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CONSTRUCTION OF VECTOR VALUED MODULAR FORMS
FROM JACOBI FORMS

JAE-HYUN YANG

ABSTRACT.  We give a geometrical construction of the canonical automorphic factor
for the Jacobi group and construct new vector valued modular forms from Jacobi forms
by differentiating them with respect to toroidal variables and then evaluating at zero.

1. Introduction. For given two fixed positive integers n and m, we let
H,:={ZecC"|Z="'Z1mZ >0}

be the Siegel upper half plane of degree n and let I',, be the Siegel modular group of
degree n. Let
P :=C[Wi1,...,Wanl, W = (Wy) € C™"

be the ring of polynomial functions on C™". Here C" (resp. C™™) denotes the space
of all complex n X n (resp. m X n)-matrices (see notation below). For any homogeneous
polynomial P € P, ,, we define the differential operator P(8y) on C™™ as follows:

0 0 )

P(aw) :P(a_ﬁ,,éW—mn

In this paper, the author proves that if P is a homogeneous pluriharmonic polynomial in
Punandf €J . (I'n) (see Definition 3.1) is a Jacobi form of index M with respect to
a rational representation p of the general group GL(n, C), then the following function

P@wY(Z, W)|w=0

yields a vector valued modular form with respect to a new rational representation of
GL(n, C). For precise details, we refer to Definition 5.1 and Main Theorem in Section 5.
In [M-N-N] (¢f- pp. 147-156), the authors proved the similar result for theta functions.
Our result is a generalization of their result because theta functions are special examples
of Jacobi forms.

This paper is organized as follows. In Section 2, we provide a geometrical construction
of the canonical automorphic factor for the Jacobi group. In Section 3, we review Jacobi
forms and establish the notation. In Section 4, we review pluriharmonic polynomials and
obtain some properties to be used in the subsequent sections. In Section 5, we shall prove
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the main theorem. In Section 6, we obtain two identities by applying the main theorem
to Jacobi forms.

NOTATION. We denote by Z, R and C the ring of integers, the field of real numbers,
and the field of complex numbers respectively. I', := Sp(n, Z) denotes the Siegel modular
group of degree n. The symbol “:=” means that the expression on the right is the definition
of that on the left. We denotes by Z* the set of all positive integers. F*) denotes the set
of all k x I matrices with entries in a commutative ring F. For a square matrix 4 € F*X) of
degree k, 0(4) denotes the trace of 4. For 4 € F®) and B € F*9_ we set B[4] = ‘ABA.
Forany M € F&) M denotes the transpose matrix of M. E, denotes the identity matrix
of degree n.

2. The canonical automorphic factor for the Jacobi group. Letm and n be two
fixed positive integers. It is well known that the automorphism group Aut(H,,+,) of the
Siegel upper half plane of degree m + n is given by

AUt(Hyrn) = Sp(m + 1, R)/ {£Epsn}.

We observe that H, is a rational boundary of Hy+, (¢f. [N]). The normalizer N(H,) :=
{6 € Aut(Hps») : 6(H,) C H,} of H, is given by

" N(H,) = P(Hy,)/{£Emn},

where
P(H,) : = {g € Sp(m +n,R) : g(H,) C H,}
= {[o,u,(\, 1, k)] € Sp(m +n,R)}.
Here we put
A 0 B A'yu—B')
_luh u oup UK
[U, u, (>‘a H, K/)] L C 0 D Ct;l, . Dt)\ s
0 0 O !
A B (m,n) (m,m)
where 0 = C D € Sp(n,R), u € GL(m,R), A\, up € R"™"™ and k € R"™™.
t
If ( VZV ;E/ ) € Hpvp with Z € H,, W € R and T € H,,, we simply write

(Z,W,T)::(yZV ';f/)

We denote the symplectic action of N(H,) on (Z, W, T) by
g-(Z,W,T):=ZW,1T), g¢cNH,).
It is easy to see that (Z, W, T) is of the form
Z = 0,(2),
W = a(g; ZYW) + b(g; 2),
T = my(D)+c(g; 2, W),
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where 0, € Aut(H,), my € Aut(P,,),

a(g;-) : H, — GL(C™™) holomorphic,
b(g;): H,— cmn holomorphic,
c(g;+,-) : Hy x €™ — H,  holomorphic.

