also, define Ag = Co = {23}, An = {1} and C, = {¢' | 0 < 7 < n—1}. Then
A=AgUAU---UA, and C = CoUC, U---UC, are sets of canonical words for POZ,
and POPI,, respectively.

Now, let By = Ay U {wh | w € Az}, for 2 < k'S n, and By = Ay, for k =0,1. Also,
define Dy = Cy U {wh | w € Ci}, for 3 < k < n, and Dy = Cy, for 0 < k < 2. Then
B=ByUB U---UB,and D = DyUD,U---U D, are sets of canonical words for
PODI, and PORI,, respectively.

Notice that, for 0 € k£ < n, the sets of words Az, Bx, Cr and D, represent the
transformations of rank k of POZ,, PODI,, POPI, and PORL,, respectively.

Of particular interest for us, are the words corresponding to elements of rank n — 1:

An1 = {ZiZiy1  Ta1ToTi- - Zjm | 1 <4<, n}
Bny = {Zi%i41 - Tn1ZoTy - Tiht |1 < i<, 1 <n,t=0, 1}
Crny = {g'x,-:c,-ﬂ--.z,,_lxoxl'--1:,-_1llszsn—l,l £j<n0<r<n -1},

https://doi.org/10.1017/5S0004972700035413 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035413

392 E. Cordeiro, M. Delgado and V.H. Fernandes (18]

Dpnoy= {¢gTiTis1 Tno1ZoTr- - Tiah! [ 1 <4< n-11<37<n0<r

£n-1,t=0,1}.

Again, let M be one of the monoids POI,,, PODI,, POPI, or PORI,. Denote
by X the set of generators of M and by W the set of canonical words of M considered
above. Let ¢ : X* — M be the onto homomorphism extending the map X — M,
.

Given an element s € M, we denote by w, the (unique) element of o~ '(s) N W
called the canonical word associated to s.

REMARK 3.2. Let M € {POZ,,PODI,} and let s € M be an element of rank n — 1.
Then s is an idempotent if and only if there exists i € {0,...,n — 1} such that

b

Ws =T Tpn1ZoTy " " Ti—1-

Notice that, if s is not an idempotent, then |w,|;, = 1 and there exists i € {1,...,n
— 1} such that either |w,|z; = 0 or |w|z, = 2.

On the other hand, if M € {POPZI,,PORI,} and s € M is an element of rank
n — 1, then s is an idempotent if and only if w, = g" !z, - - - z,_; (which corresponds to
the same element of M that the word zyr, - - - z,_1) or there exists ¢ € {1,...,n — 1}
such that

Wg =i Tn_1ToTy * * Ti-).

It is known (see [17]) that PORZ, is generated by the transformations g, 4 and z;.
Therefore {g, h,z19} is also a set of generators of PORZI,. As

i = 12 ... n-2 n-1
UEl23 0 n-1 1
is a partial permutation, we obtain the following:
CoROLLARY 3.3. The monoid PORZ, is generated by its group-elements.

4. MAIN RESULTS

This section is devoted to our main results. We give descriptions of the kernels
relative to decidable pseudovarieties of Abelian groups of the monoids POZ,,, PODI,,
POPI,, PORI, and I, for which we already recalled simple presentations. As the
kernel of a finite monoid relative to the trivial pseudovariety is the monoid itself, we just
need to consider pseudovarieties of Abelian groups corresponding to infinite recursive
supernatural numbers or to natural numbers greater than 1.

4.1. THE CASE OF POZ,. In this subsection we show that any relative Abelian kernel
of POI, equals the Abelian kernel of POZ,.
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THEOREM 4.1. ([7]) The Abelian kernel of POI, consists of all idempotents
and all elements of rank less than n — 1.

The Abelian kernel of POZ,, contains all elements of rank less than n— 1, so it must
be the case of any relative Abelian kernel of POZ,.

