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Abstract

In this paper we discuss an exponential integrator scheme, based on spatial discretization
and time discretization, for a class of stochastic partial differential equations. We show
that the scheme has a unique stationary distribution whenever the step size is sufficiently
small, and that the weak limit of the stationary distribution of the scheme as the step
size tends to O is in fact the stationary distribution of the corresponding stochastic partial
differential equations.
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1. Introduction

The convergence and the stability of numerical schemes for finite-dimensional stochastic
differential equations (SDEs) have been extensively investigated; see, e.g. [18] and [22]. Nowa-
days, numerical approximate schemes for stochastic partial differential equations (SPDEs) are
also becoming more and more popular. There is extensive literature on strong/weak convergence
of approximate solutions for SPDEs. For instance, under a dissipative condition, Caraballo
and Kloeden [3] showed pathwise convergence of finite-dimensional approximations for a
class of reaction—diffusion equations. Applying the Malliavin calculus approach, Debussche
[7] discussed weak convergence of an implicit Euler scheme for the stochastic heat equation
with multiplicative noise. Greksch and Kloeden [8] investigated time-discretised Galerkin
approximations of parabolic SPDEs through an eigenfunction argument. Gyoéngy [9], [10],
Shardlow [23], and Yoo [25] applied finite element methods to approximate solutions of
parabolic SPDEs driven by space—time white noise. Hausenblas [12], [13] utilized discretization
in time, including implicit Euler, explicit Euler, and Crank—Nicholson schemes, to approximate
quasilinear evolution equations. Higher-order pathwise numerical approximations of SPDEs
with additive noise was considered in [15]. For the Taylor approximations of SPDEs, we refer
the reader to the monograph [16].

There are few results however on the asymptotic behavior of numerical solutions for
infinite-dimensional SPDEs although the counterpart for the finite-dimensional case has been
extensively studied; see, e.g. [22]. In this work we will investigate the long-term behavior
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of a certain numerical scheme for a class of SPDEs. To begin with, we introduce some
notation and, thus, give the framework of our work. Let (H, (-, -)q, || - |lz) be a real separable
Hilbert space. Let idy: H — H be the identity operator, and denote by (L(H), || - ||) and
(Lus(H), |- llgs) the families of bounded linear operators and Hilbert—Schmidt operators from
H into H, respectively. In this paper we consider an SPDE on the real separable Hilbert space
(H, (-, )u, Il - ln) of the form

dX (1) = {AX (1) + b(X (1)} dr + 0o (X (1)) dW (1) )

with initial value X (0) = x € H, where W(t) is an H-valued cylindrical idg-Wiener process
defined on some probability space (€2, ¥, P) with a filtration {ft},>o satlsfymg the usual
conditions, b: H — H is a Lipschitz continuous mapping, o (x) := ¢ + ¢! (x), x € H, such
that 6© € L(H), and 6': H — Lps(H). The interested reader is referred to the classical
book [4] for further details on SPDE:s.

Throughout the paper, we impose the following assumptions.

(H1) (A, D(A)) is a self-adjoint operator on H generating an immediately compact Co-
semigroup {e/4},>0 such that [le’4| < e~ for some o > 0. In this case, by [17,
Theorem 6.26 and Theorem 6.29], —A has a discrete spectrum {A;};>1 such that 0 <
Al <X <--- < A; <--- and lim;_, o A; = 0o with corresponding eigenbasis {e;};>1
of H.

(H2) There exist 6; € (0, 1) and §; € (0, 00) such that f; [[(—A)"1e$400|3¢ds < &) for any
t > 0, where (—A)?! := Zki] AB (ex ® ex) denotes the fractional power of —A.

(H3) There exist L1, Ly > 0 such that

16x) bWl < Lillx—yln,  lo'@)—o'Mlus < Lallx—ylu,  x,y € H.

(H4) There exists y € R such that

2(x — y,b(x) —bOu + llo'x) =o' WMIfEs < —vIx —yIf,  x,yeH.

