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Abstract It is known that, for generic g, the H-invariant prime ideals in Og(Mm,p(C)) are generated by
quantum minors (see S. Launois, Les idéaux premiers invariants de Og(Mm,p(C)), J. Alg., in press). In
this paper, m and p being given, we construct an algorithm which computes a generating set of quantum
minors for each H-invariant prime ideal in Og(Mm,p(C)). We also describe, in the general case, an
explicit generating set of quantum minors for some particular H-invariant prime ideals in Og(Mm,p(C)).
In particular, if (Yi,a)(i,a)e[1,m]x[1,p] denotes the matrix of the canonical generators of Oq(Mm p(C)),
we prove that, if w > 3, the ideal in Oy(Mp »(C)) generated by Y7, and the u X u quantum minors
is prime. This result allows Lenagan and Rigal to show that the quantum determinantal factor rings
of Og(Mm p(C)) are maximal orders (see T. H. Lenagan and L. Rigal, Proc. Edinb. Math. Soc. 46
(2003), 513-529).
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1. Introduction

Fix two positive integers m and p with m,p > 2 and consider some complex number ¢
which is transcendental over Q. Denote by R = O4(M, ,(C)) the quantization of the ring
of regular functions on m x p matrices with entries in C (the field of complex numbers)
and let (Y5 o)@,a)e[1,m]x[1,p] denote the matrix of its canonical generators. There is an
action of the torus H = (C*)™*? on R by C-automorphisms via

(@1, s am, b1, ..., bp) Y0 = aiboYia ((i,a) € [1,m] x [1,p]).

(If m = p, this action is induced by the bialgebra structure of R and, if m # p, it is easy
to check that the relations which define R are preserved by the group H.)

It is known from work of Goodearl and Letzter that R has only finitely many H-
invariant prime ideals (see [8]) and that, in order to calculate the prime and primitive
spectra of R, it is enough to determine the H-invariant prime ideals of R (see [8, Theo-
rem 6.6]).

In [10], we proved that the H-invariant prime ideals in R are generated by quantum
minors, as conjectured by Goodearl and Lenagan (see [5] and [6]). In this paper, we use
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this result, together with Cauchon’s description for the set of H-invariant prime ideals
of R (see [3, Théoreme 3.2.1]), to construct an algorithm which provides an explicit
generating set of quantum minors for each H-invariant prime ideal in R (see §4). (Of
course, these generating sets can be computed with this algorithm only when m and p
have fixed values.)

The last part of this paper is devoted to the general case. We construct certain sets
of quantum minors which generate prime ideals of R. In order to do that, we consider
a new deleting-derivations algorithm (see [2]) that we define in § 5. Using this new tool,
we can prove that, if w > 3, the ideal in O4(M,, ,(C)) generated by Y7 , and the u X u
quantum minors is prime. This result allows Lenagan and Rigal [11] to show that the
quantum determinantal factor rings of Oy(M,, ,(C)) are maximal orders.

2. H-invariant prime ideals in Og4(M,, ,(C))

Throughout this paper, we use the following conventions.

(i) N, Q and C denote, respectively, the set of natural numbers, the field of rational
numbers and the field of complex numbers. We set C* = C\ {0}.

(ii) If I is any non-empty finite subset of N, |I| denotes its cardinality.

(iii) g € C is transcendental over Q.

(iv) m and p denote two positive integers with m,p > 2.

(v) If k is a positive integer, Si denotes the group of permutations of [1, k].

(vi) R = 0y¢(M,, ,(C)) denotes the quantization of the ring of regular functions on
m X p matrices with entries in C; it is the C-algebra generated by the m X p inde-
terminates Y o, 1 <7 <m and 1 < o < p, subject to the following relations.

If
Ty
z t

is any 2 x 2 sub-matrix of ¥ = (Y; o) (i,a)e[1,m]x[1,p], then

1 1 1

(a) yo =q tay, 2o =q 'az, 2y = yz, ty = ¢ Lyt tz = q et

(b) tz = at — (¢ — ¢ V)y=.

These relations agree with the relations used in [3], [5], [6], [10] and [11], but they
differ from those of [12] by an interchange of ¢ and ¢~'. It is well known that
the ring R is a Noetherian domain. We denote by F' its skew field of fractions.
Moreover, since ¢ is transcendental over Q, it follows from [7, Theorem 2.3] that
all prime ideals of R are completely prime.
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(vii) Asin [3, §2.1], one can show that the group H = (C*)™*? acts on R by C-algebra
automorphisms via

(@1, s am, b1, .. 0p).Yi 0 = aibaYia V(i,a) € [1,m] x [1,p].

(viii) An H-eigenvector x of R is a non-zero element x € R such that h.x € C*z for each
h € H. An ideal I of R is said to be H-invariant if h.I = I for all h € H. Let
H- Spec(R) denote the set of H-invariant prime ideals of R.

The aim of this section is to describe the set H- Spec(R) by using the standard deleting-
derivations algorithm (see [10, §2.1]).

Notation 2.1.

(i) We denote by <; the lexicographic ordering on N2. We often call it the standard
ordering on N?. Recall that

(i,a) < (bB) < [(i<j)or (i=janda< B

(if) We set Es = ([1,m] x [1,p] U {(m,p+ 1} \{(1,1)}.
(iii) Let (4,0) € Es. If (4, B) # (m,p+1), (j, )" denotes the smallest element (relative
to <) of the set {(i,a) € Es | (4,0) <s (i,a)}.

Notation 2.2. If r = (j, 8) and v = (i, @) belong to [1, m] x [1, p], we define a complex
number A, , by

gt ifi=jora=4,
1 otherwise,

if r #£ v, then A\, , = {

if r =v, then A\, , = q 2.

Recall that R can be written as an iterated Ore extension
R= (C[Yl,l] T [Ym,p§ Om,ps 5m,p]a

where the indices are increasing for <5 and where, for (1,2) <sr = (4, 3) <s (m
a C-algebra automorphism and §, a C-linear o,-derivation such that, for (1,1

(i,) <s 7= (4, 8),
UT(YU) = )\T,UYU7

5 (Y,) = —(¢—q " )YisYja ifi<janda<p,
o 0 otherwise.

In [10, §2.1], we have shown that the theory of deleting derivations (see [2]) can be
applied to the iterated Ore extension R = C[Y1 1] -+ [Yin,p; Om.ps Om,p]- The correspond-
ing algorithm is called the standard deleting-derivations algorithm. It consists of the con-
struction, for each r € Ej, of a family (}QSZ)S)(i7a)€|[1’m]IX|[17p]] of elements of F' = Fract(R),
defined as follows.
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(i) Ifr = (m,p+1), then Yi(m’p+1)s =Y, for all (i,a) € [1,m] x [1, p].

e

(i) Assume that r = (j, 3) <o (m,p+ 1) and that the Y, % ((i,a) € [1,m] x [1,p])
are already known. For convenience of notation, we set

v = v for (i,a) € [1,m] x [1,p].

If (i, ) € [1,m] x [1,p], then

1,
("'+)s
1,

i,Q

yon Y =G T i< and @<,
otherwise.

Notation 2.3. Let » € E,. We denote by R("s the subalgebra of F = Fract(R)
generated by the Yfg) ((¢,) € [1,m] x [1,p]), that is,

RO = C(v) | (iva) € [Lm] x [Lp]).

Remark 2.4. Let r € E; with r # (m,p + 1). We will often drop a subscript and
write R for R(™)s.

Notation 2.5. We set R, = R"2s and T;, = Yl(iz) for all (,a) € [1,m] x [1,p].

