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exponents and multiple Hardy terms. Using variational methods and analytic techniques, the existence
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1. Introduction

We consider the following quasilinear elliptic problem:

*(g)— 1 (o) —
Z/\up Sy Zujup()l eRY
| |p | '|S | b‘s ' x ’
T —a; = lr—a oo le—b (1.1)

u >0 in RY \{al,ag,...,ak,bl,bg,...,bl},

whereai,bjERN,N23,1<p<N,k,m,l>O,k>m,0<s<p,/\i<5\::
((pr)/p)pv vi 20, My 20,1=12,...,kj=12,...,1 andp*(s) :p(N*S)/(N*p)
is the critical Hardy—Sobolev exponent. Without loss of generality, we assume that a; # b;
for any i € {1,2,...,k} and j € {1,2,...,l}. K = 0, m = 0 or [ = 0 means that the
corresponding sum term vanishes.

Problem (1.1) is related to the following Hardy—Sobolev inequality [1]:

|u|p* (s) p/p”(s)
(/ da:) SC'/ |VulPdz  VYu € CP(RY), a € RY. (1.2)
R RN

N |z —al®
If s = p, then p*(s) = p and the Hardy inequality holds [11]:
p 1
/ de < f/ |VulPde VYu € C(RY), a € RY,
RN |$ — a|p A RN

where A\ = ((N — p)/p)? is the best Hardy constant.
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In this paper the space D'?(RY) denotes the completion of C$°(RY) with respect to

the norm
1/p
Jull = llullproan == ( / |Vu|pda:) |
]RN

The function v € DVP(RY) is said to be a solution of problem (1.1) if u > 0 satisfies

uP (=1,

-1 m p*(s)—1y,
VulP2VuVy — YN T o e dz =0
[, (1w Z| S 2 ar Z PR A

for all v € DVP(RY). By the standard elliptic regularity argument, the solution u satisfies
u e Cl’a(RN \ {ah as,...,Qk,b1,b9,. .., bl})

In recent years, much attention has been paid to the singular problems involving the
Hardy and the Hardy—Sobolev inequalities (see, for example, [1-14] and [17-19] and ref-
erences therein). Many results were obtained, providing greater insight into these prob-
lems. Stimulated by these publications, we will study problem (1.1) in this paper.

For 0 < s < p, —00 < A < X and a € RY, by the Hardy inequality and the Hardy—
Sobolev inequality we can define the best constant S(A) = S(A,p, s) as

(IVulP = AulP/|z — al?)d
sye e Jex(VEP A/ o) da "
ueD1P(®RN\(0} ([ [ulP”(®) /| — al* da)p/P ()

Note that the constant S(A) is independent of the singular point a.

A challenging problem related to (1.1) and (1.3) is to investigate the extremal functions
by which the best constant S()) is achieved. Here we recall the result in [13], where the
following limiting problem was investigated for A € [0, A):

p—1 p(s)-1
—Apu— A i = in RV \ {a},
|t —alp |z —al® (1.4)

ue€ DYPRY), uw>0in RV \ {a}.

The author proved that for 0 < A < A, 1 <p < N and 0 < s < p the problem (1.4) has
radially symmetric ground states

Ve (x) = 0N (x - a> S SV <9«°;a> Ve>0  (L5)

that satisfy

| ()P Vg e (@) ) (8
/RN <VI/},§’7,\76(33)|P Iwalp) de = /RN %dx — S/ (),
(1.6)
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The function U,  is the unique radial solution of (1.4) satisfying

N — s)(\ — \) /@ ()=p)
Up7)\(]~): <( 5)( )) ,
N-p
Jim 0@ = €1 >0, lim 2 UL ()] = Cra(d) 20,
(1.7)
T‘HTDO PN, A (r) = Cy > 0, T‘ETDO PP (r)| = Cob(A) > 0,

where C; and Cs are positive constants depending on A, p and N, and a(\) and b(\) are
zeros of the function

f&) =@-1t" = (N=p)t" + X, =0, (1.8)

that satisfy

N —
0<a() <d<b(), = b (1.9)