Here B, := {¥ € R™m | Y = 'Y > 0} is an open convex cone in R™3" and we set
Aut(®y) := {¢€ € GL(C™™) | &(Pn) = Pa}.

REMARK 2.1. In [PS], Piateski-Sharpiro called the mapping (Z, W, T) — (Z, W, T)
a quasilinear transformation.
From now on, we set
Hym := Hy x €.

We observe that g = [0, u, (A, i, K){(mod{+E s+, }) € N(H,) acts on H, , by
(2, W) — (04(2), a(g; ZYW) + b(g; Z)).

The subgroup of N(H,) consisting of elements g = [0, u, (\, £, k)] (mod{LE+,}) with
the property
mg = Identity on H,

is called the Jacobi group, denoted by G’ It follows immediately from the definition that
G’ = {[0,En, (), 1,K)] € P(Hy)}.
It is easy to see that G’ is the semidirect product of Sp(n, R) and Hg”'"), where
H™ = {[Eny Emy O\ 1, K)] € P(H)}

is the nilpotent 2-step subgroup of P(H,), called the Heisenberg group. For some results
on Hg"m), we refer to [Y1HY2].

Now we consider another subgroup G of G’. By the definition, G consists of elements
of G’ whose action is of the following form:

@, W, T)— (04(2),a(g; Z)W), T + c(g; 2, W)),  c(g;2,0) = 0.

LEMMA 2.2. The map
J: G x H, — GL(C™™)

defined by
J(G,Z2) = a5;2), 6€G, Z€H,

is a factor of automorphy for G.

PROOF. It is easy to prove it. We leave its proof to the reader. =
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We note that the mapping

2.1 A(g.(Z. W) = c(g:Z, W), g€ G, (Z,W) € Hyp
is a summand of automorphy, i.e.,
2.2) A(g182,(Z, W) = A(g1,82 - (Z, W) + A(g2,(Z, W),

where g1, g2 € G’ and (Z, W) € H,,,. We let
K¢ C GL(C™™)
be the complex Lie group generated by the linear mapping
{a(g;2): g€ G'}.
Then K¢ is isomorphic to GL(n, C).

LEMMA 2.3. Let
p: GL(n,C) — GL(V,)

be a finite dimensional holomorphic representation of GL(n, C) on a finite dimensional
complex vector space V, and let x:C™" — C* be a character on the additive group
C™™_ Then the mapping J,: G x H, — GL(V,) defined by

J6,2) = p(J(6,2)), 6€G, Z€H,
is a factor of automorphy for G. Furthermore the mapping

Jxo(8 @ W) = x(c(2:2,W))p(a(g; 2)), g€’
is a factor of automorphy for the Jacobi group G’ with respect to x and p.

PROOF. The proof of this first statement is obvious. The proof of the second state-
ment follows immediately from the fact thatA(g, Z, W)) := ¢(g; Z, W) is a summand of
automorphy (cf. (2.1) and (2.2)) and that J, is a factor of automorphy for G. ]

DEFINITION 2.4.  J, and J, , are called the canonical automorphic factor for G with
respect to p and the canonical automorphic factor for G’ with respect to y and p respec-
tively.

3. Jacobi forms. In this section, we establish the notation and define the concept
of Jacobi forms.
Let
Sp(n,R) = {M € R®™ | '‘MJ,M = J,.}

be the symplectic group of degree n, where
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It is easy to see that Sp(n, R) acts on H,, transitively by
M(Z) := (AZ+B)(CZ+ D),

A B
C D)ESp(n,R)andZEH,,.

For two positive integers n and m, we recall that the Jacobi group G’ := Sp(n, R) x
H:{"”’) is the semidirect product of the symplectic group Sp(n, R) and the Heisenberg
group Hf{""‘) endowed with the following multiplication law

(M, (\, ) - (M, (N, ' 6")) == (MM, (A + X i+ s+ 67+ X0 — 3\))

with M, M’ € Sp(n, R), (\, 1, k), (V, ', &") € HE™ and (3, i) := (\, p)M'. It is easy to
see that G’ acts on H,,,, :== H, x C™" transitively by

where M = (

3.1 (M, (\, 1, K)) - (Z, W) == (M(Z),(W + XZ + p(CZ + D)),
where M = (’C’ g) € Sp(n, R), (\, 1, k) € HP™ and (Z, W) € Hym.