Let (4,8) € Es with (4,8) # (m,p + 1). The theory of deleting derivations allows
us to construct embeddings ¢(; g), : Spec(RUA) 5 Spec(RUM:) (see [2, §4.3]). By
composition, we obtain an embedding ¢s : Spec(R) — Spec(R;), which is called the
canonical embedding. Now to describe the set H-Spec(R) we just have to determine its

canonical image ¢s(H- Spec(R)). To do this, as in [3, Conventions 3.2.1], we introduce
some conventions and notation.

Conventions 2.6.
(i) Let v=(1,7) € [1,m] x [L7].

(a) The set C, = {(4,7) | 1 <4 <1} C [1,m] x [1,p] is called the truncated
column with extremity v.

(b) The set L, = {(l,a) | 1 < a <~} C [1,m] x [1, p] is called the truncated row
with extremity v.

(ii) W denotes the set of all the subsets in [1,m] x [1, p] which are a union of truncated
rows and columns.

Notation 2.7. Given w € W, K,, denotes the ideal in R, generated by the T; o such

that (i, ) € w. (Recall that K, is a completely prime ideal in the quantum affine space
Ry (see [9, §2.1]).)

The following result is proved in the same manner as [3, Corollaire 3.2.1].
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Proposition 2.8.

(i) Givenw € W, there exists a (unique) H-invariant (completely) prime ideal J,, in R
such that ps(Jy) = K.

(ii) H-Spec(R) = {Jw | w € W}.

3. The factor ring R/.J,,

In this section, K denotes a C-algebra which is also a skew field. Except where stated
otherwise, all matrices considered have their entries in K.

Definition 3.1 (see Chapter 4 in [12]).

(i) Let v and v be two positive integers and let M = (Zia)(i,a)e[1,u]x[1,0] PE an
u X v matrix. We say that M is a g-quantum matriz if the following relations
hold between the entries of M:

i BLi0 = qill'i’al'i’ﬁ (I<i<uy, 1<a<pf<),
TiaTio =0 'TiaTja (I1<i<j<u, 1<a<gw),
Z5,8%i0 = Ti,aTj3 (I<i<j<u 1<B<a<gy),
TjaTia = Tialjg— (q— qil)xi,nga (I<i<j<u, I<a<f<g).

(ii) Let n be a positive integer and let M = (2ia)(i,a)e[1,n]2 D€ a square g-quantum
matrix. The quantum determinant of M is defined by

det‘I(M) = ZUESH(_q)l(U)xLU(l) *Tp,o(n)s
where [(0) denotes the length of the n-permutation o.

(iii) Let M = (Zi,a)@,a)e[1,m]x[1,p] P€ @ ¢-quantum matrix. The quantum determinant
of a square sub-matrix of M is called a quantum minor of M.

Definition 3.2. Let M = (2i,0)(i,a)e[1,m]x[1.p] P& an m X p matrix and let (j, 3) € E.
We say that M is a (j, 8)s-qg-quantum matriz if the following relations hold between the

entries of M.
T Yy
z t

If
is any 2 x 2 sub-matrix of M, then
xz, 2y = yz, ty = q " 'yt, tz = q ' at;

(i) yo =q tay, za =q*

(N (]>ﬂ) =tz =uxt,

(ii) if ¢t = =, then ] .
v<s (,8) = te=at—(¢—q yz
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Conventions 3.3 (see Convention 4.1.1 in [3] and Conventions 2.2.3 in [10]).
Let
M = (Ti.0) (i,0)e[1,m] x[1,p]

be a g-quantum matrix. As r runs over the set Fy, we define matrices

MO = (fcﬁf;)(i,a)ep,mﬂxm]l
as follows.

(i) Ifr = (m,p+1), then the entries of the matrix M ("™P+1Ds are defined by m(m P =
T;q for all (4,a) € [1,m] x [1, p].

(i) Assume that r = (j, 8) € Es \ {(m,p+ 1)} and that the matrix M *): is already
known. For convenience of notation, we set M = M) gnd x(r ) — Eab)
for each (i,a) € [1,m] x [1,p]. The entries x( ")s of the matrix M(™s are defined
as follows.
(a) Ifxr )“—O theanT“: ™ for all (i,a) € [1,m] x [1,p].

Net z

(b) If xj’rﬁ)s#Oand( a) € [1,m] x [1,p], then

T‘+ 3 T T+ 7‘+ 5 . - .
L0 xg’a e _ E’ﬁ) (l‘g 3 )5) xg.’a o ifi < jand o < 8,
the xET; )e otherwise.

We say that M (") is the matrix obtained from M by applying the standard deleting-
derivations algorithm at step r.

(iii) If 7 = (1,2), we set t;,4 = i7" for all (i,a) € [L,m] x [1,p].

Note that our definitions of g-quantum matrix and (j, 5)s-¢-quantum matrix slightly
differ from those of [1] (see [1, Definitions III.1.1 and III.1.3]). Because of this, we must

interchange ¢ and ¢~! whenever carrying over a result of [1].

Lemma 3.4. Let (j,5) € Es. If M = (Zi,a)@,a)e[1,m]x[1,p] 15 @ g-quantum matrix,
then the matrix MU is (§, 3)s-g-quantum.

Proof. This lemma is proved in the same manner as [1, Proposition I11.2.3.1]. O

The formulae of Conventions 3.3 allow us to express the entries of M (s in terms of
those of M (s,

Proposition 3.5 (restoration algorithm). Let M = (2;.4)(i,a)e[1,m]x[1.p] P€ @ G-
quantum matrix and let r = (4, 8) € Es with r # (m,p + 1).
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(1) Ifxy% =0, then 2" = x(ra) for all (i,a) € [1,m] x [1,p].

(2) Ifxg?, #0 and (i,«) € [1,m] x [1,p], then
— :cl(ro)f + x(TgS (x(Tgs)’lz(T;s ifi < j and a < f3,

2, Js Js
o - (T)s
xi,a

T
otherwise.

We now come back to the H-invariant prime ideals J,, of R (see the notation of § 2). The
aim of the rest of this section is to study the effect of the standard deleting-derivations
algorithm on the matrix whose entries are y; o =Y; o + Ju ((4,0) € [1,m] x [1,p]).

Notation 3.6. Let w € W.

(i) Set R, = R/J,. It follows from [2, Lemme 5.3.3] that R, and R,/K, are two
Noetherian algebras with no zero-divisors and which have the same skew field of
fractions. We set F,, = Fract(R,,) = Fract(Rs/K).

(ii) If (4,c) € [1,m] x [1,p], then y; o denotes the element of R,, defined by y; o =
Yia+ Juw.

(iii) We denote by M,, the matrix, with entries in the C-algebra F,, defined by
M, = (yi,a)(i,a)eﬂl,m]]x[[l,p]].

Let w € W. Since Y = (Yi,a)(i,a)e[1,m]x[1.p] 18 & g-quantum matrix, M, is also a g-
quantum matrix. Thus, we can apply the standard deleting-derivations algorithm to
M,, (see Conventions 3.3 with K = F,) and if we still denote t; , = yz(lo¢2) for (i,a) €
[1,m] x [1,p], we get the following theorem.

Theorem 3.7.
(i) M&,LZ)S is (1, 2)s-g-quantum.
(ii) ti,o =0 if and only if (i,a) € w.

(iii) There is a C-algebra isomorphism from C(t; o | (i,a) ¢ w) onto the subalgebra
C(Ti.o | (i,) ¢ w) of Rs, which sends t; o, onto T; ,, for each (i, ) & w.