By [5, Theorem 5.3.1] we know that (H1)-(H3) imply existence and uniqueness of the mild
solution to (1), i.e. there exists a unique H-valued adapted process X (#) with the initial value
x € H such that

t
xu(n =i [

t
e"Ap(X, (s))ds + / ™46 (X, (s)) AW (s). )
0 0

Remark 1. In fact, under (H1), (H3), and fot ||e“‘<70||%S ds < &, for any + > 0 and some
82 > 0, (1) also admits a unique mild solution on H. Condition (H2) is just imposed for
the later numerical analysis. Let 0° = idy, and let Ax := 82x for x € D(A) := H*(0, ) N
H (0, ). Then A is a self-adjoint negative operator and Ae; = —k?ey, k € N, where e &) =
(2/71)1/ 2sinké, £ € [0,m]and k € N. A simple computation shows that

t e} ' 00
] 1
/ I(=A)"e s ds = ) (k> / e s < 2 YR,
0 k=1

0 k=1

Then (H2) holds with §; = § > o2 (k*)?1~! for 6; € (0, {).
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Remark 2. By (H3), it is readily seen that
IbCF + llo'llfs < LA+ Ixl),  x e H, 3)
where L := 2((L3 + L3) v ) with i := [[b(0) |3 + llo' (0)[13g. Moreover, by (H4) we have
20x, b))u + llo ' (o) g
=2(x, b(x) — b)) + llo' (x) — o' (0) I + 2(x, bO))u

+2(a'(x) — 01 (0), 0 (0))us + llo ' O) I3
< —(y—olxlf+2L3+1+e)pue™,  e€(0,1), x€H, )

A

where (T, S)us = Zf-’il(Tei, Se;jyg for S, T € Fus(H).

Before defining the numerical scheme, we need to introduce some further notation. For
anyn € N, let m,,: H — H, := span{eq, ..., e,} be the orthogonal projection, i.e. m,x =
Z?Zl(x, ei)uei, x € H, let A, :=n,A € L(H,), let b, := n,b: H, - H,, and let o, :=
mpo . Hy — Lys(H,). Moreover, throughout the paper, let x,, := m,x for arbitrary x € U,
where U is a bounded subset of H.

Consider the finite-dimensional approximation associated with (1) on H, >~ R”"

dX"(1) = {Ap X" () + bp(X" (1)} dt + 0y, (X" (1)) AW (1), X"(0) = xp. (&)

The spatial approximation (5) is also called the Galerkin approximation of (1). Owing to

n n

T Ax = ﬂnA(Z(x, ei)Hei) = —Z<X,ei)HM€i, x € Hy,

i=1 i=1
it follows that
Apx = Ax, ey =ex, and (x,b,(y))u = (x, b(y))u (6)
for all x, y € H,. By (H3) and the property of n,,, for x, y € H,, we have
1ARGx = 3) 4 bu(x) = by + lloy () = 0, W ifis < 200 + LT + L) [1x =yl

Hence, under (H1) and (H3), (5) admits a unique strong solution {X} (7)};>0 with the starting
point x,, € H,.

Next we introduce the time-discretization scheme for (5). For a step siz_e A € (0, 1) and each
integer k > 0, compute the discrete exponential integrator (EI) scheme Y;’H’A(kA) ~ X )’én (kD)
by setting ¥;>*(0) := x, and forming

YEA((k + DA) 1= e (YA (KA) + by (Y1) A + 0 (V]2 (KA)) AW, (7
where AWy, := W((k 4+ 1)A) — W(kA), and define the continuous EI scheme by

Y)’C’n’A(t) = el Ay, +/

t t
b, (1 s ds [ 60T, (18 50) W),
0 0

®)

where 1p 1= |t/A]A with [#/A] standing for the integer part of 7 /A. It is easy to see from (6)
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and (8) that

Xn Xn

t
PLE@) =AY 4 [T, () ar
N
t
+ / A, (YA () AW (), O <s <t ©)
S

By Y122(0) = ¥*(0), we deduce from (7) and (9) that YJ-% (kA) = V"2 (kA), ie. Y2 (1)
coincides with the discrete EI approximate solution at the grid points.