Let p be a rational representation of GL(n, C) on a finite dimensional complex vector
space V,. Let M € R™™ be a symmetric half-integral semi-positive definite matrix of
degree m. Let C*°(H, , V) be the algebra of all C* functions on H,, » with valuesin V.
For f € C*(Hym, V,), we define

(Mo (A0, m) )2 )

3.2) — e—zm(M [W+AZ+u](CZ+D)~ 2mic(MAZA2N W+(K+p'N)))

'O x e
X p(CZ+ D)™ f(M(Z),(W + X\Z+ uX(CZ +D)™"),

where M = (’é g) € Sp(n,R), (\, 1, 5) € H®™ and (Z, W) € Hyp.

DEFINITION 3.1.  Let p and M be as above. Let
HP™ = {(\ p, k) € H™ | A, € 7™,k € 7™},

A Jacobi form of index M with respect to p on I, is a holomorphic function f €
C*(H,m, V,) satistying the following conditions (A) and (B):
(A) fl, a1 =fforall ¥ € T :=T, x HS"™.
(B) f has a Fourier expansion of the following form:
f(Z, W) — E Z C(T, R) i e21ria(TZ) X e27ria(RW)

T>0  Rezowm
half-integral

, (T IR
w1thc(T,R)7éOonly1f(%tR ;\/[)20.

If n > 2, the condition (B) is superfluous by Kécher principle (cf. [Z] Lemma 1.6).
We denote by J, 4,(I's) the vector space of all Jacobi forms of index M with respect to
ponT,. Ziegler (cf. [Z] Theorem 1.8 or [E-Z] Theorem 1.1) proves that the vector space

J p,M(F") is finite dimensional. For more results on Jacobi forms withn > 1 and m > 1,
we refer to [Y3]HY6] and [Z].
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4. Pluriharmonic polynomials. We review pluriharmonic polynomials of matrix
arguments and collect some properties to be used in the next section (¢f. [K-V] and [M-
N-N]).

Let n and m be two positive integers and let P, , := C[W;1, W1, ..., Wpu,] be the ring
of complex valued polynomials on €. For any homogeneous polynomial P € 2, ,,
we put

0 0
4.1 P@w) = Pz, ).
@.1) @) = P55
Let S be a positive definite symmetric rational matrix of degree m. Let T := (1,) be the
inverse of S. For each 7,j with 1 < i, j < n, we denote by A\;; the following differential
operator

&

4.2) DNiji=Y tyee,
Y | P OW,,0Wy;

pP4=

1<ij<n.

A polynomial P on C™" is said to be harmonic with respect to S if
4.3) S AP =0.
=

A polynomial P on C™" is called pluriharmonic with respect to S if
(4.4) AP=0, 1<ij<n.

If there is no confusion, we just write harmonic or pluriharmonic instead of harmonic
or pluriharmonic with respect to S. Obviously a pluriharmonic polynomial is harmonic.
We denote by #,,, the space of all pluriharmonic polynomials on C™". The ring B, ,
of polynomials on C™" has a symmetric nondegenerate bilinear form (P,Q) :=
(P(@W)Q)(O) for P, Q € By, It is easy to check that (, ) satisfies

4.5) (P,OR) = (Q(Ow)P,R), P,Q,R € By p.
LEMMA 4.1.  #H,, is invariant under the action of GL(n,C) x O(S) given by

(4.6) ((4,B), POV)) — P(BWA), A € GL(1,C), B € O(S).
Here O(S) := {B € GL(m,C) | 'BSB = S} denotes the orthogonal group of the quadratic
form S.

PROOF. See Corollary 9.11 in [M-N-N]. m

REMARK 4.2. In [K-V], Kashiwara and Vergne investigated an irreducible decom-
position of the space of complex pluriharmonic polynomials defined on C™" under the
action of (4.6). They showed that each irreducible component 7 ® A occurring in the
decomposition of #,,, under the action (4.6) has multiplicity one and the irreducible
representation 7 of GL(n, C) is determined uniquely by the irreducible representation of

O(S).
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LEMMA 4.3.  If P is pluriharmonic, then we have
P(aW)ea(WC'WS_l) — P(2S'—l WC)eU(WC'WS'])

for all complex symmetric matrices C € C™" of degree n. We recall that o(A) denotes
the trace of a square matrix.