Proof. The first point follows from Lemma 3.4. By [2, Propositions 5.4.1 and 5.4.2],
there exists a C-algebra homomorphism f; o) : R, — F,, such that fa,2)(Ti,a) = tio for
(i,a) € [1,m] x [1, p]. Its kernel is K,, and its image is the subalgebra of F,, generated
by the ¢; o with (7, @) € [1,m] x [1,p]. Hence ¢; o = 0 if and only if T; , € K, that is,
if and only if (4, @) € w, and

Cltia | (i,a) ¢ w) ~ Re/ Ky ~ C(T; | (i,a) ¢ w).
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4. An algorithm which computes a generating set for J,,

Input. Fix w € W. Denote by M, = (yi,a)(i,a)eﬂl,m]]x[[l,p] the matrix whose entries are
Yia =Yia+Jw ((i,a) € [1,m] x [1,p]).

It follows from Theorem 3.7 that Ml(ul’Q)S = (tia)(i,0)e[L,m]x[Lp] 18 @ (1,2)s-g-quantum
matrix whose entries have the following properties.

(i) tio = 0if and only if (i,a) € w.

(ii) There is an isomorphism from C(t; o | (i, @) ¢ w) onto C(T; | (4, @) ¢ w), which
sends t; o onto T; o ((i,a) ¢ w).

Step 1: restoration of M,,. Starting with the matrix MI(UI"Q)S, we compute the matrix

My, = (yi,a)(i,a)eﬂl,m]] x[1,p]

by using the restoration algorithm (see Proposition 3.5). This is a g-quantum matrix
with entries in the McConnell-Pettit algebra (C(ti[olé (1,0) ¢ w).

Step 2: we calculate all quantum minors of M,,.
Result. Let
X ={,A) [T S [1,m], AC[1,p], [I| = [A] and detq(yi,a)(i,ajerxa = 0}-

Then J,, is generated, as right and left ideal, by the quantum minors dety (Y5 o) (i,a)erx4
with (I, A) € X,,.

Proof. This is immediate from [10, Théoreme 3.7.2]. O

Example 4.1. Assume that m = p = 3. If this algorithm is applied to w = {(1,1),
(1,3),(2,1),(2,2)}, one can show that the two-sided ideal in O,(M3(C)) generated by

Yi 1 Yl 2 }/1 1 Yi 2
Y13, det ’ <], det ’ I
3 ? <Y2,1 Yoo "\Ys1 Yio
Yo1 Yoo Yo1 Ya3 Yoo Y3
det ’ “),  det ’ ’ and det ’ ’
! (YS,l Y30 T\Ys1 Yig3 "\Ys2 Yag
is (completely) prime. In the more general case where we just assume that ¢ € C* is not

a root of unity, this result was proved by Goodearl and Lenagan (see [6, §7.2]) by using
different methods.
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5. The last-column deleting-derivations algorithm

The aim of this section is to define a new deleting-derivations algorithm which will allow
us to show that certain sets of quantum minors generate prime ideals of R. We shall only
use it when m and p are greater than or equal to 3, so for the remainder of this section,
we assume that min(m, p) > 3 (although most of the following results are still true when
m=2orp=2).

Definition 5.1. Define the relation <g4. by

(iva) Sde (.]7 B)

— [(a=f=pandi<j)or (f=pand a<p)or (apf<pand (i,a) <s (j,0))]
This defines a total ordering on [1,m] x [1,p] U {(m + 1,p)} that we will call the last-
column ordering on [1,m] x [1,p] U {(m + 1,p)}.

Notation 5.2.

(i) We set Eqe = ([1,m] x [1,p] U{(m +1,p}) \ {(1, 1)}.

(i) Let (§,8) € Eqe. If (4,8) # (m + 1,p), denote by (j,3)"dc the smallest element
(relative to <qc) of the set {(i,a) € E4c | (4, 8) <dac (4, @)}

Using [2, Propositions 6.1.1 and 6.1.2], we get the following theorem.

Theorem 5.3.

(1) R can be written as an iterated Ore extension

6;71,1)—1][

R = (C[Yl,l] ce [mep_l; 0'/

R / ! /
m,p—1> Y17P701,p’ ] [Ymm’o' 0 ]’

1p m,p’ Y m,p

where the indices are increasing for <q. and where, for (1,2) <gc 7 = (4,0) <de
(m,p), ol is a C-algebra automorphism and ¢,. a C-linear o!.-derivation such that,
for (1,1) <qc v = (i, @) <dac T = (4, 5),

o.(Yy) = MYy (A, was defined in Notation 2.2);

(Y,) = —(¢— qil)Yi,BYj,a ifi < jand a < f3,
’ 0 otherwise.

5/

T

(2) R satisfies Conventions 3.1 of [2] with g, = q~2 for any r € [1,m] x [1,p].

(3) If r € [1,m] x [1,p] \ {(1,1)}, there exists h.. € H such that h..Y, = \.,Y, for
v € [1,m] x [1,p]. Thus, R satisfies Hypotheses 4.1.2 of [2] with the group H.

It follows from the previous theorem that the theory of deleting derivations (see [2])
can be applied to the iterated Ore extension R = C[Y11]- - [Yinp; O s O p]- The cor-

m,p) Om,p
responding algorithm is called the last-column deleting-derivations algorithm.
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Let r = (4,8) € [1,m] x [1,p] with (1,1) <4 r. Denote by B the subalgebra of R
generated by the Y, with v € [1,m] x [1,p] and (1,1) <4c v <4c 7, and let C' be the
subalgebra of R generated by B and Y. It follows from Theorem 5.3 that C' is the (left)
Ore extension B[Y;;o,,d.], and that, in F' = Fract(R), we have

ryer

Y, = YipY, Vi ifi<janda<p,

ks .
Y, otherwise,

MRS Ry, YR = {
where [k]!,—2 = [0],-2 X - -+ x [K]
if ¢ is a positive integer.

Hence, the last-column deleting-derivations algorithm consists of the construction, for
each r € Eq., of a family (}/ifg)dc)(i,a)e[[l,m]]><|[1’p]| of elements of F' = Fract(R), defined as
follows.

g2 With [0],-2 = L and [i],-2 = 1+ ¢ 2+ + ¢ 20~

(1) I r = (m+1,p), then YTV =y,  for all (i,a) € [1,m] x [1,p].

(2) Assume that r = (4, 8) <qc (m + 1,p) and that the

Y (4, a) € [1,m] x [1,p])

i,Q

+ c
are already known. For convenience of notation, we set Yiff)‘“ = YZ(; “ac for
(1,) € [1,m] x [1,p].
If (i,«) € [1,m] x [1,p], then

v ey D (v D)y e i < and o < B,

(T)dc _ 0 Js

[e" - rt .
Yi(a Jac otherwise.
,

6. A link between the standard and last-column deleting-derivations
algorithms

Throughout this section, we use the following conventions.
(i) We assume that min(m,p) > 3.

(ii) K denotes a C-algebra which is also a skew field. All the matrices considered have
their entries in K.

Conventions 6.1. Let M = (2i o) (i,a)e[1,m]x[1,p] P€ @ ¢-quantum matrix. As r runs
over the set Fq4., we define matrices

M(Tae — (ajz(’,Tadc)(La)El[l,m]lxﬂl,p]l
as follows.

(1) If r = (m + 1,p), then the entries of the matrix M +1Plac are defined by
g{mtlPlae x;q for all (4,a) € [1,m] x [1,p].

1,0
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(2) Assume that r = (j, 8) € Eac\{(m+1,p)} and that the matrix M (" )4 is already
known. We set

(r+dc

M ae = py(rT99ae anq m(r Jae — 2{r99)ae fo1 each (i,) € [1,m] x [1,p].

i,

The entries xE O)é of the matrix M (" are defined as follows.
(a) If x(,ﬁ)d“ =0, then x(r)dc = m“ﬂdc for all (i,a) € [1,m] x [1,p].