Remark 3. For finite-dimensional SDEs, the discrete/continuous Euler—Maruyama (EM)
scheme is standard; see, e.g. [20, p. 113]. The roots of constructing schemes (8) and (9)
go back to, e.g. [6] and [19].

For the discrete EI scheme (7), in this paper we are concerned with the following two
questions.

e Given n € N, for what choices of the step size A € (0, 1) does the EI scheme have a
unique stationary distribution?

e Will the stationary distribution of the EI scheme converge weakly to some probability
measure? If so, what is the weak limit probability measure?

In this paper we will give positive answers to these two questions.

It is also worth pointing out that, for the finite-dimensional case, by a Lyapunov—Foster
argument, Yuan and Mao [26] studied the asymptotic stability in distribution of EM numerical
solutions for a class of SDEs, and, by a global attractor approach, Yevik and Zhao [24]
investigated the existence of a stationary distribution of the EM scheme for random dynamical
systems associated with a class of SDEs. Comparing the EI scheme (7) with the EM scheme
for the finite-dimensional case, e.g. [20, p. 113], we note that the explicit EI scheme (7) is based
not only on spatial discretization but also on time discretization. Moreover, in (1), the linear
operator A is generally unbounded, and the diffusion coefficient is not Hilbert—Schmidt, so the
It6 formula does not apply. Therefore, our approaches are different from those in [24] and [26].
Furthermore, using Malliavin calculus, Bréhier [2] discussed the asymptotic behavior of the
invariant measure for an implicit Euler scheme associated with a class of parabolic SPDEs
driven by additive noise, where the drift coefficient is bounded.

The organization of this paper is as follows. In Section 2, for a given n € N and a sufficiently
small step size A € (0, 1), we show that the EI approximate solution {YQA(kA)}kZo, Xy €Hy,
admits a unique stationary distribution under properties (P1) and (P2). In Section 3 we provide
some sufficient conditions such that (P1) and (P2) hold. In the last section we show that the
weak limit of the EI scheme as the step size tends to 0 is in fact the stationary distribution of (1).

2. Stationary distribution for the EI scheme

For fixed integer n € N, arbitrary integer k > 0,and I € B(H,,), define the k-step transition
probability kernel for the discrete EI approximate solution Y. fn’A(kA) by

Py (x, T) i= P(V2 (k) € T),
Following the argument of [26, Theorem 1.2], we deduce the following result.

Lemma 1. It holds that {Y;I’A (kA)}k>0 is a homogeneous Markov process.
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We still need to introduce some additional notation and notions. For a real separable Hilbert
space (K, || - lx), let (K) stand for the collection of all probability measures on K. For
Py, P, € P (K), define the metric dr, as

dp(Py, Pp) := sup
fell

’

/ £ Py (du) — / () Pa(du)
K K

where L := {f: K — R: | f(u) — f(v)| < [lu —vlg and | f(-)| = 1}.

Remark 4. It is known that the weak convergence of probability measures is a metric con-
cept; see, e.g. [14, Proposition 2.5]. In other words, a sequence of probability measures
{Pr}k=1 € P(K) converges weakly to a probability measure Py € £ (K) if and only if
limy o0 dp, (Pg, Py) = 0.

Definition 1. For a given n € N and a given step size A, {Vi2®(kA)}i=0.x,en, is said to
have a stationary distribution 7% € £ (H,) if limy_, o0 dL(]P’Z’A(x,,, ), 72(4)) = 0 forevery
X, € Hy.

