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Engineering of branched fluidic networks that
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Power minimisation of fluid transport in branched fluidic networks has become
of paramount importance for microfluidics, additive manufacturing and hierarchical
functional materials. For fully developed laminar flow of Newtonian fluids, Murray’s
theory provides a solution for the channel and network dimensions that minimise
power consumption. However, design and optimisation of networks that transport
complex fluids is still challenging. Here, we generalise Murray’s theory towards fluid
rheologies, including non-Newtonian (power-law) and yield-stress fluids (Bingham,
Herschel–Bulkley, Casson). A straightforward graphical approach is presented that
provides the optimal radii in a branching network, and the angles between these branches.
The wall shear stress is found to be uniform over the entire network, and the velocity
profile is self-similar. Furthermore, the effect of non-optimal channel radii on the power
consumption of the network is investigated. Finally, examples illustrate how this approach
applies to a wide variety of systems.
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1. Introduction

Fluidic networks are ubiquitous in biological systems and engineering applications, as
shown in figure 1(a). In biology, these networks are found in e.g. vascular networks
(Murray 1926b; Hutchins, Miner & Boitnott 1976; Lee & Lee 2010), bronchial trees of
the lungs (Hooper 1977; Xu et al. 2016a), and leaf veins of plants (McCulloh, Sperry
& Adler 2003; Gleason et al. 2018). Here, evolution has resulted in fluidic networks
that efficiently transport large amounts of heat or mass, with low dissipation during
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Figure 1. (a) Examples of branched fluidic networks in engineering applications and biological systems.
(b) Radius of the channel Ri in the network as a function of the relative flow rate Qi/Q0 at level i for the networks
corresponding to the examples in (a). Every marker indicates a level in the branching. The error bars indicate
the deviation from the marker (Singhal, Henderson & Horsfield 1973; Gan et al. 1993; Kassab et al. 1993;
Nordsletten et al. 2006; Su et al. 2016; Carvalho et al. 2017; Zheng et al. 2017; Zhao et al. 2018; Skylar-Scott
et al. 2019). Adapted with permission from Skylar-Scott et al. (2019), copyright (2019) The Authors, published
by Springer Nature; and adapted under terms of the CC-BY licence from Zheng et al. (2017), copyright (2017)
The Authors, published by Springer Nature.

fluid transport and limited volumes (Bejan & Lorente 2013). These characteristics are
also desirable for three recent fluidic-based platforms: microfluidics (Whitesides 2006),
including microreactors (Dong et al. 2021), additive manufacturing (Visser et al. 2019),
and functional ‘Murray’ materials in which heat or mass is diffused through the channel
walls to the surrounding material (Sciubba 2016; Zheng et al. 2017). However, the
per-channel throughput of these platforms is intrinsically low, for example because long
reaction times are required in microreactors (Su et al. 2016; Madhawan et al. 2018). The
per-channel flow rate of microfluidic systems can be increased by 1–3 orders of magnitude
by entering the inertial regime (Di Carlo 2009) or by in-air microfluidics (Visser et al.
2018), but even this is insufficient for large-scale use. Paralellisation of these technologies
is therefore required to harvest their full benefit (Holtze 2013; Skylar-Scott et al. 2019;
Dong et al. 2022). For example, in microfluidics, Jeong et al. (2015) achieved scaling
of channels up to 1000× to realise commercial throughput of particle-generating flows.
In additive manufacturing of complex soft-robotic walkers, Skylar-Scott et al. (2019)
achieved direct-write via 128 parallel channels by repeated bifurcation from the main
channel for the ‘ink’ supply. In materials science, reactors for heat or mass exchange
were parallelised both top-down by Dong et al. (2021) (resembling microfluidic chips)
and bottom-up by self-assembly by Zheng et al. (2017) (resembling biological materials).
Upscaling by paralellisation is typically achieved by distributing flow to individual
channels via branched fluidic networks. Figure 1(b) shows that several levels of fluidic
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Engineering of optimised branched fluidic networks

branching were achieved for the aforementioned applications, but also that biological
systems still exhibit a far larger number of branchings. Therefore, further optimisation
of engineered networks may help in realising the enormous application potential of
microfluidics, additive manufacturing, and Murray materials. Similarly, optimised fluidic
networks would benefit upscaling of emerging methods for catalysis (Yi et al. 2022),
carbon capture (Moore et al. 2019), droplet and particle production (Holtze 2013; Yadavali,
Jeong & Lee 2018), three-dimensional (3-D) printing of polymer foams (Visser et al.
2019), artificial arterial networks (Kinstlinger & Miller 2016), and microfluidic blood
oxygenation (Dabaghi et al. 2020). The purpose of this paper is to provide optimisation
tools that are suitable for a broad range of fluid rheologies and readily applicable by
scientists and engineers who design fluidic networks.