(b) If x(r 4 #£0 and (4, ) € [1,m] x [1,p], then

x(r+)dc 71,(T+)dc(1,(r+)dc) 1 (7‘ )de ifi < ,] and a < ﬁ;

x(r)dc _ Lo i,8 7,8 .71
b (T+)dc th .
.fi,a otnerwise.

We say that M ("4 is the matrix obtained from M by applying the last-column
deleting-derivations algorithm at step r.

Let M = (2i,0)(i,a)e[1,m] x[1,p] P€ & ¢-quantum matrix. The following lemma is obvious.
Lemma 6.2.

(1) MOmP)s = pp(mplac

(2) If (4,8) € EsN Eqe = [1,m] x [1,p] \ {(1,1)}, then

x%@ = x%’g)dc = Tm,o foranya € [1,p],

ml(.i’)ﬁ)s = xgi’jﬁ)d“ =z, foranyie [l,m].
Proposition 6.3. If M = (;a)(i,a)e[1,m]x[1.p] 15 @ ¢-quantum matrix, then M®2)s =
M(1’2)dc .
Since the proof of this result is very technical, we just give a sketch.
Proof. First, if i = m or o = p, it follows from Lemma 6.2 that :r:(l Dac _ ti.o. Now we
assume that i < m—1and a < p—1. A decreasing induction shows that if j € [1,m+1],

then
m
(4,P)dec (4,P)dc
Ti,a = Ty o + § i ka p'rk ey
k=max(i+1,7)
Zk’pfo
In particular, for j = 1, we obtain
m
(1,p)a —1,.(1,p)a
Tia=x; 0% + E TipTp pTh iy (6.1)
k=i+1
wk,pyﬁO
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Now, we easily deduce the following equalities from (6.1):

(7"‘71))5 _ 7p)dc —1 (LP)dc
:Ei,a - + § : i P‘Tk p‘rk «
k=i+1
Ik1p¢0

and
m—1
el =D =1
En;p "= x’ap et Z xz,pmkpxkap Jac.
k=i+1
mkyp;éo
Next, by a decreasing induction (with respect to <q.), we can show that, if (4, 8) € Eqc
with (jaﬁ) <dc (m7p - 1)7 then

Ejéﬁ)b: (Ja dc_"_ Z $Z,pxkpx§gjly) . (62)
k=i+1
zk,p;éO

(1 2)de

For (4, 8) = (1,2), equality (6.2) becomes t; o = x; , and Proposition 6.3 follows. O

Corollary 6.4. Let M = (;,a)(i,a)e[1,m]x[1.p] P€ @ ¢-quantum matrix. Then

%3) =t;5 forany (j,0) € [1,m] x [1,p].
Proof. Since
1,2)dc .
§]ﬁﬁ) g’ﬁ Jae  for any (4, 3) € [1,m] x [1,p],
this corollary is an immediate consequence of Proposition 6.3. |

7. The effect of the last-column deleting-derivations algorithm on
quantum minors

Throughout this section, we keep the conventions and notation of §6.

Definition 7.1. Let M = (%;a)(i,a)e[1,m]x[1,p] Pe a matrix and let (j,5) € Fg.. We
say that M is a (J, 8)dc-¢-quantum matriz if the following relations hold between the

entries of M.
Ty
z t
1

If
is any 2 X 2 sub-matrix of M, then
(1) yr=q 'ay, 22 = q ‘oz, 2y = yz, ty = ¢ 'yt, tz = ¢~ 'zt

V Z2dc (jaﬂ) = tx = uxt,
v<qe (4,8) = tx=uat—(¢q—q Hyz.

(2) if t = x,, then {
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Lemma 7.2. Let (j,0) € Eqc. If M = (2i,0)(i,a)e[1,m]x[1,p] 15 @ g-quantum matrix,
then MUP)de is a (j, B)qe-g-quantum matrix.

Proof. First, it follows from [2, Théoréme 3.2.1] that the matrix

(YD9)  cyeltm] 11.9]

(see §5) is a (4, 8)dc-¢-quantum matrix. The rest of the proof is similar to [10,
Lemme 2.5.3]. O

The following result can be deduced easily from this lemma.
Corollary 7.3. Let M be an m X p g-quantum matrix and let (j, 3) € Eqc.
(1) If B = p, then

(a) the matrix obtained from MU-P)dc by deleting the last column is g-quantum;

(b) the matrix obtained from MG-Bde by deleting the rows j, ..., m is g-quantum
(j>1).

(2) If B < p, then

(a) the matrix obtained from MG:Bae by deleting the rows j,...,m and the last
column is ¢g-quantum (j > 1);

(b) the matrix obtained from MU:P)a by deleting the rows j + 1,...,m and the
columns f,...,p is g-quantum (j, 8 > 1).

Let M = (‘ri,u)(i,a)eﬂl,m]lx[[l,p] be a g-quantum matrix. We now express the quantum
minors of MUAdc in terms of those of MU+B)ac.

Notation 7.4. Let M = (7 a)(i,a)e[1,m]x[1,p] P€ & ¢-quantum matrix and let

0 = dety(T4.0) izir,...,i

a=Q1,...,01

be an I x [ quantum minor of M (1 <! < min(m,p), 1 <i31 <~ <y <m, 1 <y <
..<al<p)

(1) (a) If I is a non-empty subset of {i1,...,%}, we set I= {i1,...,4} \ I. In the
particular case where I = {ix} (k € [1,1]), we set 1, = 1.
(b) If A is a non-empty subset of {ay,..., o}, weset A = {ay,...,a;}\ A. In the
particular case where A = {ax} (k € [1,1]), we set ay = A.
(Observe that the set I (respectively, A) depends on the set {iy,...,4;} (respec-
tively, {a1,...,a1}).)
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(2) If (4,0) € Eqc is greater (relative to <q.) than the elements of {iy,... i} x
{a1,...,q;}, it follows from Lemma 7.2 that the matrix
j,8)dc
(xE,Ja Ja )(i,a)G{h,-u,il}><{041’~~,04z}
is g-quantum. We set

§5GBac — detq(x(jvﬁ)dc

toeV(ia)eliny it x{a1, .t}
(3) Let I be a non-empty subset of {i1,...,4;} and let A be a non-empty subset of
{al, RN Oél} with |I| = |A‘

(a) We set O 1= detq(ﬂfi,a)(i,a)efxxi-

(b) If (4, B) € Eqc is greater (relative to <q4.) than the elements of I x A, it follows
from Lemma 7.2 that the matrix (x(j“@)dc)(i a)eix A 18 g-quantum. We set

i,

5%’/?)“ = det, (.%‘E?&ﬁ)dc)(i,a)efx/i'

(4) Consider X € [1,p]\{oq,...,a1}. If (j, B) € Eqc is greater (relative to <qc) than the
elements of {i1,...,4} x{a1,...,Qk_1,0k11,...,q;, X'}, it follows from Lemma 7.2
that the matrix

(w(jvﬂ)dc

i )(i,a)e{il,...,il}x{al,...,ak,l,ak+1,..A,al,/\’}
is g-quantum. We set

5(]35)@ _ detq (x(j76)dc

ak— N\ i, )(i;a)e{ila”':il}><{0517~~;ak—1,0¢k+17~~~7al,>\'}'

(5) Consider i’ € [1,m]\{i1,...,0}. If (5, 5) € Eqc is greater (relative to <qc) than the
elements of {i1,...,ik_1,%k+1,--.,%,% } X {a1,...,q;}, it follows from Lemma 7.2
that the matrix

(x(jvﬁ)dc

i )(iﬂl)e{il>---7ik—17ik+1>---7ilyi/}X{ala--~70‘l}
is g-quantum. We set

5(j»ﬁ)dc _ detq (;L'(»j’ﬁ)dc

i —ri’ i,a )(i7a)€{i17---,ik717ik+17---,iz7i’}><{a1,-~7az}'

Using [10, Proposition 2.2.8], one can prove the following proposition.