Furthermore, there exist positive constants C3(A) and Cy(A) such that
0 < Cy(A) < Upa(@)(Ja|*N7 4 [P N/0) < Cy(N). (1.10)

When A = 0 in (1.3), the best constant S(0) is achieved by the following explicit
extremal functions [9]:

r—a

3

)

x—a (p—35)/(p—1)\(P—N)/(p—s)
Vpoel() = s@N)/PUp,O( - ) — Cyelr—N)/p (1 n )

(1.11)
where Cs > 0 is a particular constant and € > 0 is an arbitrary constant.
The above results are useful and crucial for the study of problem (1.1).
In this paper we need the following assumptions, where in the case when k = 0,
m = 0 or [ = 0 we just mean that the corresponding terms vanish and the corresponding
assumptions in (H1)—(Hr7) are trivially satisfied.

(H1) 0<Sm <k 0<y <2< < Yme
(Ha) 120,0<p1 <pg < <y

(H3) k > 0, Ay < A2 < --- < Mg and there exists kg € {0,1,2,...,k — 1} such that
Moy O < Aggi1 < Mgz <o < Ay (A = 0if kg = 0) and S35, A\ < A

(Ha) 177 8(0) < (S0 7+ X5y 1) PP OS(E ), S A < 0.
(Hs) """ S () < (S 3 + Xy 1) P/ O O S(TI N, S iy Ai < 0.
(He) 1, """ S(0) <4 DS (A).

(Hz) " DS (Am) < iy 7 5(0).
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Under the above assumptions, the following form Q(u) is well defined:

QW= [ (|W—ix'“p )dx
- Jay i=1 |z — ailp .

From (#s3) and by the Hardy inequality, Q(u) is positive definite:

1 k
Q= (1-5 3 Nl vue DY)

i=ko+1

Then we can define the best constant A = A(p, 8, A1, .« Aoy Y1y« ooy Vs 1y« -« 5 [41):

- Jex (IVul? = 358, Alul?/|e — aif?) da |
weD P RN} (fon (00 vilulP" () /| — a;]s + 2221 i [ulP"(®) /|2 — by| =)/ ()
(1.12)

In this paper, we will investigate the solutions to problem (1.1). Among all possible
solutions of problem (1.1), we are interested in those having the smallest energy, termed
ground states. These solutions minimize the Rayleigh quotient in (1.12). To state clearly
the conclusions of this paper, some notation needs to be explained. For N > max{p?,p+
1} and A\;, A € (0, \) we always set

A=

N —
Bi=b\) =0, =P i=12.  k (1.13)
p
1 _
A = ﬁ(N —p+s)P YN —p—(p—1)s), (1.14)
U T p*(s)\—1/p"(s)
0(N) _C3(’\)</RN @) 2 ”"A|(xl > : (1.15)
_ p*(s)\—1/p"(s)
9(/\)040\)( / [Gpa@)i” 2 ) , (1.16)
RN ||
k s
@jzzm, 1<j<l. (1.17)
i=1
PR PV CIC) L o R %) L P AR T
i i ]|aj—ai|i’5i T ]|aj_ai|pﬁi7 0 SE2SNE .

where kg is defined as in (H3), C3(\) and Cy()) are the constants in (1.9) and b()\;) are
defined as in (1.5)—(1.9) by replacing A with A;, i =1,2,...,k.

The main results of this paper can be summarized in the following theorems. We can
verify that the intervals for A,, in Theorems 1.1 and 1.2 are not empty.

Theorem 1.1. Suppose that N > max{p?,p+ 1} and (H1)—(H5) hold. Assume that
one of the following conditions holds:
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(i) ko=0,k=m=1,1>1;
(i) k=2, m>ko+1,121,0< A, <Ay
(i) k=2, m=ko+ 1,121, \i <A <\, 4, > 0.
Then the infimum in (1.12) is achieved and problem (1.1) has one ground state.

Theorem 1.2. Suppose that N > max{p? p + 1} and (H1)(Hs), (Hs) and (H7)
hold. Assume that one of the following conditions holds:

() ko=0,k=m=1,1>1;
) k=2m=ko+1,m+1>20< A\ <A
(i) >2,m>=ko+1,120, \s <A\ <\, Ay, > 0.
Then the infimum in (1.12) is achieved and problem (1.1) has a ground state.

