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A H. Clifford ([2], [3]) has shown that all finite dimensional irreducible repre-
sentations of a completely O-simple semigroup can be obtained as extensions of
those of its maximal subgroups. Lallement and Petrich, {7], have given an alter-
native method for constructing the irreducible representations of a finite 0-simple
semigroup from its Schutzenberger representation ([13]). Using the form which
they obtain for the irreducible representations of a finite O-simple semigroup
S = .#°(G; m, n; P), Lallement and Petrich show that

Rad A = {Xe.# : PXP is over Rad &(G)}

where # is the Munn algebra isomorphic to the (contracted) algebra &(S) of S
over .

In the same paper, necessary and sufficient conditions are given for the exis-
tence of an isomorphism

&(S)/Rad &(S) ~ ($(G)/Rad &(G)),

when ¢ is algebraically closed and ¢ is the invertibility rank of P. However the gen-
eral problem of determining the structure of ¢(S)/Rad ®(S) is not solved there
nor is the case of infinite completely O-simple semigroups considered. The main
object of this paper is to determine the radical of $(S) when S is an arbitrary com-
pletely 0-simple semigroup and also to obtain a representation for ¢(S)/Rad &(S)
as a subdirect sum of computable primitive rings.

The representation theory developed in [2], [3] depends strongly on the
fact that the representations under consideration are finite dimensional and
it is not adequate to deal with the infinite dimensional case. In [9] we have
described a variant of Clifford’s theory which determines all representations of
S~ #°(G; I, A; P), by endomorphisms of R-modules, in terms of proper
representations of G. This representation theory was developed for a class of rings
which we call Munn rings. These rings are the infinite dimensional analogs of the
Munn algebras considered in [11], Section 4; thus the algebra of any completely
0-simple semigroup is a Munn ring.

The results of [9] provide the tools with which to investigate the ideal struc-
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ture of a Munn ring and to find its primitive homomorphic images. Throughout
this paper, we shall assume familiarity with the results and terminology of [9].

In Section 1, the ideal structure of a Munn ring A4 = .#(U; I, A; P)is investi-
gated and the primitive ideals of # are determined in terms of the primitive ideals
of . It is shown that

Rad # = {X € .# : PXP is over Rad U}
(Theorem 1.6).

In the second section, the primitive homomorphic images of the Munn
ring A are determined (Theorem 2.3). From this theorem, a representation of
A |Rad A as a subdirect sum of primitive rings, is evident. In the case when .#
satisfies the descending chain condition (d.c.c.) on right ideals. U satisfies the
d.d.c. on right ideals and [ is finite. Further an exact description of .#/Rad .#
can be given (Theorem 2.5).

Section 3 is concerned with the special case which was considered by Lalle-
ment and Petrich ([7], Theorem 3.6). Using the structure given by Theorem 2.5 for
M |Rad A when A = #(U; m, n; P) obeys the d.c.c. on right ideals, we give
necessary and sufficient conditions for the existence of an isomorphism

M [Rad A ~ (A/Rad N),

where ¢ is the invertibility rank of P; (Theorem 3.4). Unfortunately, the existence
of such an isomorphism does not characterise .#, even in the case when ¢t = 1. In
order to provide such a characterisation of .#, one has to consider the basic radical
of .# which is
B(M#) = {XeM:PXP =0}
Theorem 3.11 gives necessary and sufficient conditions for the existence of an
isomorphism
M|B(MA) ~ (A),
again where ¢ = invertibility rank P. In the presence of such an isomorphism .#
itself is characterised up to isomorphism. As a corollary to Theorem 3.11, we show
that a finite O-simple semigroup S is a regular rectangular semigroup with zero
adjoined if and only if
@(S)/B(®(S)) ~ &(G).

Because the algebra of a finite O-simple semigroup is a Munn ring which
obeys the d.c.c. on right ideals, the results obtained in previous sections apply to
these semigroups. In fact, Theorem 2.5 can be used to describe the algebra of an
arbitrary finite semigroup modulo its radical. This is done in Section 4.

1. The ideals of a Munn ring

DEFINITION 1.1. An ideal N of a Munn ring # is basic if it is the kernel of a
basic representation of 4.
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3] Rings related to completely O-simple semigroups 259

PROPOSITION 1.2. Anideal N of a Munn ring # is basic if and only if Ma# = N
implies a € N. If this is the case then the representation of # on the cosets of M|N
is basic with kernel N.

The intersection of basic ideals is basic and hence, for any ideal N of A , there is
a minimum basic ideal which contains N; this is

B(N) = {ac.M : Mat = N}.
In particular, the intersection of all basic ideals is basic and is
B(0) = {ac.M : Mad = 0}.