Definition 2. For a given n € N and a given step size A, {Y. ;Z’A(kA)}kzo, x,€H, 15 said to have
property (P1) if

sup sup IE||?;Z’A(kA)||% < 00,
k>0 x, €U !

while it is said to have property (P2) if

lim sup E[V]2ka) - V12 ko)|F =0,

k—o00 Xn,yn€U
where U is a bounded subset of H,,.
‘We now state our main result in this section.

Theorem 1. Assume that (P1) and (P2) hold. Then, for a given n € N and a given step size A,
{?;:A(kA)}kZo, x,€H, has a unique stationary distribution amt e P(H,).

Proof. For fixed n € N, we note that H,, >~ R" is finite dimensional, and choose a bounded
subset U € H, such that x,, y, € U. Following the argument used to derive [26, Lemma 2.4
and Lemma 2.6], we deduce that

lim  sup  d(Pp® (i, ), PP (s ) = 0, (10)

k_’ooxn,yneU
and that, invoking Lemma 1, there exists n™% € P(H,) such that
Jlim dy. @740, ), 74 () = 0. (1)

Then the desired assertion follows from (10), (11), and the triangle inequality

dr (P2 (e, ), 72 () < AL (i, ), PER(0, ) + dL (P20, ), 72 ().
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3. Sufficient conditions for properties (P1) and (P2)

To make Theorem 1 more applicable, in this section we give some sufficient conditions for
(P1) and (P2) to hold. In what follows, C > 0 is a generic constant whose values may change
from line to line. For notational simplicity, let

t
72 (1) :=/ el=WADAW (s) and YA = YA — 2R @0).
0

Lemma 2. Under (HI)—-(H3),
E[Y24(0) — YA If < BIAA +EITEAa)IR), 20, (12)

where By := 3{(A2 4+2L) v QL1 + [(=A)~|1281))}.
Proof. Observe from (8) that

t t
VI () = ey, + / e, (Y12 (sp)) ds + / eI (YA (s0)) AW (5). (13)
0 0
Then, by the Holder inequality, the Itd isometry, and (H1), we have
B VA0 — YA Ik

t
< 3{E||<e<”m —idp) Y2 ) I + E / IB(YE2 (sa)) 17 ds
[N

t
+E / ||al(Y;‘,;A<sA>>||%sds}
[N

=:3{01 (1) + L (1) + (1)}. (14)
Recalling the fundamental inequality 1 —e™ <y, y > 0, from (H1) we obtain
4 —idmullf < (1 — e Nl < AnA?ullf, weH,. (15

Thus, we arrive at _
L(t) < A2ATENYEA 1) I (16)
Note that, from the It6 isometry, (H1), and (H2),

t
EIZ"20)lf = /0 e [
t
< /0 I(=A) " (= A" 0 ) s ds

t
< [I(=A)~? f [(—A)?1el =460 24 ds
0

< I(=A)~""),. (17)
Thus, by (3) and (17), it follows that
L) + (1) < AE([bY A ua)If + o' (V22 ) )
<2LA{L+E|VEA0) I + EIZ™2 () IF)
< 2LA{ A+ [(=A) NP8 + EIVEA 1a) 7} (18)
As a result, (12) follows by substituting (16) and (18) into (14).
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Theorem 2. Let (HI)-(H4) hold, and assume further that 2o + y > 0. If A < min{l, Qo +
¥)?/(4p})} then
sup sup E[[Y2(1)IIf < oo, (19)

t>0 x,eU

where

4o —y> - |lda — _
p1:=2+<—' 64’" fof 4 M7 2 y|>ﬁ1+2(1+ﬁ1+x3L>

and U is a bounded subset of H,. Hence, property (P1) holds whenever the step size A is
sufficiently small.

