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Abstract

If a linear operator A in a Banach space satisfies certain conditions, then the spectrum of
any almost periodic solution of the differential equation «' = Au + f is shown to be identical
with the spectrum of/, where / i s a Stepanov almost psriodic function.

Suppose X is a Banach space and J is the interval — oo < t < oo. A con-
tinuous function f:J->Xis said to be (Bochner or strongly) almost periodic if,
given e > 0, there is a positive real number / = /(e) such that any interval of
the real line of length / contains at least one point T for which

(1.1)

For 1 j£ p < oo, a function feLp
loc(J; X) is said to be Stepanov almost peri-

odic or Sp-almost periodic if, given e > 0, there exists a positive real number
t = (f(e) such that any interval of the real line of length £ contains at least one
point T for which

r /•< + ! "|l/p
(1.2) sup \\f(s + x)-f(s)\\"ds\ ^ e .

It is known that, for an Sp-almost periodic X-valued function f(t) and a real
number X, the mean value

a'/(0) = lim ^ fV'*/(0£fc
T-.00 i Jo

(1.3)

exists in X and is different from the null element 9 of X for at most a countable
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set {An}« ^ 1, called the spectrum of/(f) (see Theorem 9, page 79, Amerio-Prouse
[1]). We denote by a{f{i)) the spectrum of f(t).

Our main result is as follows.

THEOREM 1. Suppose A is a closed linear operator with domain D(A) in a
Banach space X, (iX — A)~l exists for all real 1, and f:J -> X is an S"-almost
periodic continuous function with 1 | p < oo . / / a continuously differentiate
function u: J -> D(A) is an almost periodic solution of the differential equation

(1.4) u'(t) = Au(t)+f(t) on J,

then O(H(0) = O ( / ( 0 ) .

2. Proof of Theorem 1

We have

•i fe-'uu\t)dt = -I f e - V o ] ^ % fTe~iXtuJ Jo 1 L Jo 1 Jo
u'«(0) as 7"->oo.

By (1.4) and (2.1), since A is a closed linear operator,

lim -^ f e~"^«(0«fr = "m ^ / i - ( e-
atu{t)di)

(2T\ r-><c ^ Jo T-KB \* Jo

= am{e'mu{t)) - m(e'a'f(t)).

So, again by the closedness of the operator A, since

lim 1 I e-atu{t)dt = mfe-'VO)
T->» 1 JO

exists in X , we have

,m(e~atu(t))eD(A) and

Um(c""'u(0) = iAm(e""'«(0) - m(e~iXtf(t)).
Hence

(U - A)m(e-U'u(t)) = m{e-

By our hypothesis, the operator (r'A — y4) is 1 — 1 for all real A. So it follows that

(2.4) m(e~u'u(0) = 0 if and only if m(e~iA'/(O) = 0,

which completes the proof of the theorem.

3. Now we establish the following result

THEOREM 2. Let B be a bounded linear operator in a Banach space X such
that
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(3.1) ||e'B|| g eMfor some a < 0 and all t ^ 0 .

Further, let g: J' -* X be an Sp-almost periodic continuous function with 1 g p
< oo. Then the differential equation

(3.2) v'(t) = Bv(t) + g(t) on J

has a unique almost periodic solution v(t). Moreover, we have a(v(t)) = a(g(t)).

PROOF. Since the Sp-almost periodicity of g implies the Sl-almost periodicity
of g, it is sufficient to consider the case p = 1. The proof of the uniqueness and
existence of an almost periodic solution v(t) of the differential equation (3.2) given
by Zaidman [3] for p = 2 in a Hilbert space goes through for p = 1 in any Banach
space, with some minor modifications and by replacing the Cauchy-Schwarz in-
equality (wherever it occurs) by the corresponding Holder's inequality for p = 1
and q = oo.

Further, by (3.1), we have

(3.3) Hi

Therefore, by Theorem 11, p. 622, Dunford-Schwartz [2], the whole imaginary
axis {iX}Xsj is contained in the resolvent set p{B) of B. Consequently, by Theo-
rem 1, a{v{t)) = a(g(t)).
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