Theorem 1.3. Suppose that N > max{p*,p+1}, 1 < m < k and [ > 1. Assume that
(H1)—(H4) and (He) hold. Then the infimum in (1.12) is achieved and problem (1.1) has
one ground state.

Theorem 1.4. Suppose that N > max{p? p+ 1} and (Hz2)—(H4) hold. Assume that
one of the following conditions holds:

(i) k20,m=0and!l >2;
(ii) k21, m=0,l=1and ©; > 0.
Then the infimum in (1.12) is achieved. Moreover, problem (1.1) has a ground state.

Remark 1.5. The assumptions (H4) and (Hs) are compatible if we choose suitable
parameters A;,7y; and p;,1 <@ < k,1 < j < [. For the same reason, (H4) and (#sg), or
(Hs) and (H7), can also be compatible. If 1 < m < kg and A, < 0, S(\,) cannot be
achieved. In this case, from Theorem 1.3 we obtain the existence of ground state if (He)
replaces (Hs).

This paper is organized as follows. In §2 we study the Palais—Smale condition by the
concentration compactness principle. In § 3, the asymptotic properties of the extremals
for S(A) are investigated. Section 4 is devoted to the proofs of Theorems 1.1-1.4.

To end this section, we explain some of the notation used in this paper. D~1P(RY) is
the dual space of DMP(RY), L4(RY ||z — a;|™) means the weighted LI(RY) space with
the weight |2 — a;|7. For t > 0, O(g?) denotes any quantity satisfying |O(e?)|/e* < C and
o(e*) means |o(e')|/e! — 0 as e — 0. By o(1) we denote a generic infinitesimal value. In
the following argument, we employ C' to denote the positive constants and omit dz in
integrals for convenience.

https://doi.org/10.1017/50013091508000187 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091508000187

180 D. Kang

2. The Palais—Smale condition

We define the following functional in the space D?(RY):

k

-] (-2

A i i p"(s) L . *(s)
- = (/ MLJF/ ’”‘J) 2.1)
p*(s) \ Jrw~ p |z — ai RN S |z — b,

Note that if u > 0 is a critical point of J, then v = A ® (5)=P)y is a solution of prob-
lem (1.1). To continue, we recall the following standard definition.

Definition 2.1. Let X be a Banach space and let X! be the dual space of X.
The functional I € C'(X,R) is said to satisfy the Palais-Smale condition at level c
(abbreviated to (PS).), if any sequence {u,} C X satisfying I(u,) — ¢ and I'(u,) — 0
in X~ as n — oo contains a subsequence converging strongly in X to a critical point
of I.

We take I = J and X = DVP(RY). The following lemma provides a local Palais—Smale
condition for J.

Lemma 2.2. Suppose that k,m,l > 1 and (H1)—(Hs3) hold. Then the functional J
satisfies (PS). for all ¢ < ¢* with

e (1_ 1 ) AP/ )P (o) )/ " (5)-)
P p*(s)

where

—p/p"(s) k
B*:—min{ —p/P () S(A\), _p/p (S)S <271+Zu3> S<Z)‘l>}
i=1

Proof. Suppose that the sequence {u,} C D*?(RY) satisfies J(u,) — ¢ < ¢* and
J'(u,) — 0in DLP(RN). Then from () it follows that {u,} is a bounded sequence in
DYP(RM). Up to a subsequence and for some uy € D'P(RY) we have u,, — ug weakly in
DYP(RN) u,, — ug almost everywhere in RY, and u,, — ug in L{ (RN, |z — b;|~%) for
all t € [1,p*(s)), j = 1,2,...,1. Then by the concentration compactness theorem [15,16]
and up to a subsequence if necessary, there exist real numbers 74, To;, Va;5 Va;» Wo;,
i=1,2,...,k, j=1,2,...,1, such that the following convergences hold in the sense of

measures:
k l
V[P = dr > |Vuol? + Y 7a,0a, + Y 7,0,
=1 j=1
)\"LL |p A |U0| .
o = g Tl I=12 0k,
7 7
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p"(s) p*(s)
wéd%:w-}y@ﬁa” 2.21,2,...’7’7’},’
|z — a;|® |z — a;® i
Iun‘p*(s) R ‘u0|p*(5) )