Proof. Note that (13) can be rewritten in the differential form

dYBA @) = (AYLA () 4+ 724, (Y12 (1a)} di + T A0 (Y22 (1)) AW (1) (20)
with Y)ZL’A(O) = x,. For any v > 0, by Itd’s formula, from (20) and (H1), we obtain

EE” 172207
t
< lxlf+E / e {—Qa = V)T A ) If + 2072 (5), 575 4b, (Y12 (s2))) 1
0

+ o (YA (sa)) s ) ds. @21)

Since
IYEAONG = VA IF + 20005 (1a), YA (1) — YA ()

H VA0 = Y02 ) s 22)

it follows from (21) that
EE V22017 < IxIf +E /0 t e (= Qo — MIYEA ) + llo' (Y22 (sa) s
+ 2V (58), DAY (sa))H
—2Qa — V)Y A (sp), YA (s) — Y2 (s0))H
— Qa — V)Y () = Y2 () I
+2(VA(s) — Y2 (sn), bV (5a))H
= 2(Z" 2 (5a)), DY (sa))H

2V (), U —idy)by (Y2 (54)))u) ds.

Xn
This, together with (4), yields
E@” Y 0)7)

t
<lxlfg—Qo+y—e— v)Ef e[|V A (sa) Iy ds
0
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t
+ ]E/ e” {-2Qa — v)(Y;ln’A(sA), Y;;’A(S) - Y;’;A(SA))H
0
— Qo —)[[TEA () — PRIk
+2(VA(s) — Y2 (sa), DY 2 (s2)))m) ds
t
4 OE /O (T (), (5 — idig)by (V]2 () ds
t
+E / e R(L3 + 1+ e e~ = 2(Z" A (s0), B (sp))m
0

—2(y — e)(Z" % (58), Y2 (5o — (v — 11272 (sa) 171} ds

=: J1(t) + Jo(t) + J3(t) + J4(2). (23)

By the elementary inequality 2ab < ka? + bz//c, a,beR,k > 0,and (12), we arrive at
L) <E /0 l e AT A (sp) I + 27 A2 4+ AV Z A (s0) 1
{120 — v +20) ATV 4 20 — [} YA (s) — Y (s) ) ds,
where in the last step we used (3). Combining (12) with (17), we thus obtain
D) < /O e ({24 (120 — v* + 2L + 20 — v]) B} A PRIV () Iy
F {17128 + (12 — v + 2L + 20 — v])B1}A)ds. (24)
On the other hand, we deduce from (3), (15), (17), and (22) that
(1) <E /0 t e APV A (sp)IIf + 28IV A (s) — Y22 (o) Iy
+ ATV eC I — i) b, (YA (sn)) I} ds
< /O e+ B+ M L)AVPEIYEA (sa) I
+2(B1 + 25 L1+ [(=A) ™" *81) a2 ds. (25)
Furthermore, due to (3) and (17), for arbitrary « > 0, we have
Ja(t) <E /0 t e 2L+ 1+ Hue™ + 7 HZ 2 () lIfy + kB (sa)) I

+ 1y — el HZm A o)l + K IYEA)IF + |y — el 22 () I} ds
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< /Ote”{Kz 6T 2Ly — ek Y = eDI(=A) TS
+2(L3 + 1+ e e + (1 +20)kE (Y24 (sp) |1} ds.
In particular, taking ¢ = v = 2« + y)/8 and k = Qa + y)/(4(1 + 2L)) yields
Ja(t) < fo t e (471 Qa + YENYEA (sa) [If; + C) ds. (26)
Substituting (24)—(26) into (23), we deduce that

. d 2 —2p1A2
B |72 ()17) < ||x||%1+Cf e ds — 21 =
0

t
IE/ e ||V A (sp) Iy ds.
0
For A < (2a + ¥)?/(4p}), it is trivial to see that 2a + ¥ — 2p; A2 > 0. Thus, we have

sup sup E(||17;”A(t)||%) < 00.
t>0 x,eU "

Finally, recalling that ?,Z;A(t) = Y;’M’A(t) — Z™2(1), (19) follows from (17).