Theoretical analyses of fluidic networks, including the present work, are usually
constructed in two steps (Murray 1926b).

First, an expression is derived for the radius of a channel such that power consumption
is minimised for a given flow rate. The key idea is to consider not only the power needed
to maintain the flow, i.e. the product of pressure drop and flow rate, but also to minimise
the channel’s volume by considering the costs introduced by the volume in the channels.
For that, a cost factor α, representing the power per volume needed to maintain the fluid,
is multiplied with the volume and included in the power function. For example, Murray
(1926b) proposed the use of the metabolic energy to maintain blood in the body as a cost
factor. For more details on the cost factor, see § 2.4.

Assuming a laminar flow of an incompressible Newtonian fluid in an artery of
circular cross-section, the cube of the radius R is proportional to the flow rate Q for a
power-optimised channel:

R3

Q
= const. (1.1)

Second, the network is optimised by considering a bifurcation consisting of a parent
channel (index ‘0’) and two daughter channels (indices ‘1’ and ‘2’) (Murray 1926a), as
shown schematically in figures 2(a)–2(c). Employing mass conservation and assuming
incompressibility (Q0 = Q1 + Q2), the radii of the tubes must satisfy

R3
0 = R3

1 + R3
2, (1.2)

if (1.1) is satisfied in all channels.
Murray’s theory for this flow regime has been analysed further by e.g. Murray (1926a,b),

Zamir (1977), Sherman (1981), Kamiya, Togawa & Yamamota (1974), Stephenson et al.
(2015), Oka & Nakai (1987) and Miguel & Rocha (2018), and verified experimentally
by e.g. Rossitti & Löfgren (1993) and Hutchins et al. (1976). In addition, it has been
extended to high turbulent flow of Newtonian fluids by Uylings (1977), Kou et al. (2014)
and Stephenson & Lockerby (2016), and to laminar flow of non-Newtonian (power-law)
fluids (Mayrovitz 1987; Revellin et al. 2009; Miguel & Rocha 2018; Stephenson &
Lockerby 2016). Flow regimes of more complex fluid models – Bingham (Reiner 1926),
Herschel–Bulkley (Herschel & Bulkley 1926) and Casson (Venkatesan et al. 2013) – have
been investigated for single pipe flow (Chhabra & Richardson 2008; Chilton & Stainsby
1998) (figure 2d). Ponalagusamy (2012) explored optimal branching of fluidic networks
containing yield-stress fluids (Bingham and Herschel–Bulkley). Next to channels with
circular cross-sections, channels with elliptical (Tesch 2010) and rectangular (Emerson
& Barber 2012) cross-sections have been introduced, from which it appeared that the
cross-section does not affect Murray’s proportionality, in contrast to the flow regime
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Figure 2. (a) Branching of parent channel into N daughter channels. The location of the branching point x
follows from the analysis and determines the lengths Li of the channels. The grey channels indicate that it
is possible to have many channels that originate from the branching point. (b) Schematic of a single branch.
(c) Schematic of velocity profile of fully developed laminar flow of non-yield-stress fluid in pipe. (d) Schematic
of velocity profile of fully developed laminar flow of yield-stress fluid in pipe. (e) The fluid models as analysed
in this work. The colours are consistent across (c–f ). ( f ) Different fluid models characterised by n and φ. For
the characterisation of Casson-like fluids, see Appendix A.

(i.e. laminar or turbulent), which can change Murray’s cube rule. Other effects, such as the
effect of curved channels (Miguel 2018), pulsating flow (Painter, Edén & Bengtsson 2006),
asymmetric branching (Zamir 1978) and the efficiency difference between bifurcation and
trifurcations (Rosenberg 2020), have been investigated. The state of the art is discussed in
more detail in Revellin et al. (2009), Bejan & Lorente (2006), Miguel (2016) and Xu et al.
(2016b).

