ON CERTAIN ONTO MAPS
ISAAC NAMIOKA

Let A, (n > 0) denote the subset of the Euclidean (# + 1)-dimensional
space defined by

Ay = {(tot1, ..., 1,):0 < t; < land ) ¢, = 1}.
i=0

A subset o of A, is called a face if there exists a sequence 0 < 43 < 43 < ...
< 1, €< m such that

azAnf\{(to,tl,...,t,,):til =t,~2=...=tim=0},

and the dimension of ¢ is defined to be (# — m). Let A", denote the union
of all faces of A, of dimensions less than #. A topological space Y is called
solid if any continuous map on a closed subspace 4 of a normal space X into
Y can be extended to a map on X into Y. By Tietz's extension theorem, each
face of A, is solid. The present paper is concerned with a generalization of
the following theorem which seems well known. However, since it is used in
an essential way later, we include a sketch of a proof.

THEOREM 1. Let f be a continuous map on A, into A, such that flo] C o for
each face o of A,. Then f is onto.

Proof. Using the fact that each face is solid, by a step by step process,
starting from the lowest dimensional faces, one can construct a continuous
map F on A, X [0,1] into A, such that F(x, 1) = x, F(x,0) = f(x), and
F(x,t) € ¢ whenever ¢ is a face and (x,¢) € ¢ X [0, 1]. Hence the map f, as
a map of the pairf (A,, A",) into (A, A',), is homotopic to the identity map.
It follows that fs : H,(4,, A'y) — H,(A,, A',) is the identity homomorphism 1.
If f is not onto, then there is a point x, such that xy ¢ f[A,]. Then by means
of the radial projection through x,, f is homotopic to a continuous map g
such that g[A,] C A’, and the points on A", are fixed during the homotopy.
Hence§ 1 = fx = gx = 0: H,(A,, A";) = H,(A,, A™,), which implies that
H,(A,, A',) = 0. However, this contradicts the known result: H,(A,, A",) = Z.

The purpose of this paper is to prove a generalization of Theorem 1, namely
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1For the terminology and the results of the algebraic topology we are using in this proof,
consult the first chapter of Eilenberg and Steenrod (2).

1The point x can be chosen in A, ~ A",. For otherwise, f[A,] D A, ~ A", and, since f[A,] is
compact, f[A,] = flA.]" D (A, ~ A%)” = A, which implies that f is onto.

§g : (An, A') — (Ag, A'y) can be “‘factored through (A',, Am) and H(A',, A',) = 0; there-
fore g, = 0.
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Theorem 2, and to give one immediate application (Theorem 4 and 4'). A
deeper application of Theorem 2 is made in the paper by Kiefer (6). In fact,
he conjectured Theorem 2, and I wish to acknowledge my indebtedness to
him for many stimulating conversations we had on this subject.

The following notation is used. If Z is a subset of the product X X ¥V and
x is a point of X, then Z, = {y : (x,y) € Z}. If X is a subset of a linear space,
the smallest convex set containing X (that is, the convex hull of X), is denoted
by (X). Our terminology agrees with Kelley (5), and results in that book
will be used freely.

THEOREM 2. Let A be a convex compact subset of a (real or complex) Hausdorff
locally convex linear topological space, let G be a closed subset of A, X A such
that, for each x in A,, Gy is non-empty and convex, and let p be the projection
of A, X A4 onto A,. If q is a continuous map of G into A, such that q[G M p~[e]]
C o whenever o is a face of A,, then q maps G onto A,.

Notice that Theorem 1 is a special case of Theorem 2 in which 4 is a single
point. If there is a continuous map % : A, — G such that p o & is the identity
map, then Theorem 2 is an immediate consequence of Theorem 1. However,
it can easily be seen that, in general, no such % exists, and this is the essential
difficulty in the proof of Theorem 2. We shall prove it by establishing first
that there is a continuous map % on A, into A, X A4 such that p o % is the
identity and the range of % is arbitrarily near G. This is done in Theorem 3.
We remark that, even in a simple case where A4 = [0, 1], G may not be arcwise
connected nor simply connected.