Proposition 7.5. Let M = (7 .a)(i,a)e[1,m]x[1,5] P€ @ ¢-quantum matrix, let (j,3) €
Eq4c with (j,8) <ac (m,p—1) and let

§ = dety (i) izir,....it

A=0Q1,..., ay

be an | x | quantum minor of M with (i;, ;) <ae (7, 8)-
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(1) Ift; 3 =0, then §@Ade = §l@:B)ac

(2) Assume that t;g # 0.

If 4y = j, or if there exists k € [1,I] such that 8 = oy, or if § < «i, then
5B = §U:Bac

(3) Assume that t; g # 0 and that i; < j.

(a) If ) < 3, then

l

j iy j - - '7 c -7 c
5 Bde — §G:Pac _ Z(_q)k (l+1)tj’éx§_?oi)d 5&]}@5_)}% (7.1)
k=1
and
!
. + . _ ') ¢ '7 cq—
SN = 60D 37 (—q)HHD kg Dac  (GB)acy 1 (7.2)
k=1
(b) If there exists h € [1,1 — 1] such that ap < 8 < ap41, then
§UBde — §U:Blac _ Z(—q)k*<h+1>tjj},x§{£>d“5§jkﬂ)‘;;. (7.3)
k=1

Proposition 7.6. Let M = (-Ti,a)(i,a)eﬂl,m]lxﬂlﬁp]] be a g-quantum matrix, let j €
[1,m] and let
d =dety(zia) izir,....ii
=1

be an | x | quantum minor of M with (i;, ;) <ae (J,D)-
(1) Ift;, = 0, then §0P)ic = §UPlac,

(2) Assume that t;, # 0.
If oy = p, or if there exists k € [1,l] such that j = iy, or if j < iy, then
§GP)de = §lPac,
(3) Assume that t;, # 0 and that oy < p.
(a) If4; < j, then
!

5P = §UPIc N7 ( gy DTy 0 e sp)ac (7.4)

Pk ,P k=]
k=1

and
l
sGPde — §UPac _ § :(_q)(l+1)*k(;(j,p)dcx(‘j,p)dctfl' (7.5)

Qap—=p 7,0k J2,P
k=1
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(b) If there exists h € [1,1 — 1] such that i, < j < ipy1, then

h
5GP — §GPac _ Z(_q)k—(h-u)tﬂx(j,p)dc5(j,p)dc. (7.6)

Jpik,p k=]
1

Proof. We observe that the standard algorithm performed along the last row of a
g-quantum matrix coincides with the last-column algorithm applied to the last column
of its transpose. Since the algebras generated by a generic g-quantum matrix and by
its transpose are isomorphic, this allows us to apply [10, Proposition 2.2.8] in order to
obtain the result. (]

An immediate corollary of Propositions 7.5 and 7.6 is the following result.

Corollary 7.7. Let M = (Zia)@,a)e[1,m]x[1,p] P€ & g-quantum matrix, let (j,3) €
Eac \ {(m+1,p)} and let
§ =dety(i,a) i=ir,....is

a=ai,...,qq
be an | x | quantum minor of M with (i;, ;) <ae (4, 3).
If either 4 = j or a; = 3, then §0Pie = 5GP

We+ﬁnish this section by computing the quantum minors of M (G:@de that involve
x;[’f)dc in terms of quantum minors of M (7»8)de,

Proposition 7.8. Let M = (24,a)(i,a)e[1,m]x[1,p] P€ & g-quantum matrix and let

§ =dety(xi0) izi,....i

a=aq,...,00
be an | x | quantum minor of M with [ > 2. Then

§(iseu Vde — (5@ Ny )dct

= i,00
11,00 L

ot ,
Proof. Ift;, o, = glende 0, it follows from [3, Proposition 4.1.1] that slivade = 0.

i,
Thus,
o ,
slie)ae — g = 5gf;l)dctiuaz'
Assume now that ¢;, o, # 0 and set
_ e, for (i . ,
Cija = T; or (i,a) € {i,..., i1} x {a1,...,aq}.

By Lemma 7.2, the matrix C' = (¢i,a)(i,a)€{i1,....i1} x {a1,....a;} 1S ¢-quantum. Hence, we can
apply the standard deleting-derivations algorithm to C' (see Conventions 3.3) and it is
obvious that cgf’l)s = gl for a1l (i,a) € {i1,..., i1} x {a1,...,q;}. So, we deduce
from [3, Proposition 4.1.2] that

« [N

ir,00) Ll i1,00)a
gliver)ic — deth(C) = detq(cz(' a)s) i=i1,...,i1—1 Cig,ap = 5£ 5 ) iy
’ QA=Q1,...,Q_1 1,00
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8. Some vanishing criteria for quantum minors
Throughout this section we use the following conventions.
(1) K denotes a C-algebra which is also a skew field.
(2) m and p are greater than or equal to 3.
(3) M = (i) (i,a)e[1,m]x[1.p] 15 @ g-quantum matrix with entries in K and we set

o = alDe = (L2

y & 1, —

for any (i,«) € [1,m] x [1,p]
(see Proposition 6.3).

(4) We assume that the following property holds for the matrix M: the non-zero mono-
mials tlf}il e tﬁf},” (where the indices are increasing for <s) (ki € N) are linearly
independent over C, so that C(t; o | (i,&) € [1,m] x [1,p] and ¢; o # 0) can be
viewed as a quantum affine space.

Notation 8.1.
(i) L denotes the matrix obtained from M by deleting the last row and the last column,
that is
L = (zi0)(i,a)etm—1]x[1p—1]-

(ii) If (4, 8) € Ege, we denote by LU the matrix obtained from MU-»#)de by deleting
the last row and the last column, that is

L(j»g)dc — (mgféﬁ)dc)(i’a)eﬂl’m—l}l o [Lpfl]] .

Observe that L(m+1plac = [,
(iii) We set N = L("mDac,

By Lemma 7.2, N is a g-quantum matrix. Hence, the standard deleting-derivations
algorithm (see Conventions 3.3) can be applied to N, and from Proposition 6.3 we deduce
the following lemma.

Lemma 8.2. We have N(1:2)s = (ti,a)(i,0)e[1,m—1]x[1,p—1], SO that the matrix N sat-
isfies convention (4) at the beginning of this section.

Lemma 8.3. Let ! € [1,inf(m — 1,p — 1)] and assume that all | x | quantum minors
of N are equal to 0. If (§, 8) € Eq. with (m,1) <ac (J, 8) <dc (m,p) and if k is an integer
such that k > [, then all k x k quantum minors of the g-quantum matrix L@ are
equal to 0.

Proof. If k > I, the k x k quantum minors of LUA4c are right linear combinations
(with coefficients in K) of I x [ quantum minors of L(#)ac, So, it is enough to prove that
all I x I quantum minors of LU-#4c are zero. To achieve this aim, we proceed by iteration
(for <ac) on (4, ).
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Since N = L™V the case (j,3) = (m,1) is done. Assume now that (m,1) <gc
(4, 8) <de (m—1,p) and that all [ x [ quantum minors of L4 are equal to 0. In order
to prove that the same property holds for all I x I quantum minors of LU ’B)Ic, two cases
may be distinguished.

(i) If j = m, then B < p. Thus, by Proposition 7.5, every [ x [ quantum minor of
LU is a left linear combination (with coefficients in K) of I x | quantum minors
of LA The desired result follows from the induction hypothesis.