Tt T g Tt T=L2

where ¢, is the Dirac mass at x.
To study the concentration at infinity, we set

Too = lim limsup/ |Vu,?,
R |z|>R

—00 n—oo

k
P
Yoo = <Z>‘Z> lim limsup/| [n] ,
i1

B> noo Jigsr TP

m 1 . . |un‘p*(s)
Voo = (Z’yiJrZuj) lim hmsup/ _
i=1 j=1 |z|>R

R—© posoo |J}‘s

Then, by arguments similar to those in [7] and [13], we can verify the following claims.
We omit their proofs.

Claim 2.3. Fori=1,2,...,m, either

SO) >p*<s>/(p*(s>—p>

Ve, =0 or v, >
a; al/(')’iA

Claim 2.4. For j =1,2,...,1, either

5(0) >p*<s>/<p*<s>—p>

wbj:O or wp; = (NjA

Claim 2.5. We claim that either

- Lo NPT gesk 3 NP9/ (9)-)
Voo =0 or Vm><27i+ZMj) (%M) .
i=1 j=1

By (#H1) we deduce that
Y7 S () = min{n; P IS(N), i =12, m},
PP 95(0) = minfp PP S(0), =12, 100

Then from Claims 2.3-2.5 it follows that

¢ = J(uy) Z%u/(un),um +o(1)

11 M P [P
p p(s) RN \ ;] |z — a; = |z — by
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m ‘(s 1 *(s
(gL S £
P p(s) rY o o —ail® o Jev o= bl

m l
1 1
# (5 ) A e+ o )
P p(s) Pt =

From the definition of ¢* it follows that v, = 0, vy, = 0,4 = 1,2,...,m and wy;, = 0,
j=1,2,...,1. Up to a subsequence, we obtain that wu,, — ug in DV?(RY).
Hence, the proof of Lemma 2.2 is completed. (I

Arguing as in Lemma 2.2, we also obtain the following lemmas.

Lemma 2.6. Suppose that m > 1 and | = 0. Then the functional J satisfies (PS). for
all ¢ < ¢}, where

o e (1 ! )A—p/<p*<s>—p>
P p*(s)

i m —p/p*(s) k p*(s)/(p* (s)—p)
x (min {%7#’/” IS (Am), (Z%) S(ZM) }) .
i=1 i=1

Lemma 2.7. Suppose that ! > 1 and m = 0. Then the functional J satisfies (PS). for
all ¢ < c3, where

ch = <1 — *1 )A—p/(p*(S)—p)
P p(s)

. ! —p/p*(s) k p*(s)/(p"(s)—p)
X <min{,ul_p/p (S)S(O),(Z,uj) S(ZAz)}) .
j=1

i=1

3. Asymptotic behaviours of the extremal function

In order to prove Theorems 1.1-1.4, we first establish several lemmas. Consider the
minimizers in (1.3) and set

. z Uy ([P )\
- ca(2) [ S

Then we need to investigate the asymptotic properties of 22 (z) in the case when ¢ — 0.
These properties play an important role in the proofs of Theorems 1.1-1.4.

In addition to the parameters A., B;, A;, 6(A), 8(\) and ©; defined in (1.13)—(1.18),
we use the following notation:

B=b(\) -5, =P
P
é A
/L_ Z ! ; \nga
i 1%~ sl
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AF = (N_pQ)Np_l A — (N_ps)Np—l
PP ’ ()P’
dx
Ors = , =(1,0,...,0) € RV,
» /RN e ¢ )

Lemma 3.1. Suppose & € RV \ {0}, 0 < s < p and N > max{ps,s + 1}. Then as
e — 0" we have

/RNIZTAQU(SI;’F)I;*;S)M IZI /RN 2P ) 4 o) for 0 < A < A**,
/RN m)';() dz > G(A)”*(S>€S|§lnf| +o(e®[lnel) for A= X",
/. ';ﬁ';“ de OO OIS foeine) A=
/RN mﬂa() dz 2 0P ) (65,,) é(())ﬁg +o(e” W) for N <A<\,
/RN mﬂa() dr <O (@,J@igjﬂ +o(e” ) for AT <A< X

Proof. The above estimates can be applied to

|22 (=) [P

d
/RN ot ep

Since p*(s) = p, 0x,s = 6xp and A*™ = A* as s = p, we can obtain the similar estimates
for the above expression just by replacing s, p*(s), dxs and A\** by p, p, dr, and A*,
respectively.