Now, let z € POZI, be an element of rank n — 1. In [7, p. 445] it was proved that
(considering the letters ordered as follows: zo < z; < --- < Tp—1)

Clas (7(90—1(1'))) - 'Y(wz') + (ls T 1)Z1

thus, using Proposition 1.12, for any k > 1, we have
Yk (‘P_l(x)) g '7k(wz) + (1; vy 1)Z/kz

By Remark 3.2, if z is not idempotent, then y(w,) has the first component 1 and the
other components are 0 or 2, thus the same happens with v,(w;) (except that if & = 2
none of the components is 2) and so 0 & (¢~ (z)). It follows that the Ky, (POI,)
= Kap(POZI,). Moreover, this equality holds even when the supernatural number under
consideration is not finite:

THEOREM 4.2. Let # # 1 be a supernatural number. Then Ky (POI,)
= Kap(POT,).
PrOOF: Suppose that k£ > 1 is a finite divisor of 7. As Hy C H,, we have that

Kao(POI,) C Kn, {(POZI,) C Kn (POT,) = Kan(POL,).
Thus the inclusions must in fact be equalities, concluding the proof. 0

4.2. THE CASE OF PODI,. In thissubsection we compute the relative Abelian kernels
of the monoid PODI,,.

First we recall:

THEOREM 4.3. (9] Ifn is an even integer, the Abelian kernel of PODI, consists
precisely of the elements of the Abelian kernel of POZ,. If n is an odd integer, then the
Abelian kernel of PODI, consists of the Abelian kernel of POI, united with the set of
elements corresponding to words of the form z; - - Tp,_1ZoZ, - Zn_i, for 1 < i < n.

Considering the presentation of PODI, recalled in Section 3, as an immediate
consequence of Theorem 1.15, we have the following corollary.

COROLLARY 4.4. Ifk is even, then Ky, (PODI,) C POZL,.

Let 7 be a supernatural number.
Let J; denote the J-class of PODI,, of the elements of rank i, for 0 < i < n.
As the group of units J, of PODZ, is the cyclic group generated by the permutation

of order two
= 1 2 - n—1n ,
n n—-1 --- 2 1
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by Theorem 2.5 and Lemma 1.7, we have

{1}, if2divides 7

Ku, (PODI,) N J, = Ky, (J,) = (RE4EM) =
! ) e (Jn) = ) {1,h}, otherwise.

Next, we concentrate on the elements of rank less than n — 1. First, we notice that,
by Theorems 4.3 and 4.1, POZ,N < U ) is contained in the Abelian kernel of PODI,,

and so it is contained in Ky, (PODZ, )
Suppose that 7 is divisible by 2. Then, as Ky,(PODI,) C POZ, (by Corollary 4.4),

we have
n—2 - n—-2
POZ, N (U J) C Kn, (PODI,) (U J) C Kw,(PODI,) (U J)
=0 =0 =0
n~2
C POI,. N (U Ji),
=0

hence Kn, (PODI,)N (U J) =POI,N (U J)
On the other hand, admit that 2 does not divide 7. Then

(POI,. n (U J,)) U {k} C Ku, (PODI,)

=0
and, since any element of PODI, can be factorised as a product of a certain element of
n—2
POI, (with the same rank) by A, it follows that |J J; C Kn, (PODI,).

i=0
Summarising, we have

n—2
U 4, otherwise.
=0

n—-2
n-2 POI,. N (U Ji), if 2 divides 7
Kn, (PODI,) (U J) =0

=0

Now, we just have to determine which elements of J,_; belong to Ky (PODI,).
We recall that

{Wij¢=TiTit1 Tao1ZoTy - T h | 1€, 1< <N, 0Kt < 1}

is a set of canonical words for J,_;.
It is clear that

(1,...,1,0(j+1),...,0(i),l,...,l,t),

Y(wije) =
(L., 1, 2041y -4 2G)s L, -+, 1, B),
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for t = 0,1 (considering the letters ordered as follows: o < ; < --- < 2,y < h).
Let £ € PODI, be an element of rank n — 1. The second and third authors showed
in [9) that z € Ka,(PODT,,) if and only if

y(w:) € (1,1,...,1,00Z+ (0,0,...,0,2)Z + (2,0,...,0)Z
+ (O, 1,0,...,0,1,00Z+-- -+ (0, ...,0, L((n-1)/2+1)> 1((n+1)/2+1),0, ...,0)Z,

if n is odd, and

yws) € (L1,...,1,00Z+(0,0,...,0,2)Z + (2,0,...,0)Z
+(0’1301"'10a110)z+.”+(07'":Oylﬂ/210>1(n/2+2)10"")O)Z
+ (01--’)07 2(ﬂ/2+1))05"')0)Z1

if n is even. Notice that these expressions were deduced from the presentation of PODI,
[17] recalled in Section 3.
Hence, z € Ky,(PODI,) if and only if y,(w.) belongs to