PrOOF. Suppose that N is basic and let ae .# be such that .#a# < N.
Let I' : #4 — Hom(C, C) be a basic representation of 4, over a ring 2 with iden-
tity, which has kernel . For each subset U of C denote by [U] the ft-submodule of
C generated by U; since I is basic, [CT(#)] = C.

Since Ma# = N, [CT[(Ma#)] =0. Thus CI'(xay) =0 tor all x,ye .#.
This implies [CT'(.#)I'(ay)] = O for each y € .#. Therefore, since I is basic,
CT'(a)is a submodule o1 C which is contained in N(I") and hence is zero. This means
I'(a) = 0and so,since N = Ker I', ae N.

Conversely, suppose .#a.# < N implies ae N and consider the represen-
tation I" of .# on .#/N. Then

I(I') = subgroup of .#/N generated by the cosets N+ xa

where a, xe A ;

N({) = {N+x:xae Nforallae .4};
and

KerI' = {ac.# :xae N forall xe A}

The fact that #a.# < N implies a € N shows immediately that N(I') = N,
the zero of .#/N and Ker I' = N. Further since, by the proof of [9], Corollary
1.6, # is generated as a group by 42,

I(I') = subgroup generated by the cosets in N+.#% = #/N.

That the intersection of basic ideals is basic follows because, as is easily seen,
the direct sum of basic representations is basic. To prove the final two assertions it
is thus only necessary to prove that

B(N) = {a: Mak < N}

is the smallest basic ideal containing N. From the proof of the characterisation
already obtained, it follows that B(N) is certainly contained in any basic ideal
which contains N. Hence it suffices to prove that B(N) is basic. To do this, we use
the characterisation obtained above.

Suppose .#a.# < B(N); then #a#? = N and so, since # is generated
as a subgroup by 4%, . #a# = N. Thus ae B(N) and B(N) is basic.
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Although Proposition 1.2 gives a characterisation of the basic ideals of a
Munn ring, it does not give very much information about their structure. Much
stronger results can be obtained; in fact, the basic ideals of A (X; I, A; P) can be
described precisely in terms of the ideals of 2. This is done in Theorem 1.4.

Let.# = .#(U; 1, A; P) be a Munn ring and let M be an ideal of .#. For each
(i, A) € I'x A such that p,; is invertible, we obtain an ideal M;; of U as follows:

M;, ={aeWU:(a;i, A)e M}.
LemMa 1.3. If (i, 4), (j, u) € Ix A are such that p;; and p,; are invertible then
M“. = Mj“.
Proor. If a e M;, then (a; i, A) € M and thus
(a4, 1) = (pi's 4 Das i, Apx's i, )
also belongs to M. Hence M;, < M;, and, by symmetry, M;, = M;,. This
proves the result.

As a consequence of Lemma 1.3, it makes sense to speak of the ideal I(M) of
AN induced by an ideal M of 4. On the other hand, given any ideal N of ¥, the set

B(N) = {Xe.# : PXP is over N}
is an ideal of .#.
In the following theorem, let £ (), L (.#) denote, respectively, the lattices
of ideals of % and .#. Further, let %(.#) denote the a-subsemilattice of £ (A4)
which consists of the basic ideals of .#.

THEOREM 1.4. The mapping I: £ (M) - L (N), which associates, with each
ideal M of M, the induced ideal I(M) of U, is a complete lattice homomorphism
of L (M) onto L (N). The mapping B : L(N) - L (M) is a A-complete semi-
lattice homomorphism of L (N) into F(M) whose image is HB(M). Further,
I o B is the identity mapping on £ (W) and, for each M € ¥ (N), B(M) is the maxi-
mum ideal N of M such that I(N) = M.

PrOOF. Let {M, : ke K} be a set of ideals of # and let (i, \)e Ix A be such
that p,; is invertible. Then

ael(n{M,:keK})ifand onlyif (a;i,1)e n {M, : ke K}
which occurs if and only if ae n {I(M,) : k € K}. Hence
I(n{M,:keK})=n{I(M,):keK}.
On the other hand, it is easy to see that
v{IM):keK} s I(v{M,:keK}).

Hence, when we prove the converse inclusion, we will have shown that I is a com-
plete lattice homomorphism.
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Let X e.#; then
('t i, )X(pi'5 4, 4) = (b3 6, 4)
for some b e U. Hence, if (a; i, A) ev {M, : k € K}, then
(a3i,8) = (pzi's 1, Aas i, A(px's i, 2)
= (by; i, A)+ - - +(b, i, 4)

where (b;;i,A)eu {M, :keK}, 1 £j< n
Hence a = b, + -+ +b,e v{I(M,): ke K}. This proves

IviM,: ke K}) = v{I(M,): ke K}

so that we have equality.