By an argument similar to that used to prove Theorem 2, we can also derive the following
result which states that solutions of (8) starting from different values will be sufficiently close
as time tends to oo.

Theorem 3. Let the assumptions of Lemma 2 hold. If A < min{1, 2« + )2/ (4,0%)} then

lim sup E[Y]2(1) — YL 2(0)lf =0,

11— 00
Xn,yn€U

where py := 6(13 +L)(2a—y|+1)+3+7L +k£l: + 6)»% and U is a bounded subset of H,,.
Hence, property (P2) holds whenever the step size A is sufficiently small.

4. Weak limit distribution

In Section 3 we gave some sufficient conditions for (7) to have a unique stationary distribution
7% e P(H,) for a fixed n and a sufficiently small step size A € (0, 1). In this section
we proceed to discuss the weak limit behavior of 7% € £ (H,) and answer the following
questions.

e Will the stationary distribution 77”2 (-) converge weakly to some probability measure in
P (H) whenever n — oo and A — 0?

o If yes, what is the weak limit probability measure?

Denote {X(#)};>0, xer by the mild solution of (1) starting from the point x at time ¢ = 0,
which is a homogeneous Markov process. For any subset I' C B(H) and arbitrary ¢ > 0, let
Pi(x,T) :=P(X,(t) e T).

Definition 3. We say that {X,(¢)};>0 xen has a stationary distribution n(-) € P(H) if
lim;— oo dp (P (x, ), 7(-)) = 0.
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To study the limit behavior of 7/ (-), we first give several auxiliary lemmas.

Lemma 3. Let (HI)-(H4) hold, and assume further that 2a + vy > 0. Then the mild solution
{Xx(®)}i>0,xen of (1) has a unique stationary distribution (-) € P (H).

Proof. We note that Bao et al. [1, Theorem 3.1] investigated the stationary distribution of
(1) with o9 = 0, i.e. the diffusion coefficient there is a Hilbert—-Schmidt operator. For o9 # 0,
note that o is not Hilbert—Schmidt. Therefore, [1, Theorem 3.1] does not apply to (1). Let

t
Z(1) :=f 9604w (s) and X, (1) := X () — Z(1).
0

Then (1) can be rewritten in the form
dX, (1) = {AX, (1) + b(X ()} df + o' (X, (1)) AW (2). 27

To be precise, (27) is first meant in the mild sense. But, under (H1)-(H3), it also has a unique
variation solution, and, therefore, the Itd formula applies to || X (r) ||12{. By arguments similar
to those used in the proofs of Theorem 2 and Theorem 3, respectively, for some bounded subset
U C H, we deduce that

sup sup E|| X (t)||12{ < 00 (28)

t>0 xeU

and
lim sup E||X,() — Xy(f)||12{ =0.
11— 00

x,yeU
Then, following the argument used in [1, Proof of Theorem 3.1], we obtain the desired assertion.

Lemma 4. Let (HI) and (H2) hold, and assume further that there exist 5 > 0 and 6, € (0, 1)
such that

A
f les2o0)3g ds < 8,0, (29)
0
Then
supE|Z(1) — Z(tp)|Ify < CANN, (30)

>0
where C > 0 is a constant independent of A.

Proof. Recall from [21, Theorem 6.13] that there exists C1 > 0 such that
I=A e < e, (=A=' < Crr*2, 31)
for arbitrary oy > 0 and o € [0, 1], and that
(—A)B Ty = (—A)P (—A)™x, x € D((=A)), (32)

for any a3, a4 € R, where y := max{as, a4, @3 + a4}. In light of the independent increment
of the Wiener process and Itd’s isometry,

_ _ 17N t
E|Z(t) — Z(tp)|f = / [~ —idy)e2 94602  ds + / e"=9460|1 2 ds.
0 7N
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This, combining (H2), (29), and (31) with (32), yields
_ _ Ia
EIZ(t) — Zan) | < / [(=A) 4 —idy)||? - (= A)e 279460 Fq ds
0
A A _02
+ /0 lle’?o” |lig ds
< (C381 + 82) A%,

completing the proof.