(1,1,...,1,002/2Z+
(0,1,0,...,0,1, O)Z/QZ + -+ (0, ..., 0, Ln-1)/241), 1(("+1)/2+1), o,... ,O)Z/QZ,

if n is odd, and to

1,1,...,1,0)Z/2Z+
(0,1,0,...,0,1,0)2/2Z + - -- + (0, ..., 0, 1n/2,0, 1(n/242),0, ... ,0)Z/2Z,

if n is even.

Now, suppose that w; = w;j;, forsome 1 < i< n,1<jg<nand 0t L If
n is even, then it is clear that z € Ky,(PODI,) if and only if i = j and t = 0, that is,
z € Kn,(PODI,) if and only if z is an idempotent of J,_;. Thus Ku,(PODI,) N J,_;
= Kap(PODI,) N J,-;. On the other hand, if n is odd, then it is easy to show that
z € Ku,(PODZ,)ifand onlyift =0and ¢ = jori = n—j+1. Thatis, z € Ky,(PODI,)
if and only if z is an idempotent of J,_; or £ = z;z;4, " Tn-1ZeT1 " Tn_;, for some
1 € ¢ € n. Thus we also have in this case, Ky, (PODI,) N Jo_1 = Kap(PODI,) N Jo_;.

Hence Ky, (PODI,) = Kap(PODI,), for all n € N, and so, using Proposition 1.9,
we get the following result:

THEOREM 4.5. If w is an even supernatural number, then Ky (PODI,)
= Kap(PODI,).

Next, let & be an odd natural number and consider again an element z € PODZ,
of rank n — 1. As 2Z/kZ = Z/kZ, we have:
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(1) If n is odd, then z € Ky (PODI,) if and only if

ve(wa) € (1,1,...,1,0Z/kZ + (0,0,...,0,2)Z/kZ + (2,0, .. .,0)Z/kZ
+(0,1,0,...,0,1,0)Z/kZ + - - - + (0, ..., 0, L((n=1)/241)> L((n+1)/241), 0, . . ., 0)Z/kZ
=(1,1,...,1,00Z/kZ + (0,0, ..,0,1)Z/kZ + (1,0, .. .,0)Z/kZ
+(0,1,0,...,0,1,00Z/kZ + -+ (0, ...,0, Ln-1)/241), Lins1)/241): 0; - . -, 0)Z/KZ
=(1,1,...,1,0Z/kZ + (0,0,...,0,1)Z/kZ
+(0,1,0,...,0,1,00Z/kZ + - + (0, ..., 0, Ln-1)/241): Lins1y/241): 0; - - -, ) Z/KZ;
(2) If n is even, then z € Ky, (PODI,) if and only if

mw(we) € (1,1,...,1,0)Z/kZ + (0,0,...,0,2)Z/kZ + (2,0, ...,0)Z/kZ

+(0,1,0,...,0,1,0)Z/kZ + - + (0, ...,0,1n/2,0, 1nj242), 0, . . ., 0)Z/kZ
40,10, 2241, 0, - . ., 0)Z/KZ.

= (1,1,...,1,0)Z/kZ + (0,0,...,0,1)Z/kZ + (1,0, ..., 0)Z/kZ
+(0,1,0,...,0,1,00Z/KZ + - + (0,...,0, 1(n/2),0, L(nj242), 0, .. ., 0)Z/kZ
+(0,..,0, 12417, 0, . ., 0)Z/kZ

=(1,1,...,1,0)Z/kZ + (0,0, ...,0,1)Z/kZ
+(0,1,0,...,0,1,0)Z/kZ + - + (0, ...,0,10/2,0, L(njas2), 0, . .., 0)Z/kZ
+(0,...,0,1(n/241),0,...,0)Z/kZ.