Now consider B and this time let {M, : k € K} denote a set of ideals of 2.
Then X € B(n {M, : k€ K}) if and only if PXP is over n{M, : k € K}. But this
is possible if and only if PXP is over M, for each k € K. Hence

B(n {M,:keK}) = n{B(M,): ke K}

and so B is a A-complete semilattice homomorphism.

Next we show that Jo B is the identity on £ (); this proves that 7 is onto as
claimed in the statement of the theorem. Let M be an ideal of W and let y : YA —
Hom (A/M, A/M) be the representation of U on W/ M; since U has an identity, vy is
proper. Let Q, R be epic and monic respectively such that QR = y(P). Then, by
[91, Theorem 2.7, I' = [y; Q, R] is a basic representation of # with kernel B(M);
hence B(M) is basic. Further, since the representation of ¥ induced by I' is
equivalent to y, I(B(M)) = M. Thus I o B is the identity on Z ().

The fact that B(M) is basic for each M € Z(U) shows that Im B = #(A).
On the other hand, [9], Theorem 2.7 shows that each basic ideal of .# is of the
form B(M) for some M € L (A). Hence Im B = (.4 ).

Finally, let N be any ideal of # with M = I(N) and denote by .#' the ring
obtained by adjoining an identity to .#. Then N is an ideal of .#"' and the
mapping I' : .#4 — Hom (#'/N, #"|N) defined by

(N+x)[(X) = N+xX,

foreach xe 4", X € A, is a representation of .# with kernel N. This representa-
tion is of the form
r(x) = Ry(X)Q

where 7 is a representation of A with kernel M and QR = y(P). Then X € N im-
plies Ry(X)Q = 0 and thus y(PXP) = 0. Therefore N = B(M).

The following corollary generalises the well known result for ideals in matrix
rings ([10], Theorem 2.24); a slight adaptation of the argument in [10] also suffices
to prove the more general resuit.
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COROLLARY 1.5. Let U be a ring with identity and let I be a set. Then the ideals
of the ring M of all finitely non-zero I x I matrices over U are the sets of the form

{Xed : Xis over M}
where M is an ideal of .

PrROOF. M ~ M(U; I, I; A) where 4 is the Ix I identity matrix. If N is any
ideal of .# with I(N) = M then there is a representation y : % - Hom (4, 4)
and Q : 74 - C, R: C — A" such that QR = y(4) and further

N ={Xe .4 :Ry(X)Q = 0}.
Thus X € N implies y(4X4) = 0.
Now y(4X4) is the morphism 74 — A4’ determined by the Ix I matrix y(X).

Hence X e N implies p(X) = 0 while, on the other hand, if 7(X) = 0 then X e N.
Since M = Ker y, it follows that

N={Xe A :Xisover M}.

THEOREM 1.6. Let M = M (U; I, A; P) be a Munn ring. Then the basic ideals
of M are the ideals
B(M) = {Xe .# : PXPis over M}

where M is an ideal of Y.
B(M) is maximal if and only if M is maximal,
B(M) is primitive if and only if M is primitive.
Further, the radical of M is
Rad # = {Xe.# : PXP is over Rad %}.

ProoF. That the basic ideals are of the form B(M) above is merely a restate-
ment of part of Theorem 1.4. From Theorem 1.4, any maximal ideal is basic and
so of the form B(M) for some M e £ (). But M = N implies B(M) < B(N) so
that M must be maximal in .#(%). On the other hand, if M is a maximal ideal of
A and B(M) = Nthen M = Io B(M) < I(N). Hence M = I(N) so that B(M) =
B(I(N)) =2 N. Hence B(M) is maximal.

An ideal N of .# is primitive if and only if it is the kernel of an irreducible
representation of .# over the integers. Therefore, by [9], Theorem 3.7, N is primi-
tive if and only if N = B(M) where M is the kernel of an irreducible representation
of A over the integers. Thus N is primitive if and only if N = B(M) where M is a
primitive ideal of .

Finally, the radical of .# is the intersection of its primitive ideals. Hence

Rad # = n {B(M): M is a primitive ideal of A}
= B(n {M : M is primitive in A})
= B (Rad ).
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ReMARK 1.7. Lallement and Petrich {7] have shown that, if .# is the algebra
of a finite 0-simple semigroup .# °G; 1, 4; P), over a field @, then

Rad A4 = {Xe.# : PXP is over Rad &(G)}.

Brown [1] has considered algebras which he called generalised matrix algebras.
These are Munn rings of the form .#(®; m, n; P) where @ is a field of characteristic
zero and Brown shows that

Rad # = {Xe.# : PXP = 0}.

2. The primitive homomorphic images

In this section, we use the Jacobson Density Theorem [6] to characterise the
primitive homomorphic images of a Munn ring. We shall adhere to the terminology
and notation used in [10], Chapter 5 in connection with the density theorem, ex-
cept that we require all modules to be left modules.