The proof follows a similar line to that in [7]. Here we need to use the property (1.7)
of the parameters a(\) and b(X). Then we have

A|p*(s) Ap™(s) Ap™(s)
/ 2] . d:c:ss/ &gdx—kes/ &gdx. (3.1)
Ry [T+ E]* zl<g/2¢ €T + & z|>¢/2¢ €T +&]*

For the first part, from (1.9) we deduce that

* 1 1
|23 ()P () ( - ) dz
/z<|§|/25 ! lex + &5 [€]*

S

€
; X)/6 b(A)/6\—(N—s 1 1
< e’ (ma( )/ +|a:|()/) (N=s)| _ =~ |dx
jel<lel/22 e+l Il
l€l/2¢ PN=1qp
< CES/
o (raN/8 1 bV /)N =s
— 0P GON=D) L0 ase 0, (3.2)
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where we have employed the following fact: if |z| < |£|/2¢, then there exists some constant
C(&) > 0 depending only on & such that

1 1
ez +£° €0

On the other hand, from (1.9) it also follows that

A|p™(s)
o / L
z|>¢/2¢ €T +E[*
(SBN=aN/3 4 | P =a(N)/8)~(N=s)

< CeP ()X =9) . dz
€[> el/2 |z[#|z — &[P7(=)ald)

) )
-/w—5|2|5|/2, lz[<2[€] lz—€121€1/2; |z[>2[¢]

r@om-a ([ Noa I dr
< Ce (_/0 r dT+_/2|£| T’1+p*(s)(b()‘)6)>

= 0P CN=DY 50 ase — 0. (3.3)

< C(9).

ROV

To proceed, we need to investigate the properties of the function in (1.6):
f(t) = (p - l)tp - (N 7p)tp71 + )‘7 te [07 +OO)

It is easy to verify that f(¢) has a unique minimum at § = (N — p)/p and is increasing
on the interval (4, +00). Since N/p*(s),b(\) € (§,+00), for N > ps and A > 0 we thus

have that
p’fzfs) <b(\) = f(p*‘]zfs)) < f(b(N) =0 <= A<\,
S5t = 1) e =0 = A=
p,fzfs) >b(A) = f(pfz;» > fb(N) =0 <<= A>\"

On the other hand, the equation
(p—1t" = (N =p)t"" 1+ X =0, Ae(0,N),
determines the implicit functions

ti=a(N): (0,0) = (0,8),  t2=bA):(0,)) — (6, Z]\j_p)

By direct calculations we see that
dt 1
AN (p— DN —p—pt)tr=2’

Hence, a()) is strictly increasing on [0, \) and b(])) is strictly decreasing on [0, \).
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(i) If N > ps, 0 < A < A, then b(\) > N/p*(s), p*(s)(b(A) — ) > s and z} €
LP"()(RN). From (3.1)-(3.3) it follows that

S

* 1 € .
AP O de= = [ @ O e ofe?)
/z|<|§|/26 ! lex + & 15 Jiai<ie2e

: / |4 (@) o + o(e®).
RN

TR

Consequently,

|Z?|p*(s) £° / by *
dr = — )P da 4 o(e®).
fo g = g =)
(ii) If N > ps and A = A**, then b(\) = N/p*(s). From (1.9) it follows that
1€1/2¢

ES/ ‘zf‘(q;”p*(s) dx:&_s/ |Zi‘(7‘)|p*(s)rN—1 dr
jal <€l /2¢ A
1€1/2¢e i
= 53/ |zf(7«)|p ($)pN=1 4, 4 O(&*)
1
> 0(\)P et |lne| + O(e%)
= H(A)p*(s)asﬂnd + o(e’|Ine|). (3.4)