Then, supposing that w, = w; ., forsome 1€ i< n,1<j<nand 0Kt <1, itis
easy to show that, for both n odd and even, we have r € Ky, (PODI,) if and only ifi = j
ori=n—j+1. Hence, £ € Ky (PODI,) if and only if £ = z;Zi4, - - - Tn_1ZoZ1 - - Ti—1 B
OF T = ZiTit1 ' Tn_1ToZ1 - Tn_ih!, forsome 1 <i<nand 0Kt < 1.

Now, let ™ be an odd supernatural. Then,  is divisible by some odd natural number

k and we have Ky (PODI,) C Ky, (PODI,). In fact, the converse inclusion is also valid,
as we shall show below.

First, notice that, by relations R;;, we have zoh = hz, - - - z,_; and
Tn-1th =hZTiy1 - Tn_1ZoT1 - - Tioy.
Hence
TiTiq1 " Tn-1T0T1 " " Tnoih = TiTiq1 *** Tno1T0T1 - - Tnoic1RTigr -+ - Tno1ZoZy -+ - Zimy,

for 1 < ¢ € n— 1. It follows that, for 1 < i € n, T;Tiy1 - Tn-1ToZ1 - Ti_; and
TiTiyl " Tn-1ZoT1 - - * Tn—ih are H-related elements of PODI,, thus

{Zi%iy1 -  Tno1T0T1 -+ Ti), TiTigy -+ Tn-1ToLy - - - Tnih}

is a cyclic group of order two and so it is contained in Ky (PODI,). Therefore, since
h € Ky, (PODLI,), we have proved:
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THEOREM 4.6. If 7 is an odd supernatural number, then Ky, (PODI,) con-
sists of all permutations of PODI,, of all elements of rank n — 1 of the forms
TiTip1 " Tn-1FoT1 - Ti—1ht and T;Tip, - Tn_1ToT1 - Tnht, with 1 € i € n and
0 < t €1, and all transformations with rank less than n — 1.

4.3. THE CASE OF POPI,. Let M be a monoid and let U be its group of units. Take
z € U and s € M. Then, it is easy to show that sCzs. Furthermore, as the Green
relation R is compatible with the multiplication on the left, the correspondence

H, — H,
t 1

is a bijection.

Next, let g be the n-cycle permutation and s any element of 7, with rank n — 1.
Then, s,gs,9%s,...,g" 's are n domain-distinct (and so each one lies in a different R-
class of Z,) £-related elements of Z,, of rank n — 1. Hence, X, ¢X,¢%X,...,¢" !X are n
pairwise disjoint subsets of L, with |X| elements each, for any subset X of H,.

Now, consider the monoid POPI,, and let 7 be a supernatural number. Recall that:

THEOREM 4.7. ([7]) The Abelian kernel of POPLI, consists of all idempotents
and all elements of rank less than n — 1.

Let J; denote the J-class of POPI, of the elements of rank i, for 0 < < n.

As Jo, J1, ..., Ju—z are contained in the Abelian kernel of POPI,, we have also

n-2

U % € Ku, (POPL,).

i=0

On the other hand, as the group of units J, of POPI, is the cyclic group generated by
the permutation g = (12 --- n), by Theorem 2.5 and by Lemma 1.7, we have

KH,, (POPI") n Jn = KH.—(Jn) —_ (gng(n,n)>.

Thus, it remains to decide which elements of J,_; belong to Ky (POPI,).

Let H be a maximal subgroup of POPI, contained in J,_;. Then, H is a cyclic
group of order n — 1 and so, by Theorem 2.5, Ky, (H) has (n —1)/(ged(n — 1,)) ele-
ments. As

KH,(H) U g“d("”')KH,(H) U g2gcd(n,1r)KH'(H) U---u g(("/SCd("-"))—l)SCd("-“)KH* (H)

is a subset of Ky (POPZI,) N Jo-1 (contained in a single L-class of POPI,) with
cardinality n/(ged{n,n)) - (n —1)/(ged(n — 1,7)) and J,., contains n distinct max-
imal subgroups of POPI, (and POPI, is an inverse monoid), we have at least
n-n/f(ged(n,n)) - (n — 1)/(ged(n — 1, 7)) elements in Ky, (POPI,) N Jo_y.