LemMA 2.1. Let U be a dense ring of linear transformations of a vector space
A over a division ring D. If n is a positive integer, then the ring W, of n x n matrices
over W is a dense ring of linear transformations of the vector space A" = "4 over D.

Proor. Certainly U, acts as a singly transitive ring of endomorphisms of "4
and so is irreducible. By the density theorem 2, is therefore a dense ring of linear
transformations of "4 considered as a vector space over the opposite ring to the
centraliser of 2.

Easy calculation shows that the centraliser of %, is isomorphic to the opposite
ring of D and that the scalar multiplication induced on "4 coincides with the or-
dinary multiplication by scalars in D. Hence we have the result.

LeEMMA 2.2. Let A be a vector space over a division ring D and let I be an in-
finite set. If f*, - - -, f* are linearly independent in the vector space A" over D then
there exist iy, -, i,€l such that g',- -, g", defined below, are linearly inde-
pendent; g’ is given by

fij=fjni ifi=1i, iy

' ' 0 otherwise

forj=1,2,--,n

PrOOF. Pick i; €1 such that f;} # 0.If £}, - - - fi" are linearly independent we
are done; we need only pick any n—1 other elements i,, - - -, i, of I. If not, we can
manipulate f* - - - f" so that f;*, - - - £ are linearly independent and £ ', - - -, £}
are all zero without destroying the linear independence of f*, - -+, f". Since the
n—s vectors 71, - - - f" are linearly independent, there exist, by means of an
obvious induction i, , * * -, i, such that k**! - - - k", defined by
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k"={f;l i=is+1""ain’
' 0  otherwise

s+1 < j £ n are linearly independent. Pick i,, - - -, i; € I distinct from each other
and from i, is44,  * -, i, and define g*, - - -, g" as in the statement of the lemma.
Then g*, - - -, g" are linearly independent.

THEOREM 2.3. Let # = M (N; I, A; P) be a Munn ring and let M be a primi-
tive ideal of M. Let vy : 3 — Hom (A4, A) be a morphism of N, with image a dense
ring of linear transformations of a vector space A over a division ring D, and suppose
that M = Ker y.

Let C = A/Ker y(P), where y(P) is regarded as a morphism *4 — A" of vector
spaces over D. Then M |B(M)is isomorphic to a dense ring of linear transformations
of the vector space C over D.

PrOOF. Let Q : 4 —» Cand R : C - A" be morphisms of vector spaces over
D such that QR = y(P) with Q epic and R monic. Then I : # — Hom (C, C),
where I' = [y; Q, R], is, by [9] Theorem 3.7, an irreducible representation of .#
over D. Further I'(#) ~ #/B(M).

To show that I'(.#) is a dense ring of linear transformations of C, it suffices
to prove that I'(.#) is singly and doubly transitive on C; [10], Theorem 5.47. If
C does not have dimension one over D, it in fact suffices to show that I'(A#) is
doubly transitive on C. We shall assume that dim C = 2 and prove that I'(.#) is
doubly transitive on C; the proof in the case when dim C = 1 is essentially similar.

Let (¢y, ¢5), (d;, d) be pairs of linearly independent elements of C. Then there
are linearly independent elements e', e? in 4 such that € Q = d;, i = 1, 2. Further,
since R is monic, f* = ¢, R and f? = ¢, R are linearly independent. Hence it
suffices to find X €.# such that f'y(X) = €', i =1, 2.

Since f, 2 are linearly independent, there exist u, v € I such that g*, g defined
by
fi ifk=uv

e = : 0 otherwise

are linearly independent. Suppose that, for some X e.#,

gv(X)=¢ i=1,2,
and define Y €.# by
Xh,l if h = Uu, v

Y, = {
n 0 otherwise

Then
M) =gy(¥)=g(X)=¢ i=12
Thus it suffices to find X € .# such that
g X)=¢ i=12
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Now e', e* have non-zero components belonging to at most a finite number
of the A; say m. Let n = max(m, 2). Then, as a final reduction of the problem, it
suffices to show that the nx n matrices over y(2) are a dense ring of linear trans-
formations of the vector space "4 = A" over D. That this is the case, is ensured
by Lemma 2.1.

Theorem 2.3 can be applied to give a complete description of the algebra of
a Munn ring .#, which obeys the descending chain conditions on right ideals,
modulo its radical. Thus, in particular, we can give a complete description of the
algebra of a finite 0-simple semigroup modulo its radical. This answers a question
raised by Lallement and Petrich [7].

PrOPOSITION 2.4. Let M = M (W; I, A; P) be a Munn ring. If # obeys the
descending chain condition for right ideals, then ) obeys the descending chain con-
dition for right ideals and 1 is finite.

