Proceedings of the Edinburgh Mathematical Society (1996) 39, 115-118 ©

THE DECOMPOSITION OF ARTINIAN MODULES OVER
HYPER-(CYCLIC OR FINITE) GROUPS
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If G is a hyperfinite locally soluble group and A an artinian ZG-module then Zaicev proved that A has an f-
decomposition. For G being a hyper{cyclic or finite) locally soluble group, Z. Y. Duan has shown that any
periodic artinian ZG-module A has an f~decomposition. Here we prove that: if G is a hyper{cyclic or finite)
group, then any artinian ZG-module A has an f~decomposition.
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In 1986, D. 1. Zaicev [7] proved that if G is a hyperfinite locally soluble group, then
any artinian ZG-module A has an f-decomposition. Also in 1991, Z. Y. Duan [2]
proved that any periodic artinian module over a hyper-(cyclic or finite) locally soluble
group has an f-decomposition. In this paper, we consider artinian modules over hyper-
(cyclic or finite) groups and generalize these two results. That is

Theorem. If G is a hyper-(cyclic or finite) group, then any artinian ZG-module A has
an f-decomposition.

Our proof of the above theorem depends on the results in [1] and is similar with that
of Theorem 1 in [2]. First, we prove the following two lemmas which are necessary for
the proof of the theorem.

Lemma 1. Any finitely generated hyper-(cyclic or finite) group is a supersoluble-by-
finite group.

Proof. Let 1=Gy<tG,<9...<1G,=G be an ascending normal series of subgroups of
a finitely generated group G in which each factor Gg, /G is cyclic or finite and
furthermore we may assume that if G4, ,/G, is finite, then there is no subgroup K such
that K is normal in G and G;<K <Gyg,,. Since G/Gyz=1 is clearly a supersoluble-by-
finite group, we may assume that there exists f<a« such that G/G; is supersoluble-by-
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finite but G/G, is not for all y<pB. We claim that f=0. For otherwise, if f—1 exists,
then we consider the following two cases:

(i) Gy/Gg_, is cyclic. Clearly G/G,_, is supersoluble-by-finite, a contradiction.

(i) Gp/Gg_, is finite. If Gg/Gy_; <Cg,_ (Gg/Gpy_,), then Gg/Gy_, is abelian. Since G/Gy
is supersoluble-by-finite, there is an H such that G/H is finite and H/Gj is
supersoluble. By G4/G,;_, being finite and abelian, H/G;_, is polycyclic and so is
residually finite, therefore there is an N with H/N finite and N n Gy=G,_,. Thus
N/Gg_, = NGg/Gy is supersoluble and so G/G,_, is supersoluble-by-finite, a contra-
diction. Thus (Gy/Gg-1) N Cgg,. (Gg/Gp-1)=1. Let K/Gg_; =Cgg,_(Gp/Gp_ ), then
G/K is finite and KN Gy=G,_,. Thus K/Gs_,=KGy/Gy is supersoluble-by-finite
and so is G/G,_,, a contradiction again. Thus f—1 does not exist, i.e. § is a limit
ordinal. Since G/Gy is finitely generated, by [5, p. 403], Gy is finitely generated as a
G-operator group. Let Gz=(x,,...,x,>¢ and since Gg=|J.>4G, so there exist
Y1...Y, such that x;€G,,. Let yo<p such that y;<y, for all i=0,...,n, then x; €G,,
for all i Since G,<G, so Gp=<xy,...,x,0°<(G,>=G,,. Thus G/G;=G/G,,
contrary to the hypothesis for f. Hence f=0 and then the result is proved.

The above lemma is necessary for removing the locally soluble condition and in fact,
the following lemma is the beginning of the proof of the theorem.

Lemma 2. Let G be a hyper-(cyclic or finite) group, B an artinian ZG-module and A a
ZG-submodule of B such that all irreducible ZG-factors of A are infinite. If B/A is finite,
Then B = A® B, for some ZG-submodule B, of B.

Proof. Since A is artinian, it is possible to choose a ZG-submodule B, of B such
that B=A+ B, and for each U<B with B= A4+ U, the intersection AnU and An B,
are equal. We prove that A n B, =0.

Suppose A;=ANB;#0 and assume that G acts faithfully on B,. Since
B/A=~,;B,/A,, then B/A, is finite. Let G,=C4B,/A,), then G, contains a normal
subgroup K of G which is either finite or cyclic. Let H=G, n C4(K), then G/H is finite.
Let 1 #x€eK, then H<C4(x)<G. Consider B,, A, as ZH-modules. By Lemma 3 in [3],
B,(x—1) and Cy,(x) are ZH-submodules of B, and B (x—1)=,4B,/Cy, (). Since A, <A
and all irreducible ZG-factors of A, are infinite, then so are all irreducible ZH-factors of
A,. Since x€ C4(B,/A,), then B,(x—1)< A4, and so B,(x—1)=(B,(x—1))’. On the other
hand, define ¢: B,/A,->B(x—1)/A;(x—1) such that @b+ A4,)=b(x—1)+A4,(x—1),
where be B,. Clearly ¢ is a homomorphism from B,/A, to B,(x—1)/A,(x—1). Since
B,/A, is finite, then B (x—1)/A,(x—1) is finite, contrary to B,(x—1)=(B,(x—1))’. So
By(x—1)=A,(x~1), and then B;=A,+Cp(x). Since B=A+B;=A,+Cp(x)+A=
A+Cpg(x), then ANCy(x)<An B, which is contrary to the choice of B,. So
A n B;=0 and the lemma is proved.