PROOF. We set A(W) := o(WC'WS™"). We observe that h(Oy)P = 0. Indeed,

W)y = 3" WicuWmitmi
iklm

cu (Z tni Wit Wik)
im

zM

=) cuhy.
]

X

Thus h(@w)P = iy cu(hr@w)P) = Sk culxP = 0. We put () = &™) Then
JW) := (W + A) = (W)p(A)n(W), where 4 € C™ and (W) := "4,
PO@w)e(W)|w=14 = POwY(W)|w=0
= o) (PEwYe(WMM))|,,_,
= p(A)P@wN(W)|w=0-

Indeed, since A(Ow)P = 0, we have
P@w)(e(Wm(M))|,,_, = (P, ¢ - n) = (p@w)P,m)
x0 1
= Z T(hn(aW)P’ 77)
n=0 N:

= (P,n) = P@Ow)n(W)|w=o.

By an easy computation, we obtain

P@w)n(W) = PQS ™' AC)n(W).

Finally, we have
P@w)e(W)|w=4 = ¢(4) - P2S™ ' AC)(0).

Hence we obtain the desired result. m

5. Proof of Main Theorem. Throughout this section we fix a rational representa-
tion p of GL(n, C) on a finite dimensional complex vector space ¥, and a positive definite
symmetric, half-integral matrix M of degree m once and for all.

We set S := (2M)~!. As in the previous section, we denote by 7, , the vector space
of all pluriharmonic polynomials with respect to S on C™™. According to Lemma 4.1,
there exists an irreducible subspace V,(# 0) invariant under the action of GL(n, C) given
by (4.6). We denote this representation by 7. Then we have

(CRY (r(A)P)(W) = POVA), 4 € GL(n,C), P € V,, W € €™,
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The action 7 of GL(n, C) on V7 is defined by
(5.2) (FA)7'Q)(P) := {(r(47P),
where 4 € GL(n,C), (€ V:and P € V..

DEFINITION 5.1. Letf € J p’M(I“,,) be a Jacobi form of index M with respect to p
onT,. Let P € V; be a homogeneous pluriharmonic polynomial. We put

(5-3) fr(@) = POw)(Z, W)|w=o, Z € H,, WeCr.
Now we define the mapping
SfriHy > VI®V,
by
(5.4) (F@)P):=fp(Z), Z€H, PV,

DEFINITION 5.2. A holomorphic function f: H, — V, is called a modular form of
type pon T, if
JWM(Z)) = p(CZ+D)(2), Z€<H,
A B

forall M = c D € I'y,. If n = 1, the additional cuspidal condition will be added.
We denote by [T, p] the vector space of all modular forms of type p on I,.

MAIN THEOREM. Let T and 7 be as before. Letf € J, 3,(I's) be a Jacobi form. Then
f:(2) is a modular form of type 7 ® p, i.e., f; € [I'y,T ® p].

PROOF. Let

fZ, W) =3 (T, R)e™T) . gmioRN)
T.R

be a Fourier expansion of f(Z, W). Then we have

P@w)(Z, W) = ;Rp(zm'k) - (T, R) - EmioTZHRI)
and
(-3 Jp(2) == P@wY(Z, W)lw=0 = TXJ;P(%U"R) -&m7TD . o(T, R)
Since f € J, 4¢(I's), we have the following transformation law

(5 6) f(M(Z), W(CZ+D)~—1) — e27riU(MW(CZ+D)—lCtW) . p(CZ-FD)f(Z, W)

/Cl, g) € I',. Applying P(Ow) to (5.6), according to Lemma 4.3, we have

P@w) (M(Z),W(CZ +D)™")
= P(4miMW(CZ + D)™'C) 2mic(MW(CZ+DY ' C'W)
X p(CZ + D)(Z, W) + h(Z, W) + X oM W(CZ+D)"'C'W)
X ;RP (27i'R) - p(CZ + D)c(T, R) - ™oTZ+RW)

forall M = (
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where h(Z, W) is a V,-valued function on H,,, whose restriction to W = 0 vanishes.
Here we used the fact that (CZ + D)~ C is a complex symmetric matrix of degree n and
Lemma 4.3. If we evaluate this at /' = 0, P being homogeneous, we have