Now, let k£ be any natural number.
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Recall that

{Wijr = g'Tiiy1  Tno1ZoTr - T |1 SIS0 -1,1<5<n,0<r<n—1}

<
N

is a set of canonical words for J,_;. Clearly, for all 0 < r < n — 1, we have

J

)

(1,...,1,0(j+1),...,0(,'),1,...,1,7‘), 1 1
1

(].,...,1,2(i+1),...,2(j),1,...,1,7‘),

AN\
N IN

n-—1
’Y(Wi,j,r) = .
n

J

AR/

(considering the letters ordered as follows: o < z; < -+ <z, < g).
Let z € Ju—;. In [7, Corollary 4.7], the second and third authors showed that
n—2
7(1/)_1(1')) = 7(Wz) + (11 la ey 1’0)Z+Zfiz+ (1701 e 70) I)Z + (07Oy e 7Oan)Za
=1
where f; = (01, ..., 0, =1(t1), 1(i+2), 0, . .., 0(n41y), for all 1 < ¢ < n—2. Notice that this
formula was deduced from the presentation of POPZ, [14] recalled in the Section 3. It
follows that
(¥ (z)) =

n—-2
yewz) + (1,1,...,1,00Z/kZ + > fiZ/KL+ (1,0,...,0,1)Z/kZ + (0,0, ...,0,n)Z/kZ.

i=1

Next, assume that z € Ky, (POPI,). Hence 0 € (w‘l(z)) and so the system of

equations
n-2
y(wz) +(1,1,...,1,0)z + Zf,-zi +(1,0,...,0,1)2,—; + (0,0,...,0,n)z, =0 mod k,
i=1
with integer unknowns 2y, z,..., 2y, has a solution. Let y(w;) = (@g,a1,...,8n_1,a4).
Then, we have
(
20+ 2p-1 = —ag mod k
Zp—2z1=-—a; modk

Jzo+z,~_1—z,-s—a,- modk, 2<i<n—-2

2+ 2p-9 = —Qp_ mod k&

[ #n-1 +nz, = —a, mod k.
From this system it is easy to deduce the following equation:
(n—=1)(2n-1 +a0) = (g +--- +ap—1) mod k.

Suppose that w; = w;j,, forsome1<i<n~-1,1<j<nand0<r<n—-1
Thenagy=1,a,+ - -+@a,_y =n—1i+j—1 and a, = r. Hence, the system of equations

1) (n—1)(zn.1+1)=m—i+j5—1) modk

Zn-1+ Nz, = —r mod k,
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with integer unknowns z,_, and z,, must have a solution. Now, from (1) we have

(n—1)zp_y=(j—4) modk
(n—1Dzp1+n(n—-1)2,=-r(n~1) modk

and so the equation
nn—1)z, =—(r(n-1)+j-17) modk

has a solution, which implies that gcd(n(n — 1), k) divides r(n — 1) + j — 4. It follows, by
Proposition 1.22, that the set Ky, (POPI,) N J,_; has at most

n?(n~1)
ged(n(n - 1),k

elements. Since ged(n,n — 1) = 1, then ged(n(n — 1), k) = ged(n, k) ged(n — 1, k) and so

we have precisely \

n*(n—1)
K OPI)NJy | = —————.
K (POPL) O ol = 1))

Therefore we have:

THEOREM 4.8. For all k € N, the relative kernel Ky (POPI,) consists of
all permutations generated by g&d™*) of all elements of rank n — 1 of the form
9 TiTiv1 " Tpno1ZToZTy1- - Tj-1, Withl € i < n—-11 < j<n0<<r<n-1and
ged(n(n — 1), k) | r(n — 1) + j — 4, and all transformations with rank less than n — 1.