THEOREM 3. Let A be a convex compact subset of a (real or complex) Hausdorff
locally convex linear topological space E, and let X be a compact Hausdorff topo-
logical space. If G is a closed subset of X X A such that G, is non-empty and
convex for each x in X, and if U is an open neighbourhood of G in X X A, then
there is a continuous map h : X — U such that p o h is the identity map, where
p denotes the projection of X X A onto X.

Proof. By restricting the domain of the multiplication by scalars, we can
always make a complex linear topological space into a real linear topological
space. Therefore, without loss of generality, we can assume that E is a real
linear topological space.

Let B ={V:Visopen and G C V C U}; then B is directed by C. We
prove first that, for some Vin %, (V,) C U, for each x in X. Assume that no
such V exists; then, for each V in 8B, there are points xy and 2z such that
xy € X and zy € (V) ~ U,,. Since X and A4 are compact there are con-
verging subnets of {xy, V € B} and {3y, V € B}. More precisely, there is a
directed set {T, 2} and a function 7 on T into B such that, for each 7, in
@, there is a v in T' with the property that v = v, implies 7T°(y) C V, and
furthermore new nets {xru), v € T} and {274, ¥ € T} converge to, say, xo
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and 3, respectively. We assert that 2y € Gy, If not, by a standard separation
theorem, there is a continuous linear functional f on E such that

SUP{f(y) 1y € Gxo} < f(zO)
(see, for instance (1, p. 22)). Pick a real number a so that
Sup{f(y) vy € G:ro} <a <f(2.'0).

Let W= {y:y€ 4 and f(y) < a}, then W is an open convex neighbour-
hood of G,, in A. There exists a neighbourhood N of x, such thatt G, C W
for each x £ N. Choose an open neighbourhood N; of s¢ such that N;— C N,
and let

M=NXW)UX~N;) XA.

Then M is an open neighbourhood of G in X X A4; hence one can choose
vo in I' so that v > v, implies

X7 € Ni and  T(y) C M.
For simplicity, we shall write x(y) for xp¢). Then, if v > 7,
TV C Moy = (N X Wayy = W,
from which it follows that

2ot € AT (Ve CT(W) = W.

Hence ¥ > v, implies that f(zr¢) < @, and, since lim{zrw), v € T} = 2o,
f(20) < @, which contradicts our choice of a. Therefore, we must accept that
20 € Ga:o-

By our choice of xy and zy, (xy, 2v) § U for each V in B. Therefore, for
each v in T, (x 7w, 2rem) € U, and, since U is open, it follows that (x, 20) ¢ U.
Hence (xo, 20) § G or 2o ¢ G4, which contradicts the conclusion of the last
paragraph. This establishes that there is a member ¥ in 8 such that, for
each x in X, (V,) C U,. For each y € 4, let W(y) = {x: (x, %) € V}. Then
W (y) is an open subset of X and U{W(y) ;» € 4} = X. Since X is compact
there are points y1, ¥s, . . . , ¥ in 4 such that W(y,) U W(y.) U ... U W(y)
= X. Hence there are continuous functions ki,...,% on X into [0, 1]
such that Y .—i*4:(x) =1 for all x and %;(x) =0 if x¢ W(y,). (See, for
instance (5, 5.W, p. 171).) Set h(x) = (x, 2 i=i*h:(x)y;). Then clearly
poh(x) =x for each x in X. Since h;(x) 0 implies that y, € V,,
3 it*hi(x)ys € (V) C U,. Consequently, k(x) € U for all x in X, and
Theorem 3 is proved.

