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AN ASYFPTOTIC THEOREM FOR
ABSTRACT DIFFERENTIAL EQUATIONS

GASTON MANDATA N’GUEREKATA

In this paper, we prove the existence of a continuous one-to-one
correspondence between bounded solutions of the equation
x'(t) = Ax(t) + b(t) which belong to a certain subclass L+ of

Cg(R;X) and bounded mild solutions of the equation

x'(t) = Ax(t) + b(t) + f(t,x(t)) of the form u(f) = ¢(L) + v(t) ,
with ¢(t) € L+ and lim Y(¢t) = 06 .

o0

1. Let X Dbe a Banach space with norm I+l and CZ(R;X) the Banach

space of continuous and bounded functions: R + X with norm ”-"0 . Then
consider the following classes of functions:

L+ is a subclass of functions in CZ(R;X) with the unique property:

€ € .
¢l + ¢2 L+ for every ¢l'¢2 L+

8(R+;X) is the class of continuous functions ¢:R+ -+ X such that
lim ¢(t) = 6
£t

Q
B(R+;X) is the class of functions u:R’ > X with the property that

o
there exist ¢ € L+ and ¢ € C(R+;X) such that u(t) = ¢(¢) + P(t) ,

t € R*

Now consider the differential equations in X :
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(1) x'(t) = Ax(t) + b(t) , t E€R
(2) x'(t) = Ax(t) +b(t) + f(t,x(t)) , t €R
and the following assumptions:
(i) the closed linear operator A with domain D(4) dense in X
is the infinitesimal generator of a strongly continuous one-
parameter group T(t) such that T(t)x € L+ for each x € X .
(ii) b : R > X is continuous and b(t) € L+ .
(iii) f : R x X > X 1is continuous in ¢ and x jointly and
brt,o)-FE. )l < Litylz-yl , for every t € R and z,y € X ;

J N, e)ldt < « and M f L(t)ydt <1 , where M = sup IT(£)] < = .
0 0 teR

Now a mild solution of equation (2) is (by definition) a continuous function

x : R > X with the integral representation

t
x(t) = T(t)x(0) + J T(t-0) (b(o) + flo,x(o)))do , t € R .
o

(the integral is considered in Bochner's sense). Our theorem below is
inspired by a result of Coppel (see []] proposition 3, p. 35 or (2]
theorem 9.5) on almost periodic solutions of exponentially dichotomic
equations in R” , but it is not a direct generalisation of Coppel's

result.
2. THEOREM. Suppose every bounded solution of (1) is in L+ ; then

there exists a continuous one-to-one correspondence between bounded

solutions of (1) and bounded mild solutions of (2). Moreover every bounded
0

mild solution of (2) restricted to RY is in B(R+;X).

Proof. consider the map S : Cg(R;X) > Cg(R;X) defined by
t
Sx(t) = J T(t-0)flo,x{o))do , t €ER .
o

This is well-defined on CZ(R;X) since
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t
lsx(t)l < M f I f(o,x(0))do
o

N

t t
M (I 1f(o,2(0)) - flo,8)ldo + [ llf(o,e)“do)
[ 0

N

(t t
M (J Lio)lx(o)ldo + J Hf(o,e)ﬂdo)
o o

< M(K f L(c)do + J llf(o,e)lld>
0 0
where K = "x"o = sup lx(£)] . Moreover S is a strict contraction
t€R

pecause of the following inequality

t
Isz(t) -Sy )l = Hf T(t-0) (f{o,x(0)) - flo,y(c)))do
o

o

<M - "x—yﬂo . f L(o)do .
0

00

and the assumption C = M JOL(o)dc <1 . Now let z(t) be a bounded

solution of (1) and consider the map F : Cg(R;X) +'CZ(R;X) defined by
Fx(t) = z2(t) + Sx(t)

Then F 1is also a strict contraction; therefore F possesses a unique

fixed point u(t) which satisfies
u(t) = z2(t) + Su(¢t) , t€R,

that is
t

(3) u(t) = T(Hu(o) + I T(t-0) (b(o) + flo,u(o)))do
o

because u(0) = z(0)

We see u(f) 1is a mild solution of (2). It is bounded as the sum of

two bounded functions.

On another hand, if u(f) is a bounded mild solution (2), it has the

t
representation (3) and if weput z(t) = T(£)u(0) + J T(t-o)b(o)do , which
o
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implies 2(0) = u(0) , then z(t) = u(t) - Su(t) , and 2(£) is a bounded

solution of (1).

Now the map 3 * u satisfies the following inequalities

1
My -l < —=——1fz -1
(4) “U17%200 T 12 B17Ra00
and
lg -z I < -
(5) 2=zl < (l+c)ﬂul uzﬂo .

Therefore it is a continuous one-to-one correspondence. Finally, let us

. , . . +
show that every bounded mild solution u(%t) of (2) restricted to R is

o
in B(R;X)
We have

t
u(t) = z(&) + ( T(t-0)flo,ulc))ds , t =0
o

with z(¢t) € L .
+

Moreover, we can prove the existence in X of the improper integral

CO
J T(-0)f(o,u(0))do Dbecause it satisfies the inequality
0

00 00

"f T(o)f(o,ulo))doll < M(Kf L(o)do + I ||f(o,6)||do>
0 0 0

Therefore the function R - X defined by

o0 00

f T(t-o) flo,ulo))do = T(t)f T(-0) f(o,ulo))do
0 0

belongs to L+ .

Also it is easy to prove that J T(t-0)f(o,u(o))do exists in X for
t

every ¢t > 0 . And we have

00

Uf T(t-0) flo,ulo))dsl < M<Kf L(o)do + J "f(c,O)"do),
t t t

which shows 1im [ T(t-o)f(o,u(c))do = 6 . We have proved
t

tro

o0

2]
ult) = z(t)y + [OT(t—o)f(O,u(o))do - JOT(t—O)f(c,u(c))do € B(R+;X) .0

0
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Remark 1. L, contains the class of almost automorphic functions:
o + . .
R - X and consequently B(R ;X) contains the class of asymptotically

automorphic functions: RV > x (see [4] and [5] for this concept). 1In
this case, our theorem gives conditions for bounded mild solutions of
equations of the form (2) to remain almost automorphic as ¢ goes to
infinity, provided bounded solutions of equation (1) are also almost

automorphic.

Remark 2. The technique used here can be applied to many problems

of asymptotic stability. For example, if we consider equation (1) with

{e.]
+ . .
Ioub(t)“dt < @ , then every solution of (1) restricted to R is in

o
B(R+;X) . This gives a simple generalisation of Zaidman's result ([6]

theorem 1) and is also closed to Lemma 1 ([3]).
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