Now, let k = ged(n(n — 1), 7). Notice that, clearly, ged(n, ) = ged(n, k), ged(n —
1,7) = ged(n—1,k) and k = ged(n(n—1), k) = ged(n, k) ged(n~1, k) = ged(n, 7) ged(n—
1,7), since ged(n,n — 1) = 1. Thus, in particular, we have

Ku, (POPTI,) N J, = (g84mm)y = (g8cdmk)y = Ky, (POPT,) N J,

and (as k divides 7)

Ku,(POPLI,) C Ky, (POPL,).
Moreover, since

_ nYn-1) n’(n — 1)
lKHu (POPI,)N Jn—ll = ged(n(n - 1), k) - ged(n, m) ged(n — 1,7)

< |Kn, (POPL,) N Juss],

we have proved the following theorem.

THEOREM 4.9. Let7 beasupernatural number. Then Ky, (POPI,) = Ku (POPL,),
with k = ged(n(n — 1), 7).
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4.4. THE CASE OF PORZI,. First notice that Corollaries 3.3 and 2.6 combined with
the fact that the maximal subgroups of PORZ,, are dihedral groups allow us to conclude
immediately:

PrROPOSITION 4.10. Ifr is an odd supernatural number, then Ky, (PORZI,,)
= PORZ,.

Next we shall prove that Ky, (PORZ,) = Kap(PORZ,).

Recall that in [9] it was proved that the Abelian kernel of PORZ, is contained in
POPI,. Denote by J; the J-class of PORZ, of all elements of rank 7, for 0 € i < n.
The following result gives a description of the elements of PORZ, N J,_; that are in the
Abelian kernel of PORZ,,.

Recall that {z¢,z1,...,2Zn-1, h, g} is a set of generators of PORZ,.
THEOREM 4.11. [9] Let X = {z1,...,2,_1} and let = be the element of J,_,
N POPLI, corresponding to the word w = g¥(zp-; - Tu_1)zo(z1---x;), With 0 < k
<n-1,1<ig<n—-1and0< j<n—1 Then z € Kap(PORLZ,) if and only if:
(i) |w|x is even, for n odd;
(i) |w]| is even, for n even.
From Lemmas 1.7 and 2.4 we have that Kap(PORZI,) N J, = (g?) and it was also

observed in [9] that, for £ < n — 1, Kap(PORZ,) N Ji consists of the elements of J; that
belong to POPI,.

Now, using the presentation of PORI,, recalled in Section 3, as an immediate con-
sequence of Theorem 1.15, we have:

COROLLARY 4.12. Ifk is even, then Ky, (PORZI,) C POPI,.

It follows from Proposition 1.14 that if z € Ku,(PORZ,) then there exists a word

w representing x such that |w|y is even, for all subset Y of the set of generators, hence,
z € Kap(PORI,), by Theorem 4.11. Therefore:

PROPOSITION 4.13. Ku,(PORI,) = Kan(PORT,).
By Propositions 4.10, 4.13 and 1.9, we get the main result of this subsection:

THEOREM 4.14. Let m be a supernatural number and H, the associated pseu-
dovariety of Abelian groups. Then Ky (PORI,) = Ka(PORI,) if = is even and
Ku, (PORI,) = PORI, if 7 is odd.

4.5. THE cASE OF I,,. We start this subsection, as the previous one, by noticing that
Corollaries 3.1 and 2.6 combined with the fact that the maximal subgroups of I, are
symmetric groups imply the following:
ProrposITION 4.15. If7 is an odd supernatural number, then Ky (Z,,) = T,,.
Now recall a description of the Abelian kernel of Z,, given by the second and third
authors [9].
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THEOREM 4.16. The Abelian kernel of I, consists of all even permutations of
Sy, of all the |J,,_1|/2 elements (with rankn—1) of Ap_1H' A1, where H is any maximal
subgroup of J,_;, and of all transformations with rank less thann — 1.

Next we shall prove that Ku,(Z,) = Kab(Z,). Notice that, by Theorem 2.5, the
elements of rank n belong to Ky,(Z,) exactly when they belong to Kap(Z,). As Kap(Z,)
contains all transformations with rank less than n — 1 and is contained in Ky,(Z,), it
remains to check that Ku,(Zn) N Jpo1 = Kap(Zy) N Jnoy. Since Kap(Zy) € Ku,(Zn), can
be concluded by showing that both sets have the same number of elements, that is, by
showing that Ku,(Z,) N J,—; has |J._|/2 elements. To achieve this we shall follow the
strategy used in [9] to prove part of Theorem 4.16. With the same proof as [9, Lemma
6.1], we have the following lemma, which implies that all $-classes of T,, N J,_; have the
same number of elements in Ky, (Z,).