ProOF. For each right ideal M of U define
R(M) = {Xe M : XPis over M}.

Then R(M) is a right ideal of # and further (ap;'; i, A) € R(M) if and only if

ae M, for each (i, A) e Ix A such that p,; is invertible. Hence M <= N implies

R(M) < R(N). This shows that if .# obeys the d.c.c. on right ideals, so does 9.
For each subset I’ of I, define

MI')={XeM:X; =0if j¢I'}.

Then #(I') is a right ideal of # and I’ < I' implies #(1I"’) = .#(I'). Hence, if
A obeys the d.c.c. on right ideals, I is finite.

Let U be a ring which obeys the d.c.c. on right ideals such that U is generated
as a group by 2. Then each proper primitive ideal of % is maximal. Further % has
only a finite number of maximal ideals, M, - - -, M say, and

WRad A ~ /M, ® -+ ® UM,

Each /M, is isomorphic to the ring of linear transformations of a finite dimen-
sional vector space V; over a division ring D;. Further D; and the dimension s; of
V; are uniquely determined by M, so that d/M; ~ (D,),, for a unique division
ring D; and positive integer s;. If y : 4 > Hom (4, A4) is a ring morphism of onto
a dense ring of linear transformations of a vector space 4 over a division ring D,
then y is onto Hom (4, 4), D = D; and A = V; where Ker y = M. The results
described above follow from the Wedderburn-Artin Theorem, [10], Theorem 5.59
and the isomorphism theorem of [7], page 45.

Suppose now that, as well as satisfying the d.c.c. for right ideals, ¥ has an
identity and let A be a set and 7 a positive integer; let P : 4o/ — 9" be a morphism
of -modules. Then, for each morphism y; : % - (D;),, with kernel M;, y,(P) has
finite rank (= dim Im y,(P)) over D;.
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Since D;, s; are uniquely determined up to isomorphism and since y;(P) is de-
fined in a natural manner from y;, it follows that rank y;,(P) depends only on M;.
We call this rank the M -rank of P and denote it by ¢;.

THEOREM 2.5. Let M = M (U; I, A; P) be a Munn ring which obeys the d.c.c.
on right ideals. Then U obeys the d.c.c. on right ideals and I is finite.

Suppose that M, , - - -, M, are the distinct maximal ideals of % and that these
have associated division rings D, - -, D,. Then

Rad.# = {Xe.# : PXP is over Rad %}
and

#|Rad A ~ (D)), ® - ®(D,),

PROOF. Only the statement about .#/Rad.# still has to be proved. By the
Wedderburn Artin theorem, .#/Rad .# is isomorphic to the direct sum of the rings
MIN;,i=1,2, -, k, where N;, i = 1,2, - - -, k are the distinct maximal ideals
of #. By Theorem 1.6, the maximal ideals are the ideals B(M;), i = 1,2, - - n.

Let D; be the division ring associated with M; and let y; be the homomorphism
of A onto Hom (A, A), where A is a vector spcae over D;, with kernel M;. Let
|1} = m; then y,(P) is a morphism 44 — A™ of vector spaces over D;. Hence
A/Ker ,(P) = “D; = D; where t; £ m dim 4; by definition, ¢; is the M;-rank of P.

By Theorem 2.3, #/B(M,) is (isomorphic to) a dense ring of the vector space
4A4/Ker y,(P), over D;. Since “4/Ker y;(P) is finite dimensional, this means

A |B(M;) ~ Hom (“4/Ker y(P), “4/Ker y(P)) ~ Hom (D},D;"*) ~ (D;),,-

Hence we have the result.

As an immediate corollary to Theorem 2.5, we can obtain the structure of
the algebra .# of a finite O-simple semigroup .#°(G; m, n; P), over a field &,
modulo its radical. In the case in which the field @ is algebraically closed, or the irre-
ducible representations of the structure group are one dimensional over @, the
determination of .#/Rad .# is particularly easy; it is only necessary to calculate
rank y(P), over &, for each irreducible representation y of G.

EXAMPLE 2.6. Let G = {a, e} be the cyclic group of order two and let @ be a
field. Let A = &(G) and let P: 2®(G) —» d(G)* be given by the matrix

M
e a
Then # = #(U;2,2;P) is the (contracted) algebra of S = M°(G;2,2; P)
over 9.
(I) @ has characteristic 2. Then U has a unique irreducible representation

y : U > & defined by
y(de+pa) = A+p.
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The kernel of y is
M= {letpaeW:i+p =0} = {xeA:x*> =0};

since A has a unique maximal ideal, this is also Rad L.
By Theorem 2.5,

Rad # = B(M) = {l:z ﬂ eM :(x+y+utv) = 0}

and, since rank y(P) = 1,
M|Rad A ~ & ~ A/Rad .
(II) @ does not have characteristic two. 9 has two irreducible representations,
both of degree one, defined by
yi(le+pa) = A+u, y,(Ae+pa) = A—p.
Here U is semisimple and is isomorphic to ¢ @ &.