Proof of Theorem 2. Assume that g is not onto. Then since the image of ¢
is closed, there is a point x, in A, ~ A", which is not in the image} of ¢. Let

1This property of the point-set transformation & — G is known as the upper semi-continuity
and is a consequence of the fact that G is closed and 4 is compact. See, for example, (3, Lemma
2, p. 123). '

iSee preceding footnote f.
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r be a continuous map on A, ~ {x,} onto A’, such that r(x) = x for each x
in A",. (For instance, 7 can be defined by the radial projection from x,.) Let
f = r o q; then f is a continuous map of G into A, such that f[G N p~'[¢c]] C e
for each face ¢ of A,.

Let K™ be the union of all faces of A, of dimensions < m, and let
G™ = G\J p~'[K™]; then G™ is a closed subset of A, X 4 with the property
that (G™), is convex for each x in A,. For convenience G* = Gif m = —1. By
induction on m, m < n — 1, a continuous map f™ on G™ into A’, will be
defined so that f™1 = f"|G™! and, for each face o of A,, f*"[G™ M p~'[s]] C 0.
For m = —1, we take f~! = f. Now assume that f” has been defined
(=1 <m < n—1). Let 0 be an (m 4 1)-dimensional face. Then p~![s] =
¢ X A is a normal space, and f™ maps G™ M p~!{s] into ¢. Since ¢ is solid,
f™G™ M p~o] can be extended to a map f,”*! on p~![¢] into ¢. If ¢ and 7
are two distinct (m + 1)-dimensional faces, then ¢ M 7 C K™ Hence f,m!
and f,™! agree on p~l[g] N pi[r] = p~l o M 7] C G™ Therefore, we can
define f™t! as follows: f™*+!(x) = f"(x) if x € G™, and f™*'(x) = f,"*(x) if
x € p~'[¢] and o is an (m 4+ 1)-dimensional face of A,. It is clear that
fmt1[Gm+t M p~i[e]] C o for each face ¢ of A,. Now f*~! maps G*! into A",
and A, is an absolute neighbourhood retract (for the definition of absolute
neighbourhood retract and the relevant facts used in this proof see (4, I,
Ex. C, J, and L)); therefore, there is an open neighbourhood U of G*1! in
A, X A and an extension f of f~! on U into A’,. Now by Theorem 3, there
is a map k on A, into U such that p o & is the identity map. Set g = fo k;
then g is a continuous map on A, into A’, such that glo] C ¢ for each face
o of A,. For, if ¢ is an m-dimensional face and m < n, then ko] C p~[e] C G™!
and hence glo] = flile]] Cfp~'[c]] Co. If ¢ is n-dimensional, then
trivially g[s] C ¢. But by Theorem 1, g is necessarily onto, which contra-
dicts the statement g[A,] C A",. Therefore, ¢ must map G onto 4,, and the
proof of theorem is complete.

A real-valued function f on a convex subset 4 of a real or complex linear
space is called convex (resp. concave) if

FOx + (1 =Ny) <A f(x) + 1 =N f)

(resp. f(\x) + (1 — N)y) > Af(x) + (1 — N) f(»)), whenever x,v € 4 and
0 < X < 1. The function f is called quasi-convex (resp. quasi-concave) if the
set {x :f(x) < r} (resp. {x :f(x) > r}) is convex for each real number r. A
convex (resp. concave) function is necessarily quasi-convex (resp. quasi-
concave). A real-valued function % on a subset P of the Euclidean (n + 1)-

dimensional space is non-decreasing, if (xo, ..., %), (xo,...,%,/) € P and
x; Lx/ fori=0,1,...,n, then
hxo, ..y %) < B(xo’, ..., x)).