First we need some notation. Let 1 < r, s < n. We denote by H] the $-class of J,_;
of the elements z such that Dom(z) = {1,2,...,n}\ {r} and Im(z) = {1,2,...,n} \ {s}.
We define K7 = H. NKu,(T,).

LEMMA 4.17. Forl < r,s,u,t < n, there exist o,v € A, such that cKTv = K¥
and oK}v = KJ.

Now we look at the relations of Z,, given in Subsection 3.1. The word cac corresponds
to an element of rank n — 2. Then none of the relations (ca)? = cac = (ac)? can be
applied to an element of rank greater than n — 2. On the other hand, the words involved
in the relations a? = g" = (ga)*~! = (ag"lag)® = (ag"ag’)? = 1 and g"lagcg"'ag
= gacag™ ! = ¢ = ¢? correspond to elements of rank not smaller than n — 1. Then we
have:

LEMMA 4.18. The element of J,_; NI, represented by the word ac does not
belong to K, (Z,).

PROOF: By Proposition 1.14, if an element z € I, belongs to Ku,(Z,), then there
exists a word u representing x such that

jul, =0 mod 2

|luly =0 mod 2

(2)

We shall conclude that no word representing the same element of Z, other than ac
satisfies the condition (2), which proves that the element of Z, represented by ac does
not belong to Ky, (Z,).

We have to take the parity of n into account.

If n is even, then it is easy to check that any word u obtained from ac using the
relations above is such that |u|, and |u|, have different parities. Thus |u|, mod 2 # |u|,
mod 2 and so the condition (2) is not satisfied.
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If n is odd, by applying to ac the relations above we only obtain words u such that
|ul, is odd. Thus also in this case condition (2) is not satisfied, as required. 0

Let H be a maximal subgroup of J,.; NZ,. Then H is isomorphic to S,.; and
its derived subgroup, H’, being isomorphic to .4,_;, has index 2 in H. Thus, the only
subgroups of H containing H' are H and H' itself. It follows from Lemma 4.18 there
exists an element in the J-class J,_; not belonging to Ky,(Z,). As Lemma 4.17 guaranties
that all f)-classes have the same number of elements in Ky,(Z,), then each $-class has
precisely half of the elements in Ky,(Z,,).

We have proved the result announced:

PROPOSITION 4.19. Ku,(Z,) =Kan(Zy).
Finally, using Propositions 4.15, 4.19 and 1.9 we get the main result of this subsection:

THEOREM 4.20. Let 7 be a supernatural number and H, the associated pseu-
dovariety of Abelian groups. Then Kn, (Z,) = Kay(Z,) if 7 is even and K, (Z,) = I, if v
is odd.

5. CONSEQUENCES

The notion of H-kernel is closely related to an important operator of pseudovarieties:
the Mal’cev product (see [18]). Its definition, when the first factor is a pseudovariety V of
monoids and the second factor is a pseudovariety H of groups, may be given as follows:

V@H={MeM:Ky(M) e V}.

Let POI, PODI, POPI and PORI be the pseudovarieties of monoids generated re-
spectively by {POI, | n € N}, {PODI, | n € N}, {POPZ, | n € N} and
{PORI, |n €N}

In [9, Corollaries 3.7 and 3.8] the second and third authors observed that PODI
C POl @ Ab and that POR! C POPI @) Ab. From the work done here, better bounds can
be stated. In fact, using Corollary 4.4 we obtain the following:

COROLLARY 5.1. The inclusion PODI C POI @ H, holds.
Similarly, using Corollary 4.12, we have:
COROLLARY 5.2. The inclusion PORI C POP! @ H; holds.

The work presented in this paper was originally motivated by an attempt to compare
these pseudovarieties. Although possibly far from obtaining a solution, we leave here the
following conjectures:

CoNJECTURE 5.3. The equality PODI = POI @ H, holds.
CONJECTURE 5.4. The equality PORI = POPI @ H; holds.
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