Now we can prove the theorem completely.
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Theorem. If G is a hyper-(cyclic or finite) group, then any artinian ZG-module A has
an f-decomposition.

Proof. Suppose that A does not have an f-decomposition, then we can find a
submodule A4, not having an f~decomposition such that every proper submodule of A4,
does have an f-decomposition. We may assume that A satisfies this condition, ie.,
A=A, and further assume that G acts faithfully on A. It follows that A is not a sum of
proper submodules and so A has a unique maximal submodule M containing every
proper submodule of A. For each ae A— M, {a)®=A. If G were finite, then the abelian
group A would be finitely generated and since A is artinian, then A4 is finite, a
contradiction. So G is infinite.

Let M=M/@M’ be the f-decomposition of M. We consider the following two cases
A/M is finite or infinite. If A/M is finite, then M/ #0. For otherwise, for any irreducible
ZG-factor C/D of A, if C< M, then C/D is finite since M =M7; if C>M, then C=4 and
so D=M since M is the unique maximal submodule of A and C/D is irreducible,
contrary to A# A’. Consider 4/M/. By Lemma 2, A/M/=M/M’@B/M’ for some
ZG-submodule B of A, then A=M + B<M since M contains all proper ZG-submodules
of A, a contradiction. Thus A/M is infinite. Also M7 #0, for otherwise we can get a
contradiction using the same method as above. Considering A/M”, we may assume that
M’ =0 and so M=M",

Let D be a finite ZG-submodule of M and H = Cg(D), then G/H is finite, H contains a
nontrivial infinite cyclic or finite subgroup K normal in G. Let G, =C4(K), then G/G, is
finite. By Corollary 2.2.2 in [1], A/M contains an infinite irreducible ZG-submodule
A¥/M and also by Lemma 224 in [1], A/M =Dr,{A¥/M)s, where S is a subset of
transversal T to G, in G. Thus A/M is a direct sum of finitely many irreducible
ZG,-submodules. Let A/ M=A¥/MBAI/MD ... DA}/M. Let xeK, x#1, then G, =
Ce(K)<Cg(x)<G and so Af(x—1) and C 4(x) are both ZG-submodules of A¥ for each
i. Now we can choose some ie{l,...,n} such that x acts nontrivially on A} For
otherwise, if x acts trivially on A} for each i, then x acts trivially on A, contrary to G
acting trivially on A. For A¥ it is clear that: (a) A does not have an
J(ZG,)-decomposition and C ,(x)# A¥ (b) M is the unique maximal ZG,-submodule of
A¥ with M=M; (c) A¥M is infinite and for each ae A*—M, A*=<(a)d®. Now we
consider the following two cases:

(1) If A{x—1)< A}, then Ax—1)<M. For ¢: a+ M—a(x—1)+M(x—1) (ae A}, we
have AYMZ,; AXx—1)/M(x—1) and Kero=0 or A¥M. If Kerp=0, then
AXx—1)/M(x—1) is an infinite irreducible ZG,-factor of M, a contradiction. So
Kerp=A}/M. That is Ax—1)=M(x—1) and then A¥=M +C ,(x). Since C ,(x)# Af,
then C 4 (x) <M and A¥=M +C ,4(x)=M < A}, a contradiction again.

(2) If AXx—1)=A%, so for ae A¥— M, there exists aoe A¥ such that a=ay(x—1) and
A¥={ad%. Choose a finitely generated subgroup L* of G, such that age{ad™,
D<{a)". Let L={L* x) and A,=<a)", then A, is a finitely generated ZL-module and
L is a finitely generated hyper-(cyclic or finite) group. By Lemma 1, L is a supersoluble-
by-finite group. Thus A, has a ZL-submodule B, of finite index such that D n B; #D by
the residual finiteness of finitely generated abelian-by-polycyclic groups [4]. Consider
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the finite ZL-module A4,/B,. Since G;=CgK)<Cq4(x) and so [G,,x]=1, we have
[L*,x]=1 and then xeZ(L) since L={L* x). Thus A,/B, can be viewed as a
Z{x)-module. Then, by [6], we can get A4,/B,=B/B,®C/B,, where the Z{x}-
submodule B/B, has a Z<{x)-composition series in which each Z{x)-factor is {x)-trivial
and the Z{x)-submodule C/B, has no nonzero Z{x)-factors which are {x)-trivial.
Since (D + B,)/B, is an x-trivial Z{x)-submodule of 4,/B,, so B/B;#0. Thus A,/C is a
nonzero finite Z{x)-module and A,/C=;,,(A,/B,)/(C/B;)= ;(,»B/B, shows that A,/C
has a finite Z{x)-composition series in which each Z{x)-factor is {x)-trivial. Hence
(Ay(x—1)+C)/C=A,(x—1)<A,, where A,=A,/C. But on the other hand, since
A(x—1) is a ZL-module and g, 4,, so

Ay =<adt=<ag(x— 1> =(Cao)(x - N <(4,(x— 1) =A4,(x—1)
a contradiction. This finishes the proof of the theorem.

This paper is directed by the author’s supervisor, Dr. Z. Y. Duan, and the author
would take this opportunity of expressing his deepest gratitude to him for his invaluable
help and encouragement.
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