Remark 5. Let 0¥ = idy, and let A be the Laplace operator defined in Remark 1. A straight-
forward computation shows that

a | 2
/ le* s ds = 5 ) 5 (1 =24, (33)
0 k=1
Recall that, for arbitrary § € (0, 1) and x, y > 0,
le™ —e ™ < |x — yI°. (34)
It then follows from (33) and (34) that

4 A2 §—1 A6 - 1
s - —
/0 let4 )3 ds < 2571A Zkz(w).
k=1
Hence, (29) holds with 8, = 2571 3°%2 1/k*1=9 and 6, = § € (0, 3).
Lemma 5. Let the assumptions of Lemma 3 hold, and let
Ti=a 'L + Q)" %L, € (0, 1). (35)

Then

SUpE| X, (1) — Y2 (01 < Clagy NP 4 p01102,

t>0
where C > Q0 is a constant dependent on x € H but independent of n and A.

Proof. By (3) and (28), it follows that

sup E[Ib(X, ()1 + sugEnol(xx(r))n%{s <C. (36)

>0 1>

Note that (E|| - ”12-1)1/ 2 is a norm and recall from [11, Theorem 202] the Minkowski integral

inequality,
t
<]E / F(s)ds
0
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where F: [0, 00) x 2 — R is measurable and locally integrable. Then, applying the Itd
isometry and using (H1), we obtain, from (2),

El X (t) — X ()3

< [le"aM el — 1)x|ly

7N
b [ @I b o) 1 ds
0
tA 12
+ ( / Efle™ e~ —idu)o! (X< () s ds>
0

t t 1/2
+ / Eb(X ()T ds + ( / Eno‘(Xx(s))nﬁsds)
7N

N

=: F1(t) + F2(1) + F3(1) + Fa(t) + F5(1). (37

Let p := (61 A 62)/2. In view of (31), (32), (H1), and the boundedness of (—A)~1 =7/ we
have

Fi(t) = [|(=A)~1=P/2elad (— A)=P/2{e=IA _idy)(—A)x I
< ClI=A) T2 2 Ax |f A%,

Also, by (31) and (32), from (36), we obtain, ford e ©, 1),

5 A » - A » - 1/2
Z Fi(t) < CAY2 4 CAP / (Bs) Pe=@0=0s g5 4 CAP (/ (Bs)"2Pe~20(=0)s ds> )
=2 0 0

(33)
Observe that
[N - - 00 ~
/ s Pe™@U=0s g5 < (a(1 — 9))”*1/ sPe S ds = (a(1 — 0)P'T(1 — p),
0 0
and, similarly,
17N - ~
/ s72Pem20(0=05 g5 < (20(1 — 6))*P7IT (1 — 2p),
0
where I'(-) is the gamma function. Hence,
4
Z Fi(t) < CAO1N82)/2
k=2
This, together with the estimate of Fj(¢), gives
sup B[ X (1) — X (1) llfy < CAM®.
t>0
Noting that X, (1) = X (t) — Z(t) and utilizing (30), we have
sup B[ X, (1) — X (1) lfy < CAMN2, (39)

t>0
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Since

IGdy — ) (—A) M ullfy < 2,2 ullfy,  ueH,
we arrive at
llGidy — ) (—A) )12 < 2,20 (40)
By virtue of the Itd isometry, (H2), (40), (31), and (32), it follows that
t
ENZ(t) — Z™*(0)|1F < 2)(dy — 7,) (—A) "2 / I(—A)"1e* 400 3q ds
0

t
+CaM /0 I(=A)"es 40 |fs ds
< COL + A%, (41)
Following the argument used to obtain (37), we have