From (3.1)—(3.4) it follows that

|22 [P () “(s)€°|Ine| .
< de = 0(\)P ¥ I——= 4 o(e®|lnel).
L ey e o0 OGS o nc)

From (1.9) and by a similar argument we have that

Ap™(s) _ . 5]
/ |Ze| dr < 9()\)1) (5)5 | Il€| —|—O(6S|1n€|).
R

N |.T—|—§|5 = |€|s
(iii) If N > max{ps,s + 1} and A > A**, then b(\) < N/p*(s). From (1.9) it follows
that
/ |z£‘|P*(S? =
Ry |7+ E[°
s—N
> 9()\)[)*(3)/ e Ndz
v [o € (/[P + [a e POV
b(N)—a(N)/é b(N)—a(X)/6y—(N—s
:Q(A)p*(S)sp*(S)ﬁ/ (PN 7aN/E 4 |z — PN =alV/8) = )d:v
RN |z|$|z — €[pr(s)a(n)
b(A)—a(N)/o b(A)—a(N)/d\s—N
- Q(A)”*(s)gp*(s)ﬂ/ (PN 7N/ 4 [ — gV /)N 1
RN |z|*]x — g[pT()aly) |z[5|z — €[ ©P)
. . dz
p*(s)p"(s)B
TN e /RN 2|5 |z — €PN (3.5)
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For a,b > 0 and 7 > 1, the following elementary inequality is well known:
0<(a+b)" —a” <C(a™ 'bo+0b7),

where C'= C(7) > 0 is some constant. From N > s + 1 it follows that

(Eb(k)—a()\)/é + |.T _ g‘b(k)—a(k)/é)s—N 1
25|z — £[p* ()N ]| — €[ p™)
(6N =aN/8 | |5 g[pN=a(N)/8)s=N

|J3‘9|Z‘ _ é‘ p*(8)b(X)

% ((Eb()\)—a(k)/é + |$ _ §|b()\)_a(>\)/6)N_s _ (\m _ gl(b(A)—a(/\))/(S)N—s)

(Eb(A)fa(/\)/J + |17 _ §|b()\)fa()\)/6)st
) 2l = €7 P

% (| — &P =aCN)(N=s=1)/8 b\ —a(N) /5 | g*(s)(bm—a(x)))

o E(b()\)fa()\))/5(gb()\)fa()\)/é + |$ _ £|b()\)fa()\)/6)st
= 2oz — £ PG~ (N—s-1)/3
EP*(S)(b(A)—a(X))(gb(k)—@(/\)/(; + |z — €|b(>\)—a(>\)/5)S—N
* el — €O ) 6o

If ¢ — 0, then it follows that

E(b(/\)—a(>\))/6(€b(>\)—a()\)/5 4 |£C _ §|b(/\)—a(>\)/6)s—N
- [z — £ -G —aO) (N —s-1)/3

< CebN—a(N)/5 / dz
jo—g[>l¢1/2. || <2l¢] [21°
dz
(b(A)—a(N)/5
+Ce /Iar—£|>|£|/2 ol afe| [P RO ) —aG) /(N —7)
L oen-ronoy [ 7 dr
, @R GO)aON(N s D/3(] 4 ) /5)N s

= O(e(?M)=aN)/3)

o(l) ase—0.

By a similar argument we also have

p™()(b(N)—a(N)) (cb(X)—a(N)/s — [PV —a(N)/5ys—N
/ £ (¢ + |z — ¢ ) dz =o0(1) ase—0.
RN

|x|5‘gj — g p*(s)b(X)

From (3.5) and (3.6) we have that

22" (90" de :
dz > (NP ()P ()8 P ()8
/]RN EENIChs (e ey [z]5|z — P (™) +o(e” )
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From (1.9) and by a similar argument we deduce that

|22 |P" () ) (e dx *(s
dz < NP ()ep ()8 P ()8
~/]RN PRSI (e e 7]z — €[ (P0) +o(e” )

On the other hand, the following function () is invariant by rotation:

dz
)= [ o g

Moreover,
p(ng) = P VO (6) = P Bp() Wy >0,
(&) = €177 (€ /1)) = €177 V() = [€]77 6.
Thus, the proof of this lemma is complete. O

4. Proof of the main results

Now we prove Theorems 1.1-1.4. To proceed, some preliminary lemmas are needed.