(ii) If j # m, then 8 = p. Thus, by Proposition 7.6, every ! x | quantum minor of
LU is a left linear combination (with coefficients in K') of [ x I quantum minors
of LUAac The desired result follows from the induction hypothesis.

O

Proposition 8.4. Let | and s be two integers such that [ € [1,inf(m —1,p — 1)] and
s € [1,m — 1], and assume that all | x | quantum minors of N are equal to 0. Then

(1) all ({4 1) x (I 4+ 1) quantum minors of M are equal to 0;

(2) if, moreover, we suppose that x;, =t;, = 0 for i € [1,s], then all | x | quantum
minors of the matrix obtained from M by deleting the rows s+ 1,...,m are equal
to 0.

Proof.

(1) Let
0 =detg(zi,0) i=ir,....irss

=1, X4 1
be an (I +1) x (I + 1) quantum minor of M. In order to establish that 6 = 0, four
cases are distinguished.

(i) If al+1 = p and 441 = m, then, by Proposition 7.8, we have § = 5 " p Tt

Since (5 ’p 9 i5 an [ x [ quantum minor of L") we deduce from Lemma 8 3
that
( p)dc —
5 =0,
so that

8= 00"t = 0.

(ii) If ayy1 = p and 4,11 < m, then, by Corollary 7.7, we have § = §(+1+1Pac,
Thus, it follows from Proposition 7.8 that

5 — 5(’H+1’P)dct

K3
i141,D 4+1,P*

Since 5;“1:)) is an ! x | quantum minor of L{i+1P)ac we deduce from
1+1,
Lemma 8.3 that 6"+ — (. Hence

1+1,P

_ 5(1L+1 P)dct

U+1,P

=0.

U41,0
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(iii) If ay41 < p and 4,41 = m, then, by Corollary 7.7, we have ¢ = §lmoplac,
Expanding this last quantum minor along the last row (see [12, Corol-
lary 4.4.4]), we get

I+1
6= (=)t Dafe o
k=1

Since each (5(m p)(‘c is an [ x | quantum minor of L(™P)dc we deduce from

Lemma 8.3 that each § m”;)dc is equal to 0, so that § = 0.
(iv) If ag41 < p and 4541 < m, we have the following.

(a) If t,,, = 0, then it follows from Proposition 7.6 that § = §(™Pac. Since
§(mplac s an (141) x (14 1) quantum minor of L") we deduce from
Lemma 8.3 that §("Plac = (.

(b) Assume now that ¢,,, # 0. By Proposition 7.6, we have

I+1
tinp0 = b p0 ") — 3 (—q)R (ARl (g )

lk,p 1 —m
k=1

Since §(™Pac is an (14 1) x (I + 1) quantum minor of L™l we deduce
from Lemma 8.3 that §("Plac = (. Next, let k € [1,1 + 1]. Expanding

55:;”2{1 ¢ along the last row (see [12, Corollary 4.4.4]), we get
I+1
51(?_,?25@ _ Z( )i~ (l+1)$7(771&;z)dc52(:n;zz)dc
i=1
7P)dc

Since each (5 i is an [ x [ quantum minor of L(™Pac we deduce from
Lemma 8.3 that each 5(m’p)dc is equal to 0. Thus 5(m’p)dc —o.

Equation (8.1) and the above results show that ¢,, ,0 = 0, so that § = 0. The
proof of the first assertion is now complete.

(2) Let

be an [ x [ quantum minor of M with i; < s. In order to show that § = 0, two cases
may be distinguished.

(i) Assume that oy = p. Thus, the last column of § is 0, so that § = 0.

(ii) Assume that o; < p.

(a) If typ =0, then § = §(mplac Since i; < s < m and ag < p, 6(™Pac is an
I x | quantum minor of L(™Plac Thus, it follows from Lemma 8.3 that
§(mplac = 0, Hence § = §(mPle = 0,
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(b) Assume now that t,, , # 0. Since i; < s < m and o < p, it follows from
Proposition 7.6 that

l
Stimp = 5(m1p)dctm7p _ Z(_q)l+1*k5&7:£;)dcx%&i)dc. (8.2)
k=1

Since §(™P)de is an | x | quantum minor of L(™Pac we deduce from

Lemma 8.3 that §("P)dc = (. Next, let k € [1,1]. By Lemma 6.2, we have
xEZ’p)dC = x;p for i € [1,m]. Thus, since i; < s, the last column of 5,&7:’_2),,“
is 0, so that 5,(;:;’)27“ = 0.

Equation (8.2) and the above results show that dt,, , = 0, so that § = 0. The
proof of the second assertion is now complete.

O

9. Some non-vanishing criteria for quantum minors

Throughout this section, we assume that the four conventions of §8 are satisfied and we
retain the notation of that section.

9.1. A criterion for 1 X 1 quantum minors

Let (i,a) € [1,m] x [1,p] and assume that t; , X ¢ o 7# 0.
(i) If ¢ = m, it follows from Lemma 6.2 that ©; o = Tm,a = tm,a 7 0.
(i) If a = p, it follows again from Lemma 6.2 that z; o = 2, = t;, # 0.

(iii) If i < m and o < p, we have Tp, pTia — TiaTmp = —(¢ — ¢ 1)Ti pTm. o SO We
deduce from Lemma 6.2 that T, pTia — TiaTmp = —(¢ — ¢ tiptm.a # 0. This
implies that z; o # 0.

So we can conclude with the following proposition.

Proposition 9.1. Let (i,«) € [1,m] x [1,p] and assume that t; , X tp, o # 0. Then
T, 7é 0.

Remark 9.2. The above result is still true if m =2 or p = 2.

9.2. A criterion for quantum minors of L

Notation 9.3. Let (4,0) € Eqc.

(i) We denote by BU-Adc the subalgebra of K generated by the xl(,jf)d“ ((i,a) €
[1,m] x [1,p]), that is

BUPac = (x| (i a) € [1,m] x [1,p]).

i,
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(ii) We denote by CWAac the subalgebra of BUac defined by

CMae = ClP% | (1,1) <ae (i, @) <ae (G, B).

The following result is proved in the same manner as [10, Corollaire 3.5.5].

Lemma 9.4. Let (j,83) € Egc. If tj 5 = z(] B £0 then the monomials tk (keN)
are linearly independent in BU-#)ac viewed as a right (respectively, left) cU:P) Jic —module

Proof. First, an induction (Wlth respect to <q.) shows that, if (j,8) € Eg4. and
(i,a) € [1,m] x [1,p], then m(J Blac =t; o + Q, where @ is a Laurent polynomial (with
coefficients in C) in the non-zero ¢, with (1,1) <qc (4, A) <ac (4,5). Hence, CU:Bae
is contained in D = C(t;, E1(1,1) <4e (1,a) <qe (4, 8) and t; 4 # 0). So it is enough to
prove that the monomlals th i (k € N) are linearly independent in K viewed as a left
(respectively, right) D- module This follows immediately from convention (4) of §8. O

Proposition 9.5. Let (j,0) € Eac \ {(m + 1,p)} and let

d =dety(xia) i=iy,...i

=01 ,...,0]

be an | x | quantum minor of M. Assume that (i;,«;) <qc (J,0). If 5GP = 0, then
§UBac = (.

Proof. Ift; 5 = 0, we have §(/:#)dc = §Adc = 0, as required. Assume now that tjg #
0. We distinguish two cases.

(i) If 8 = p, then, since §UBE = 0, it follows from Proposition 7.6 that tjﬁé(jﬂ)dc €
CU:Pac On the other hand, it is clear that 6U-#ac e CUPac Thus, we deduce
from Lemma 9.4 that §(-%dae = (.