By Theorem 3.6,
4
Rad A4 = B(0) = {["1 ’CZ] €M x, = iate), e dand Y 4 = o} .

X3 X4 i
Since rank y,(P) = 1 and rank y,(P) = 2,
MRad M ~ (D) ® (B), # (/Rad ),
for any positive integer ¢.

REMARK 2.7. Suppose that # = #(U; m, m; P)and let y : A - Hom (4, 4)
be a morphism of % onto the endomorphism ring of a finite dimensional vector
space A over a division ring D. Then we can give a short proof of Theorem 2.3,
for this case, as follows. Let C = "A/Ker y(P) and let QR be the obvious natural
factorisation of y(P)into Q : "4 - Cand R : C — 4™. Then C s finite dimensional
so that Q is projective and R is injective. Hence

Ry(#)Q = R Hom(4™,"4)Q = Hom (C, C).

3. A special case

DEerFINITION 3.1. Let U be a ring with identity and let P be an n X m matrix over
. Then the invertibility rank of P is the largest non-negative integer s for which P
has an invertible s x s submatrix. (We adopt the convention that an empty sub-
matrix is 0x0).

DEeFINITION 3.2. Let 9 be a ring with identity and let P be an n x m matrix over
A, with invertibility rank ¢. Let 4 and B be permutation matrices over % (cf. 7,
page 34) such that
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APB = [M P”]
P21 P22

where M is an invertible ¢ x ¢ submatrix of P and let
-1
M 0:! 4
0 0
Then P is suitable if PQP— P is over Rad .

Definitions 3.1 and 3.2 are slight generalisations of concepts introduced by
Lallement and Petrich [7] for matrices over an algebra 2, over a field &; in their
terminology, a suitable matrix is a @-matrix.

Lemma 3.3, which follows, is a generalisation of [7], Lemma 3.3. The argument

given in [7] serves to prove the present result if we note that any finite matrix over
a division ring, is suitable.

0=5|

LeMMA 3.3. Let U be a ring with identity, which obeys the d.c.c. on right ideals,
and let P be an n x m matrix over W, with invertibility rank t. Then P is suitable if and

only if
M-rank P = t degree A/ M

Sfor each maximal ideal M of Y.

THEOREM 3.4. Let A be a ring with identity which obeys the d.c.c. on right ideals.
Let M = M (N; m, n; P) be a Munn ring and suppose that P has invertibility rank t.
Then

M |Rad A ~ (A/Rad A),

if and only if P is suitable.
PROOF. Suppose that P is suitable and that
A/Rad A = (D)), ® - - ® (Dy), -
Then, by Lemma 3.3 and Theorem 2.5,
M/Rad M ~ (Dy)ss, @ ** * @ (Diss, -

But
(Dl)t-s1 D @ (Dk)tsk ~ ((Dl)sl @ D (Dk)sk)l’
hence
A [Rad ~ (U/Rad A),
as claimed.
Conversely, let M, - - -, M, be the distinct maximal ideals of U and suppose
that

AM; ~ (D), i=12- "k
Then, foreachi =1,2,-- -, k,
M/B(M;) ~ (Dy),, -
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Consider the isomorphism

(D1)sye @+ * @ (D)se = D)@ @ (Dk)tk-

Then, because of the uniqueness of representation of simisimple rings, those sum-
mands on the left which are matrix rings over D; must be isomorphic to those on
the right which are matrix rings over D, . Suppose that D, - - -, D, are isomorphic
to one another but not toany of D, ., - - *, D,. Then

(Dl)slt ('B e @ (Dr)s,-t ~ (Dl)h ('B e @(Dr)t,
as rings and hence as vector spaces over D,. Thus
Sitt st = b4 4.

Further, since P has an invertible 7 x ¢t submatrix, M,rank P> s;t, I S i<r.
Hence s;¢ = ¢t;, | £ i < r. Similarly s,z = ¢,, r £ i £ k and so, by Lemma 3.3,
P is suitable.

REMARK 3.5. Lallement and Petrich [7], Theorem 3.6, proved that, if 4 =
M (®(G); m, n; P) is the algebra of a finite O-simple semigroup .#°(G; m, n; P)
over a field &, then
M |Rad A ~ ($(G)/Rad &(G)),

provided that P is suitable with invertibility rank ¢. They have also proved the con-
verse in the case when @ is algebraically closed.
Although Theorem 3.4 gives a sufficient condition for the existence of an iso-
morphism
M |Rad A ~ (U/Rad A),,

the condition contained in the theorem is not necessarys; it is possible for such an
isomorphism to exist without ¢ being the invertibility rank of P.