E| X (1) — Y2032

Xn

tA :
< le’”(idu — mx)x|lu

t
+ / le=94 (idy — ) IENB(X () IIFH) /2 ds
0
t 1/2
+ ( / le"94 (dy — ) IEllo ! (X1 (s)) s ds)
0
t
+ /0 e DA E by (X2 () — b (Xx(sa)) IF) "/ ds
t 1/2
+ ( /0 e 12 Ello,) (X (5)) — o, (X2 (5a) 11 ds)
t
+ /0 A (Bl (X (58)) — b (Y22 (s)) )2 d
t 1/2
+ ( /0 e D42 Ello,s (Xx(sa)) — 0 (Y2 (s2)) s ds)
t
+ / e~ 4 idy — eSO E bV (sa)lIF)/? ds
0

t 1/2
+ (/ e 4 idy — eC YR o' (VA (s4) I dS)
0

9
=" G,w. (42)
i=1
A straightforward computation shows that
o
le' (dy — mullfy = Y e P (u,e)f.  ueH.
i=n+1
This further gives
e (idp — ) |1* < &7 (43)
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and
o e 2l 2 12 1
Gi(1) < ( > —7h <x,ei>H) <4, AxIIn (44)
i=n+1 i

by recalling that {A;};>1 is a nondecreasing sequence. By (36) and (43), we have

3 t t 1/2
Y Gin=c / e~ (idy — )| ds + C( / e~ dy — )12 ds)
0 0

i=2
t t 1/2
< C/ e M=) g5 4 C(/ e Zhn(t=s) ds)
0 0

<co; +,17). (45)

Taking (H1), (H3), and (39) into account gives
Ga(t) + Gs5(1) < CAND2, (46)
Next, note from (H1) and (H3) that

Go(1) + G7(1)
<o ! sup (Elb(Xx(s8)) — bY22(sa)) )

0<s<t

+ Q2a) 12 sup (Ello' (X (sa)) — o (Y22 o) If) 2

Xn
0<s<t

<t sup E[X:(s) = YA + 7 sup EIZ(s) — 222, @)

0<s<t O=s=t
where 7 € (0, 1) is defined by (35). Following the argument used to obtain (38), we have
Gg(t) + Go(t) < CAO10)/2 (48)
Substituting (44)—(48) into (42) yields

sup(E[| X, (1) — P20 132 < c (0, V? 4 A019)/2)

Xn
t>0

due to T € (0, 1). Consequently, the desired assertion follows from (41).

Theorem 4. Assume that (HI)-(H4), (29), and (35) hold. Then there exists a 1\, such that
lim; o0 A, = 0 and

lim dp(z™% (), 7(-)) = 0.

n—oo

Proof. Fix x € H, and let ¢ > 0 be arbitrary. By Lemma 5, there exist a sufficiently large
n € Nand a A, sufficiently small such that

dL(Pez (6, ) PP (g, ) < e
For the previous 7 € N, by Theorem 1, there exist a sufficiently small A, and T} > 0 such that

AL (P} 2" (xn, ), 721 ()) < Le
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whenever k&n > Tj. Furthermore, owing to Lemma 3, there exists 7> > 0 such that
dL(Pr(x, ), w()) < te. =T

LetT :=T; VT, Ay = Ay A A, and k = [T/AL] + 1. Then the desired assertion follows
from the triangle inequality

dp ("2 (), 7()) < dLPra(x, ), 7)) + dLPralx, ), P2 (xn, )
+ dL (P (s ), TR ().

Remark 6. For the finite-dimensional case, finite-time convergence is enough to discuss the
limit of the stationary distribution for the numerical scheme; see, e.g. [20, Theorem 6.23].
For the infinite-dimensional case, we need the uniform convergence of EI scheme (7) to get
the limit behavior of 7”+%, which is quite different from the finite-dimensional case. In fact,
for finite-time convergence of EI scheme (8), condition (35) can be removed by checking the
argument of Lemma 5 and taking the Gronwall inequality into consideration.
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