(i) If B < p, then, since §UBde = 0, it follows from Proposition 7.5 that tj,gé(jﬂ)dc €
C:Bae On the other hand, it is clear that §@Pde ¢ CGFae Thus, we deduce
from Lemma 9.4 that 6% = (. The proof is now complete.

The following non-vanishing criterion can be easily deduced from Proposition 9.5.

Proposition 9.6. Let
0 =detq(%i0) i=iy,....i

=01 ...,

be an | x | quantum minor of L. If §(™Vdc =£ 0, then & # 0.
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9.3. A criterion for quantum minors of M

Proposition 9.7. Let
§ =dety(@ia) i=ir,....i
A=01,y...,0]
be an | x | quantum minor of M with | > 2, and assume that t;, , X tymqa, # 0. If
§im™ s £, then § # 0.
1]

Proof. Assume that § = 0. In order to prove that 5257211)‘“ = 0, three cases may be
distinguished. 7

(i) If oy = p, then Corollary 7.7 shows that §lutlplae — § = (. Since ti,p 7 0, it follows
from Proposition 7.8 that §£ilip)d° = 0. Now, since 4;_1 < m and o;_1 < p, we have
(i1—1,00-1) <gc (M, 1), and”é%, we deduce from Proposition 9.5 that 6Z£m&’1)d° =0,
as desired. v

(ii) If 4 = m and oy < p, we deduce from Proposition 9.5 that stmende = 0. Thus,

since tpm,q, # 0, Proposition 7.8 shows that 57(5?5”“ = 0. Now, since 7;_1 < m and
a;—1 < p, we have (ij_1,a;—1) <gc (m,1), and so, we deduce from Proposition 9.5
that 6™V = 0, as required.

1,0

(iii) If4; < mand oy < p, we observe that since M is a ¢g-quantum matrix, ,, , # 0. Fur-
ther, since oy < p, we have (i, ;) <qc (m,p). It then follows from Proposition 9.5
that §("P)de = 0. Thus, by Lemma 6.2, formula (2) of [10, Proposition 2.2.8] gives

us the equation
!

0= (=) " ", 058
k=1

By Corollary 7.7, we have
p)de — §+1,p)dc
s = i
Hence,
l
Z(_Q)kililmm,ak58:1:11;]0)(10 =0.
k=1

Now, we deduce from Proposition 7.8 that

l
Z(_Q)kililxwzyak5(”5)%751'1 D = 0.

0,0

k=1
Since t;, , # 0, we conclude that
l .
(=) 0, 00 =0, (9.1)

k=1
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On the other hand, by expanding

(w.pae . (0P)de
11,001 11,00
(i1,p)de __ : .
6“Hm detq (i,p)ac . x(il»p)dc
11,01 1 —1,00
(i,p)ac (41,p)ac
m,oq m,oq

along the last row (see [12, Corollary 4.4.4]), we obtain, by Lemma 6.2,

! !
5§Zip77)1dc — Z(_q)kflxgjll’gchaEll7p)dc _ Z(_q)kfzxmaké(u,p)dc.

4,0 i,
k=1 k=1

From (9.1), it follows that slinPlac _ Hence, by using Proposition 9.5, we

1 —m
i
get 65;:’%)“ = 0. Thus, since t,,o, # 0, it follows from Proposition 7.8 that
simaae _ () Since ii—1 < m and a;_1; < p, we have (ij_1,;-1) <dc (m,1); so,

1,00
Proposition 9.5 shows that (55”21)‘“' = 0. The proof is now complete.
1,

10. A generating set for some H-invariant prime ideals in R

The aim of this last section is to construct a generating set of quantum minors for
some J,,. To do this, we use the notation of §§2 and 3. Let w € W. Recall that .J,, denotes
the corresponding H-invariant prime ideal in R (see Proposition 2.8), that F,, denotes
the skew field of fractions of R, = R/J,, and that M, = (¥i.a)(i,a)e[1,m]x[1,p], Where
Yia = Yia + Ju (see Notation 3.6). If (7, ) € [1,m] x [1,p], we still set ¢; o = yg’la’z)s
We have shown (see Theorem 3.7) that

(i) M, is a g-quantum matrix with entries in F,;
(ii) t;,o =0 if and only if (4, ®) € w;

(iii) there exists an isomorphism from C(t; o | (¢, ) ¢ w) onto the subalgebra C(T; , |
(i,a) ¢ w) of Ry which sends t; o, onto T}, for (i,a) ¢ w.

Thus, the conventions 1, 3 and 4 of §§8 and 9 are satisfied if we replace K by Fy,, M
by My, and z; o by yio ((i,a) € [1,m] x [1, p]).

10.1. The case w = [1,m — u] X [1,p — u] (u > 0)

By [10, Théoréme 3.7.2], .J,, is generated by the quantum minors of ) which belong
to Jy. So, in order to find a generating set for J,,, we just have to determine the quantum
minors of M,, which are equal to zero. To do this, we first establish the following result.
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Theorem 10.1. Let K be a C-algebra which is also a skew field, let M =
(T4,0) (i,0)€[1,m]x[1,p] D€ & g-quantum matrix with entries in K and let u € [0,inf(m—1, p—
1)]. For (i, &) € [1,m] x [1,p], we set t; o = x,ﬁ}&z)s, Assume that the non-zero monomials
tlf}il . tf,{’f,’,p (where the indices are increasing for <s) with k; o € N are linearly indepen-
dent over C. We also assume that t; o, = 0 if and only if (i,«) € [1,m —u] x [1,p — u].
Then

(1) the v x v quantum minors of M with v > u + 1 are zero;
(2) the v x v quantum minors of M with 1 < v < u are non-zero.

Proof. If u =0, it is obvious that z; , = 0 for all (¢, @) € [1,m] x [1,p], as required.
We now establish Theorem 10.1 when m = 2 and v = 1. In this case, it follows from
Proposition 3.5 that we have

in,a =

tia ifi=2or a=p,
ti,ptiétg,a otherwise.

Thus, all 1 x 1 quantum minors of M are non-zero, as desired. Next, let

§=det, [ "YP) (1<a<B<p)
2.0 T2

be a 2 x 2 quantum minor of M. In order to show that § = 0, we distinguish two cases.

(i) If B < p, then § = tlyptg’zl,tz’atg,g — qtl’ptiétzgtg’a. Now, since M2 is a (1,2)s-
g-quantum matrix, we have ts gta o = ¢ 't at2 g, S0 that

§ =t1ptyptaalas — tiply pta.atas = 0.

(ii) If 8 = p, then § = tl,pt;’;tlatgyp — qt1 pta . Now, since M@2)s g g (1,2)s-
g-quantum matrix, we have to o2, = gt pt2 o, S0 that

0= qtl,ptizl)t2,pt2,a - qtl,pt2,a = qtl,pt2,a - qtl,pt2,a =0.

Thus, all 2 X 2 quantum minors of M are zero and Theorem 10.1 is now established
when m =2 and v = 1.

By a similar argument, we establish Theorem 10.1 when p = 2 and u = 1, and this
proves Theorem 10.1 when m =2 or p = 2.

We now assume that m,p > 3 and that the result is true for any m’ x p’ g-quantum
matrix with (m/,p’) <, (m,p). If u = 0, we have already proved the desired result.

Assume now that w > 1. Since m and p are greater than or equal to 3, the four
conventions of §§8 and 9 are satisfied. Hence, we can use the notation and results of
these two sections. In particular, we still denote by N the matrix obtained from M (71)de
by deleting the last row and the last column. By Lemma 8.2, the induction hypothesis
can be applied to the g-quantum matrix N. This leads to the following properties.
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(1) The v x v quantum minors of N with v > u are equal to zero.
(2) The v x v quantum minors of N with 1 < v < u — 1 are non-zero.