A real valued function is strictly-positive if the range is contained in the
interval (0, »).
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THEOREM 4. Let A be a convex compact subset of a Hausdorff locally convex
linear topological space, let fo,...f, be strictly-positive continuous convex
functions on A, and let h be a non-decreasing continuous quasi-convex function
on the subset {(xo,...,%,) :%; >0} of the (n + 1)-dimensional Euclidean

space. Then there are positive numbers Xo, A1, . . ., A, and a point xo in A such
lhat Zi=onxi = 1, h(Xofo(xo), ooy X,,fn(xo)) = ll’lf{h(Xofo(x), e ooy )-\,J’n(x))xe
A}, and Xofo(ﬂ(?) = X]fl(xo) =L = X”fn(xo)

THEOREM 4'. Let A be a convex compact subset of a Hausdorff locally convex
linear topological space, let fo, ...,[f. be strictly-positive continuous concave
functions on A, and let h be a non-decreasing continuous quasi-concave function
on the subset {(xo,...,%,) :x;> 0} of the (n + 1)-dimensional Euclidean
space. Then there are positive numbers o, A1, . . . , Ay and a point xo in A such
that 3 im™xi = 1, B(Xofo(x0), . . ., Mafu(x0)) = sup{h(Xefo(x), ..., Nfu(®)) 1 x €
A}, and Nofo(x) = Mf1(xo) = ... = Xofulx0).

Proof. Since the proof of Theorem 4’ is completely analogous to that of
Theorem 4, it suffices to prove Theorem 4. For A = (Aq, ..., \)) € A, let
my = inf{A(Nofo(x), . . ., Mfu(®)) 1 € A} and My = {x : AN ofo(®), . . ., Mfu(®))
= my}. Then, for each A\, M, is non-empty and convex. It is convex, because,
if e,6' € My, 0 < u, o <land p + u' =1, then my < EQ\ofolux +u'x’),...)
< B(uhofo(x) + p'Afo(a’),...) <my. Let M be a subset of A, X 4
defined by M = U{{\} X M, :\ € A,}; then we assert that M is closed
in A, X A. For, if (\,x) € A, X A ~ M (that is, x € 4 ~ M,), then there
is a number 7 such that B(Aofo(x), . .., Mfu(x)) > 7 > m,. Choose neighbour-
hoods U and V of A and x respectively so that A’ € U and x’ € V imply that

h()‘(’)fﬂ(x,)v L) )‘:tfn(x’)) >r > my.

Then the neighbourhood U X V of (A, x) is disjoint from M; hence M is
closed.

Now define a continuous map g on M into A, by g(\, x) = (X o™ f:(x))™?
(Nofo(x), - -+ » Mfu(x)). By Theorem 2, ¢ maps M onto A,; in particular, there
is a point (X, x0) in M such that

- 1
g(X, x0) = ] 1...,1),
from which the theorem follows.

ADDENDUM tO THEOREM 4'—THEOREM 4"'. If in Theorem 4' we assume, in
addition, that h(xo,...,%,) =0 if and only if xo = ... = x, = 0, then the
assumption that fo, . . ., fu be strictly positive can be replaced by that fo, . .., fa
be mon-negative and not identically zero.

Proof of 4". The only place in the proof of Theorem 4 (and 4’) where the
assumption of strict positiveness of fo, ..., f, is used is in the definition of
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the map ¢. Let X = (\y,..., \,) be an arbitrary point in A,, then because
of the new assumption on #,

sup{ZAofo(x), . .., Mfu(x)) 12 € A} = my > 0.

Therefore, if x is a point in 4 such that A(\ofo(x), . . ., Mfu(x)) = my, then
> i=oNfi(x) > 0. Hence under the new set of conditions the map ¢ can still
be defined.

CorOLLARY. Let X be a compact Hausdorff space, and let fo, ..., f, be
non-negative and not identically zero continuous functions on X. Then there
are positive numbers No, . . ., N, and a positive Baire measure u of total mass 1
such that the function x — g(x) = Nofo(x) + Mf1(x) + ... + Mfu(x) s almost
everywhere [u] equal to sup{g(x) : x € X} and

Ao ffod# =M\ ffldn =...=M\ ffndﬂ-
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