Lemma 4.1. Suppose that N > max{p? p + 1}, (H1)—(H3) hold and the constants
A« and Ay, are defined as in (1.13)—(1.18). Assume one of the following conditions holds:

() ko=0,k=m=1,1>1;
(i) k=22, m=2ko+1,m+1>220<A, <A

(i) k=2, m>ko+1,12=0, X\ <Ay <A, Ay, > 0.

Then A < %;p/p*(s)S()\m).

Proof. (i) If kg =0,k =m =1 and A\; > 0, we deduce that

P e e B I (L EC RPN 2 BTN

|z —ay[P [P

* l «
R R S e e
o ol L Rl

Then the desired result follows.
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(ii) Suppose that k >

/ <|vz m
RN

D. Kang

2and m > kog+ 1> 1. If e —» 0, from Lemma 3.1 it follows that

Z)‘ |22 |x_az|p)| )

<|Vz (2 — am)|P — A M“‘m) Z / |22 (x — am)[?
" |x—am\1’ i#£m,i=1 RN x_a’l|p
P NNT
<|vz Am|za($)|> /
||P e RN |:E + G, — a2|p
& _z;ﬁ; 1 /RN m
P+ oV) [ 2P 0< A <X
RN
< S(/\m) - 5P|ln€|(/1m + 0(1))7 A = ¥,
(3,p)e" P (A + 0(1)), A < A < A
If m > 2, then we have
i |1‘ - az‘s
_/ 7m|z m(x_a |p (5 +m 1/ x—a'rrb)‘p()
RN |z — am| P |1’—a2|5
m—1 ,y
s i p (s N
g (Z |am _ ai|s ) | m )
S %sunsi( S e >) -
| Qm — G4 |
P (s) " (8)Brm, ok
(O(Am))? "+ (0x,,5)€7 20 (Z |am_a IP DI +0(1)>, Am > A
If I > 1, then it follows that
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l
s Am p*(s) Hj 1 -
= [ (;|am_bj|s+0< ) A <A
l
> 300 Oenel (3 o), A = A7,
j=1 om0
l
(OAm)P ) (Bx,,5)e?" P (Z i + 0(1)), Am > N,
, = | — by[P"C

As in Lemma 3.1, for N > p+ (p — 1)s we have

An <A = b)) >-(N—p+s) < pB, >s,

=2
\
s}
+
N

A=A = b\, = <~ B, =5,

Am > A = bAn)<-(N—-p+s) <= pb, <s

E\H%\Hﬁ\r—‘

For 0 < s < p and N > p?, since b(\*) = N/p, b(A.) = (N — p+ s)/p and b(A\**) =
N/p*(s), from the facts that b(\) is strictly decreasing on the interval (9, +o00) and
b(A*) > b(A.) > b(A*), we see that 0 < A* < A\, < A** < .

Suppose that m 2 kg +1, m+1>2, 0< A, < X* and 0 < s < p. Then

|22m (2 — am)|P
A< Aj——————
L (v Z &=l
/ Z%|Z / Zug\z (3 — ap) [P\ PP
g Fr 2 bl

Nzl

S(Am) + CeP) (7 + Ce®)7P/P7 ()
SOm) + CeP)(h(P ) + Cen) !
(

Ifm>ky+1, m+1>2and \,, =\, for € > 0 small we have
A< (S(Ap) + CePlne]) (B[P ) 4 Ce®) ™1 < 4P/ G(N,,).
Ifm+1>2and \* <\, < Ay, then pBy,, > s and A\, < A**. As e = 0 we deduce
A (SOm) + CePPm) (7 4+ Ce*) T <28 (A).
(iii) If A < Ay < X and A, > 0, for £ > 0 small we have
A< PP EIS(N,,).

The proof of this lemma is complete. |
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Lemma 4.2. Suppose that N > max{p? p+1}, (H1)—(Hs3) hold and the constant ©,
is defined as in (1.17). Assume that one of the following conditions is satisfied:

(i) k20,m=20,l>21,m+1>2
(ii)) k21, m=0,l=1 and ©1 > 0.
Then A < ul_p/p*(s)S(O).