It then follows from Assertion 1 and Proposition 8.4 (with I = v > w) that the (v+ 1) X
(v+1) quantum minors of M with v > u are zero. On the other hand, since #; ,, X t;, o 7 0
for all (i, ) € [1,m] x[1, p], it follows from Proposition 9.1 that all 1 x 1 quantum minors
of M are non-zero, and it follows from Assertion 2 and Proposition 9.7 (with [ = v + 1
when 1 < v < u— 1) that the (v+1) X (v+ 1) quantum minors of M with 1 <v < u—1
are non-zero. All this together shows that the v x v quantum minors of M with v > u+1
are equal to zero and that the v X v quantum minors of M with 1 < v < u are non-zero.
This completes the inductive step and the result follows. O

Let u € [0,inf(m —1,p—1)] and set w = [1,m —u] x [1,p — u]. Then w is an element
of W and the matrix M, satisfies the hypotheses of Theorem 10.1. Since the v x v
quantum minors with v > u + 1 are right linear combinations (with coefficients in R)
of (u+1) x (u+ 1) quantum minors, the following theorem results from Theorem 10.1
(and [10, Théoréme 3.7.2]).

Theorem 10.2. Let u be an integer such that 0 < u < inf(m — 1,p — 1), and set
w = [1,m—u] x[1,p—u]. Then w belongs to W and .J,, is generated by the (u+1)x (u+1)
quantum minors of ).

Remark 10.3. Let u be an integer such that 0 < u < inf(m — 1,p — 1). Tt follows
from Theorem 10.2 that the ideal generated by the (v 4 1) x (u 4 1) quantum minors of
Y is (completely) prime. So, we have just established that the quantum determinantal
ideals are (completely) prime. In the more general case where we only assume that ¢ is
a non-zero element of any base field, this result was proved by Goodearl and Lenagan
(see [4, Corollary 2.6]) by using different methods.

10.2. The case w = ([1,m —u]] X [1,p —u]) U ([1,s] X {p}) (u>1,s>1)

Theorem 10.4. Assume that m and p are greater than or equal to 3, and let u
and s be two integers such that u € [1,inf(m — 1,p—1)] and 1 < s < m — 1. Set
w=([1,m —u] x [1,p—u]) U([1, s] x {p}). Then w belongs to W and J,, is generated
by

(1) the (u+1) x (u+ 1) quantum minors of Y;

(2) the u x u quantum minors of the matrix obtained from ) by deleting the rows

s+1,...,m;
(3) Yip,...,Ysp.

Proof. By [10, Théoreme 3.7.2], J,, is generated by the quantum minors of ) which
belong to J,,. So, in order to find a generating set for J,,, we just have to find the quantum
minors of M,, which are equal to 0. This is what we do now.
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Since m and p are greater than or equal to 3, the four conventions of §§8 and 9 are
satisfied if we replace K by F,,, M by M,, and z; o by yi.o ((¢,a) € [1,m] x [1,p]). So,
we can use the notation and results of these two sections. In particular, IV still denotes
the matrix obtained from Mfum’l)dc by deleting the last row and the last column.

Now if (i, @) € [1,m — 1] x [1,p — 1], it follows from Theorem 3.7 that ¢; , = 0 if and
only if (i,) € [1,m — u] x [1,p — u]. Hence, it follows from Lemma 8.2 that N satisfies
the hypotheses of Theorem 10.1 if we replace m by m—1, p by p—1 and uw by v — 1. Thus,
the v x v quantum minors of N with v > u are zero and the v X v quantum minors of
N with v < u — 1 are non-zero. It then follows from the first assertion of Proposition 8.4
(with I = v > u) that the (v+ 1) x (v + 1) quantum minors of M,, with v > u are zero.
Hence, the quantum minors

dety(Yi,a) i=ir,.. iy

A= ,...,0
with v > u + 1 belong to Jy,.
It remains to deal with the v X v quantum minors of M, such that 1 < v < u. Let
6= det‘l(yi,a) 1=101,.. 00y
A= .y gy

be such a quantum minor. We consider four cases.

(i) Assume that v = u and that i, < s. It follows from the second assertion of Propo-
sition 8.4 (with [ = u) that 6 = 0. Hence, the quantum minors

detq(Yia) iziy,... i

Q=050

with ¢, < s belong to J,,.

(ii) Assume that 1 < v < w and that 4, > s. Recall that, if 1 < k < u — 1, the
k x k quantum minors of N are non-zero. In particular, (5(m 1ac # 0. Thus, since
tiv.p X tm,a, # 0 (remember that i, > s), it follows from Pr0p051t10n 9.7 that 4§ is
non-zero. Hence, the quantum minors

dety (Vi a) i=i,....i,

Qa=Qt,...,Qy
with 1 < v < w and 4, > s do not belong to J,.

(iii) Assume that 1 < v < w and that i, < s. If a,, = p, then the last column of ¢ is
zero, so that § = 0. Hence, the quantum minors

dety(Yia) i=i,....i.

A= ,..,0y
with 1 < v < wu, i, < s and a, = p belong to J,,.

If o, < p, then, since i, < s < m, 6™V is a v x v quantum minor of N. Thus,
since v < u, we have §(™1dae =£ (. It then follows from Proposition 9.6 that & # 0.
Hence, the quantum minors

dety(Yia) i=i,....i,

A= ,..,0y

with 1 < v < w, i, < s and a, < p do not belong to J,,.
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(iv) Assume that v = 1 and that i, > s. Observe that ¢;, , X ty.qa, # 0 (since i, > s).
Thus, it follows from Proposition 9.1 that § = ¥;, ., # 0. Hence, the quantum
minors

detq(Yia) =i, ..,

A=01,...,Qy

with v =1 and %, > s do not belong to J,,.

We deduce from the above results that .J,, is generated by

(i) the v X v quantum minors with v > u + 1;

(ii) the u X u quantum minors of the matrix obtained from ) by deleting the rows
s+1,...,m;

(iii) the v x v quantum minors with 1 < v < u, o, = p and 4, < s.

Denote by L, the two-sided ideal in R generated by the (u + 1) x (u + 1) quantum
minors of ), by the u X u quantum minors of the matrix obtained from )’ by deleting the
rows s+1,...,m and by Y7 ,,...,Y; . The above results show that L,, C .J,,. Since the
v X v quantum minors with v > u+ 1 are left linear combinations (with coefficients in R)
of (u+1) x (u+1) quantum minors, and since the v x v quantum minors with 1 < v < w,
o, = p and i, < s are left linear combinations of Y7 5, ..., Y p, we have J,, C L,,. Hence
Jw = Ly, and the proof is complete. (|

10.3. The case w = ([1,m —u] X [1,p — u]) U ([1,s] X {p}) (u>s>1)

An immediate corollary of Theorem 10.4 is the following result.

Corollary 10.5. Assume that m and p are greater than or equal to 3 and let u and
s be two integers such that 1 < s < u < inf(m —1,p—1). Set w = ([1,m —u] x [1,p —
ul]) U ([1, 8] x {p}). Then w belongs to W and .J,, is generated by

(1) the (u+1) x (u+ 1) quantum minors of Y;

(2) Yl,;m s 7}/s,p~

The following result can be easily deduced from Corollary 10.5 (with u > 2 and s = 1).

Corollary 10.6. Assume that m and p are greater than or equal to 3 and let u €
[2,inf(m—1,p—1)]. The two-sided ideal in R generated by the (u+1) x (u+1) quantum
minors of Y and by Y1 , is (completely) prime.

Remark 10.7. Corollary 10.6 allowed Lenagan and Rigal [11] to show that the quan-
tum determinantal factor rings of Oq(M,, ,(C)) are maximal orders.
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