ExAMPLE 3.6. Let d be afield and let A = d @ & @ &. Then N is the con-
tracted algebra of {e, a, b, 0} where

e=(1,1,1) a=(1,0,0) 5=(0,1,0).
Let P: 3% — A3 be given by the matrix

e 0 0
0 a 0
0 0 b

Then, since neither a nor b is invertible, P has invertibility rank 1.

On the other hand, % has three irreducible representations, each of degree
one; these act as the projections % — &. If y denotes any one of these, then y(P)
has rank 2, over é. Hence, if # = #(%; 3, 3; P).
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M |Rad M ~ (N), =~ (U/Rad A),;

the latter isomorphism holds since 2 is semisimple.

Although Theorem 3.4 gives, modulo 9, a complete description of .#/Rad .#
when P is suitable, it does not give much information about .# itself. If we
strengthen the conditions, in Definition 3.2, slightly, it is possible to obtain
much more information about 4.

DerFINITION 3.7. Let U be a ring with identity and let P be an nx m matrix
over U, with invertibility rank . Then P is apt if there exist permutation matrices
A, Band a ¢ x t invertible submatrix M of P such that

APB = [M P”]
21 P22

G

3.8 REMARKS. If 9 is semisimple, the concepts of aptness and suitability
coincide.

If ¥ is an algebra over a field @, then any finite matrix over 2, whose entries
are scalar multiplies of the identity, is apt; such a matrix can be regarded as a ma-
trix over 9.

Any non-zero, apt matrix has an invertible entry.

An analog of Theorem 3.4 holds for Munn rings if we replace the word suit-
able by the word apt and the radical of .# by the basic radical B(0) of .# ; we shall
write the latter as B(.#). In order to give a compact proof of this analog, we prove
the following general proposition about Munn rings.

and P = PQP where

PROPOSITION 3.9. Let P be an nx m matrix over a ring with identity and let
A, B be permutation matrices such that

APB = [M P”]
P21 P22

where M is an invertible t X t submatrix of P; let
Fo [I . Ojl
0 D
where D = P,,—P, M ~'P,,. Then there is an isomorphism between the Munn
rings M (U; m, n; P) and M (N; m, n; F).
PROOF. Let

-1
U=A4""1 [f ;) } and V = |:I‘ M Plz] B,
21 n—t

Then U and V are invertible and P = UFYV.

m—t
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Define ¢ : A (U; m, n; P) - M (U; m, n; F) by
X¢ = VXU foreach Xe.#.

Then, since U, V are invertible, ¢ is an isomorphism of the additive structures.
Further, since P = UFV, ¢ preserves multiplication and thus is a ring isomorphism.

COROLLARY 3.10. Let P be an apt nx m matrix over a ring U, with identity,
with invertibility rank t. Then

MU, m,n; P) ~ M (U; m, n; E)

b o
o0 ol
Proor. Let A, B, M be such that PQP = P; then simple matrix calculation

shows that D = 0, (D as in Proposition 3.9). The result is now immediate from
the proposition.

where E has matrix

THEOREM 3.11. Let M = M (U; m, n; P) be a Munn ring where P has inverti-
bility rank t and W is an algebra of finite degree over a field ®. Then

M|B(AM) ~ (),
if and only if P is apt.

Proor. If Pis apt then, by Corollary 3.10, we may suppose .4 = A4 (U; m, n; E).
It is an easy matter to show that B(.#) consists of all

[Xl 1 Xl 2]
XZ 1 X22
in.# with X;; = O,, the zero t x ¢ matrix over . Hence, clearly #/B(.#) ~ (N),.

Conversely, we can suppose .# = .#(2; m, n; F) where F is as in Proposition
5.9 and M is any tx t invertible submatrix of P. Then, for

X = [Xll XIZ]
X21 X22

X1 X12D ]
X,y DX,,D

FXF =

and so, if X € B(.#), X;; = 0. Thus
dim B(A) < (mn—t?) degree U.
But dim B(.#) = mn degree A —1t* degree A, by hypothesis. Hence
B(M)={XecM:Xy = 0}
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Let X, be the ¢ x (m—t) matrix given by

e fi=ij=j,12i2t,1j<m—t

(X12)y; = {

0 otherwise.
Then

X = [g ())(12} eB(M) and so X,,D =0.

But X, D has i"-th row the j-th row of D. As i, j' range over 1 <i' £ ¢,
i £j £ m—t, this shows that all rows of D are zero and hence D = 0. This
means precisely that P is apt.