Proof. Consider the function

* —1/p*(s)
sy (BN oY
=) [ 0 |

where Uy is the function defined in (1.10). Suppose k > 1. Arguing as in Lemmas 3.1
and 4.1, as € — 0 it follows that

|00 — b / )P
/RN('VZ == b) ZA o—ap ) " Jo \VEE Zﬁxm—am
Z /RN |x—|—bl —az|P

— S(0)— (6, + 0(1))/]R

IR

converges under the assumption N > p?.
On the other hand, if [ > 2 and m > 1, we have

/ Zuﬂz (z = b)) ¢ :/ pulz2(z — by)|”" Z/ |22 (@ = by) [P )
- |£C—b |S RN |£E—bl|s RN \x—b |S
_ ,ul|z ) /‘J‘Z )P
7/RN |96|s Z/]RN |+ b — byl
_ s C My 0 *(s)
= ki 1 P
pte <Z|bzb'|s+0( ))/RN|Zl($)| 5
j=1 7
m ’Yz|250‘(‘r_bl / 0 *(S)
1 p
/]RN Z |l‘ _ a}i‘s Z |bl —a1|s ( ) RN |Zl(x)| 9

where the integral

where the integral

converges under the assumption N > p2.

https://doi.org/10.1017/50013091508000187 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091508000187

Quasilinear elliptic problems 191

(i) For € > 0 small we have
‘Z x—bl |p
A< N
[ (w2 wp Z/\ by
/ Z%lz (z—by) / ZM]\Z (z—by)P *(s) \—P/P"(s)
R |z — ail* |z — bjs

N?,l

< (S(0) + CeP)(u + C’as)*”/”*(s)
< (S(0) + CeP) (/P ) 4 Ce®)
M;P/P* (S)S(O)

(ii) In this case, arguing as above we deduce that

|Z (z —b)P / pa]22(x — by)|P ")\ PP
/RN ('W 7= bl ZA wal )\ S Jrobl

< N—P/p*(s)(s( 0) — Ce?(O1 + o(1)))
< —p/p” (S)S( 0).

A

N

Thus, the proof of this lemma is complete. O

Proof of Theorem 1.1. Let {u,} C DVP(RY) be a minimizing sequence for the best
constant A. By the homogeneity of the quotient (1.12) we can assume that

¥i e
=1.
Z/RN Bt Z/RN FErne

From Ekeland’s variational principle we can assume that the sequence has the Palais—
Smale property:

i |ug,
ofll) = [ 1Vunl” Qvum_z [

Z/ 'Yz|un‘p (=240 Z/ Hilunl? 2y,
RN |z — a;|® RN |z — b;]°

holds for all v € D*?(RY). Consequently,

T(wn) =0, J(un) — (; - p*l(s)>,4

From the assumptions (H1)—(#Hs) and by Lemmas 4.1 and 4.2 we have

L\
A<B*:min{7;P/P*<S>S(A ), 1 PP 5(0) (Z% > u ) S(
j=1

ol
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Consequently,
A< Afp/(p*(S)*p)(B*)p*(S)/(p*(S)*p).

By Lemma 2.2 we conclude that {u,} has a subsequence converging strongly to some

ug € H. Furthermore,
1 1
J(ug) = - — A
(o) (p p*(8)>

Thus, ug achieves the infimum in (1.12). From the fact that J(ug) = J(|ugl), it follows
that |u| is also a minimizer in (1.12) and therefore vy = A/ (" (5)=P)|y| is a non-negative
solution of problem (1.1). By the maximum principle [20], we have that vy > 0 in
RN \ {al,ag,. . .,ak,bl,bz, .. .,bl}.

The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. According to Lemmas 2.2, 2.6 and 4.1, the proof is similar
to that of Theorem 1.1. We omit the details. ]

Proof of Theorems 1.3 and 1.4. From Lemmas 2.2, 2.7 and 4.2 and arguing as in
the proof of Theorem 1.1, the desired result follows. O
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