(5.7) P@wY(M(Z),W(CZ+Dy™")|,_, = 3> P@mi'R) - &1 . p(CZ + D)e(T, R).
=%

On the other hand, _
P@w)f (M(Z), W(CZ+D)")|,_,

— P(aW)Z C(T, R)e21ri0'(T~M(Z)) . e27ria(RW(CZ+D)"I)|W:0
T.R
=3 P(2mi'RY(CZ + D)) - 27T MED . (T, R).
T.R

Thus according to (5.7), we have

(5.8) Y PQmi'R) - FMTMEN . o(T,R) Y PQri'R) - ™72 . o(CZ + D)e(T, R),
T.R T,R

where P(W) := P(W{(CZ + D)™'). By (5.5), (5.8) implies

(5.9) f3(M(Z)) = p(CZ + D)fp(2),
that is,
(5.10) (H(M(Z)))(P) = p(CZ+ D) (Z)(P).

Since P = 7(*(CZ + D)~')P, we have from (5.9)

(™' & 1y, X(CZ + DYM(Z))(P) = ((1y= ® p)(CZ + D)(2))(P),

where 1y: (resp. 1y,) denotes the trivial representation of GL(n,C) on V7 (resp. V).
Hence we obtain

(5.11) F(M(Z)) = (7 ® p)(CZ + D)(2)
forall M = (?j IB)) € I',. Therefore f; is a Hom(V;, V,)-valued modular form of type
T®p. n

6. Applications. In this final section, we obtain important identities by applying
the main theorem to two special Jacobi forms.

(I) Let S € 7?25 be a positive definite symmetric, unimodular even matrix of de-
gree 2k. We choose an integral matrix ¢ € Z™ such that ‘cSc is positive definite. We
consider the following theta series

gSc(Z W) = E ewio(S()\Z’/\+2)\'(cW))).
’ A€Z@kn)
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Then s € J g¢(I'») with M = %'cSc (cf [Z], p. 212). We write f(Z, W) = Os.(Z, W).
Then by Main Theorem, £; is a Hom(V;, C)-valued modular form of type 7 @ det*. Fur-
thermore, according to (5.9), for any homogeneous pluriharmonic P with respect to
Q@M)~! = (‘eSc)~!, we obtain the following identity

z P(27Tl tCSA t(CZ+D)~—l) . eﬂia(S)\(AZ+B)(CZ+D)"“)\)

AEZCkn)
= {det(CZ+ D)} 3 P@mi'cS\) - SN
AEZ@kn)
A B
forall M = (C D) €lyand Z € H,.

(II) In[Z], Ziegler defined the Eisenstein series Ef{";{(Z, W) of Siegel type. Let M be
a half integral positive definite symmetric matrix of degree m and let k € Z*. We set

o = {(é, IB)) er,

Let R _be a complete system of representatives of the cosets I, o\ [, and A be a complete
system of representatives of the cosets Z™" /(ker(M)NZ™"), where ker(M) := {\ €
R™" | M - X = 0}. The Eisenstein series Ef("gM is defined by

CZO}.

_ i —1t
EZI;‘{(Z’ W) o Z det(CZ+D) k eZmo(MW(CZI-D) C'W)
(¢p)ER
ezm'a(M ((AZ+B)(CZ+D)~ " \+2X/(CZ+D) ' ' W))
AEA
where (Z, W) € H, ,,. Now we assume that k > n+m + 1 and k is even. Then according
to [Z], Theorem 2.1, E(I("';W(Z, W) is a nonvanishing Jacobi form in J; 4,(I';). By Main

Theorem, (Ei";\{)f is a Hom(V;, C)-valued modular form of type 7 ® det*. We define the
automorphic factor j: Sp(n, R) x H, — GL(n, C) by

(& 2) :=cZ+d, g=(‘; Z,)€Sp(n,R),Z€H,,.

Then according to (5.9), for any homogeneous pluriharmonic polynomial P with respect
to 2M)~!, we obtain the following identity

detj(M, 2y 3 3" detj(r,2)™* - P(AmiM (v, 2) ") - oM@
YER AEA

=> > detj(V,M(z>)fk . P(47”'M)‘lj(fy M, Z)Al) . Zrio(MAM(Z)))
YeR AEA

foralMeT',andZ € H,.
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