COROLLARY 3.12. (To the proof.) Let P be an apt n x m matrix over an algebra
A of finite degree over a field @, with invertibility rank t. Then, if A, B are per-
mutation matrices over N such that

APB = |:M P”]
P 21 P 22
where M is t X t and invertible, PQP = P where

o-a” s

4. Finite semigroups

In this section we apply the theory obtained in previous sections to the al-
gebra of a finite semigroup. As a first step we state the following theorem which
characterises the algebra of a finite O-simple semigroup. Because this algebra is a
Munn ring the result is an immediate corollary to Theorem 2.5.

THEOREM 4.1. Let S ~ #°(G; m, n; P) be a finite 0-simple semigroup and let
® be a field. Then the (contracted) algebra &(S) of S over @ is isomorphic to the
Munn ring M = M (D(G); m, n; P).

Suppose that

®(G)/Rad #(G) ~ (Dy),, ® - - ® (D,),,
where D;, 1 £ i £ risadivisionring. For each i, let

Mi = (Dl)s1 @ (Di—l)s;-l @D (Di+1)si+l @ @ (Dr)s,.
and let t; = M rank P. Then

Rad &(S) = {Xe.# : PXP is over Rad ¢(G)}
and
®(S)/Rad &(5) ~ (D,),, ® - ® (D)), -
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Munn [11], has shown that, if S is a regular rectangular semigroup with zero
adjoined, @(S)/Rad #(S) ~ #(G)/Rad &(G), where G is a non-zero maximal
subgroup of S and @ is any field. Example 2.6 shows that the converse is not true;
the semigroup S considered there is not a regular rectangular semigroup with zero
adjoined. In order to characterise these semigroups among all finite 0-simple semi-
groups, we use Theorem 3.11.

THEOREM 4.2. Let S be a finite O-simple semigroup and let G be a non-zero
maximal subgroup of S. Let @ be a field. Then S is a regular rectangular semigroup
if and only if

®(S)/B(9(S)) ~ &(G).

Proor. Since S is completely O-simple, we may assume that p,; = e, the
identity of G and that p;; € {e, 0} if i = 1 or A = 1; [5], page 95. Then, by the result
of Thierrin, [14], which is given in [5], page 98. Example 8b, S is a regular rec-
tangular semigroup with zero adjoined if and only if p,; = e for eachiel, 1€ A.

If each entry in P is e then, clearly, P is apt with invertibility rank one. Hence,
by Theorem 3.11, #/B(.#) ~ &(G) where M = M (P(G); m, n; P) = &(S).

Conversely, if #/B(#) ~ ®(G), then P must have invertibility rank 1 and
so is apt. Hence, if we partition P as

[e PIZ}
b
Py, P,
Py, = P,, Py,. Since each row and column of P has an invertible entry, this implies
that no entry in P,, or P,, is zero; hence each is e. Therefore each entry in P,,,

and thus in P, is e. This shows that S is a regular rectangular semigroup with zero
adjoined.

DEFINITION 4.3. A principal series for a finite semigroup S = S° is a series
§285>S8 >S5, ={0}

of ideals of S such that no factor S;/S;,,, 0 < i £ n, has a proper ideal.

Clearly, any finite semigroup has a principal series. Green [6] has proved
that any two principal series for S have the same length and that the factors are
pairwise isomorphic. Further each principal factor ([5], page 72) of S appears
exactly once in each principal series. The factors in a principal series are either null
semigroups of order two or are completely O-simple. The completely 0-simple
factors are called the regular factors of S.

THEOREM 4.4. Let S be a finite semigroup and let J,, - - -, J, be the regular
principal factors of S. Let ¢ be a field. Then

&(S)/Rad &(S) ~ (6(J,)/Rad &(J,)) @® - - - ® (D(J,)/Rad &(J,)).

PrROOF. We use the terminology of [5], Theorem 5.33 which is due to Munn
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[12]. According to that theorem, the apex of an irreducible representation y of S
is a regular principal factor J of S and there is an irreducible representation y’ of
J such that
(4.1) 7(x) = y'(%2)
for each x e ®(S) where & is such that Rad ¢(J)+¢é is the identity of &(J)/
Rad &(J). It follows that

2(P(S)) = v'(2(7))-
Conversely, given any irreducible representation y” of a regular principal factor J

of S, y defined by (4.1) is an irreducible representation of S. Hence, since &(S)/
Rad @(S) is isomorphic to the direct sum of its simple homomorphic images

®(S)/Rad &(S) ~ (8(J;)/Rad &(J,)) ® - - - ® (¥(J,)/Rad &(J,))

as claimed.
If we combine Theorems 4.1, 4.4, we have a computational method for deter-

mining the algebra of a finite semigroup S modulo its radical. The determination of
the radical in the general case remains an open question although the radical can
be determined if S is commutative or has just one regular @-class. (cf. [5], Theo-
rem 5.31 for S commutative).
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