Next to the radii of the channels, the location of the branching point x is an important
variable in the optimisation of the network, as it determines the lengths of the channels
for a network with given end points xi, i = 0, 1, . . . ,N (see figure 2a). Mostly, when
theoretically optimising a fluidic network, this is done by Murray’s proposal to minimise
both the power of driving the fluid (minimisation of resistance) and the power to maintain
the fluid (minimisation of volume) (Murray 1926a,b; Uylings 1977). Consequently, x has
to be chosen such that the volume of the channels is minimal. The angles formed between
the parent and daughter channels have gained special attention, and were investigated
for the case of a bifurcation or a symmetric trifurcation, theoretically (Murray 1926a;
Horsfield & Cumming 1967; Kamiya & Togawa 1972; Uylings 1977; Zamir 1976, 1977)
and experimentally (Hutchins et al. 1976; Horsfield & Cumming 1967). These angles
depend on the channel radii and the type of minimisation (Zamir 1976), and on other
constraints such as fixed pressures at end points (Kamiya & Togawa 1972). Although the
theoretical optimal radii of the channels match well with the observed results in biology,
the correlation between theoretical optimal and observed angles between the channels is
weaker (Hutchins et al. 1976), possibly related to additional geometrical constraints beyond
network optimisation (Horsfield & Cumming 1967; Hutchins et al. 1976).

Despite all of the previous results, engineering branched fluidic networks remains
challenging. First, many sources aim to describe biological fluidic networks, but biological
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networks are not only designed for energy minimisation (Koçillari 2021) and current
methods are less suitable for engineering purposes. Second, complex mathematical
calculations are often required to optimise networks that transport non-Newtonian fluids
(see e.g. Ponalagusamy 2012). Third, alternative fluid models such as Casson have not
been applied in branched fluidic networks before, despite their applicability to e.g. food
processing and blood.

Therefore, here we introduce a procedure for calculating the geometry of an optimal
branching for fully developed laminar flow of simple and complex fluid models (figure 2e),
which is described in § 2. The losses of non-optimised networks, the wall shear stress, the
self-similar velocity profile, and approaches to determine the cost factor are discussed.
Section 3 shows example cases of the optimisation method, after which the validity of the
theory is discussed in § 4, and the conclusions are presented in § 5.

2. Optimisation of a branching using Murray’s theory

We consider a branching consisting of a parent channel connected to N daughter channels
in a branching point x; see figure 2(a). The channels are numbered from 0 to N, with
0 indicating the parent channel. In this study, we choose to fix the flow rates Qi,
i = 0, 1, . . . ,N, and the position of the termination points of the channels xi, i =
0, 1, . . . ,N. These parameters being fixed, we aim at minimising the power required to
perform this flow, with respect to the effective radii Ri, i = 0, 1, . . . ,N, of the channels
and to the location of the branching point x. Furthermore, Q0 is taken positive towards
the branching point, whereas the flow rates in the daughter channels Qi, i = 1, . . . ,N,
are taken positive away from the branching point. To satisfy mass conservation (assuming
incompressibility), the flow rates satisfy

Q0 =
N∑

i=1

Qi. (2.1)

The effective radius is defined as R ≡ DH/2, where DH ≡ 4A/p is the hydraulic diameter,
with A being the cross-sectional area of the channel, and p being the wetted perimeter
of the cross-section. This can be used for deriving the flow rate through elliptical
and rectangular cross-sections, and comparing channel characteristics, but will result in
different expressions for the flow rate Q than for circular cross-sections. In the present
study, the focus is on only circular cross-sections, and here, the effective radius reduces to
the channel radius. For channel flow with elliptical and rectangular cross-sections, the
reader is referred to e.g. Tesch (2010), Emerson & Barber (2012), Lekner (2007) and
Cornish (1928).

Furthermore, the lengths of the channels Li are functions of the branching location:

Li ≡ |xi − x|, i = 0, 1, . . . ,N. (2.2)

The power depends on the radii and lengths of the channels, and is the sum of the
individual channel contributions:

P(R, x) ≡
N∑

i=0

{∣∣∣∣dp
dz

∣∣∣∣QL + αV
}

i
. (2.3)

Here, V is the channel volume, with

Vi = πR2
i Li, (2.4)
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the pressure gradient |dp/dz| is a fluid-type dependent function derived in § 2.1, and z is
the coordinate in the flow direction of a channel. The pressure at the nodes is not defined
or constrained. The cost factor is α, representing the power per unit volume required to
maintain the fluid (α ≈ 1 kW m−3; Murray 1926b).

Optimisation of the branched network is carried out by differentiation of (2.3) to R and
x, and equating these expressions to 0. From this, one obtains optimisation problems for:
(1) the channel radii R (§ 2.2), and (2) the location of the branching point x (§ 2.3). The
flow profile, dissipation characteristics and wall shear stress of the branched network are
discussed in § 2.4.

2.1. Fully developed laminar channel flow
The pressure difference needed to drive a fluid through a channel is governed by the
‘fluid model’ that describes the rheological behaviour of the fluid. The (effective) dynamic
viscosity μ describes the resistance of the fluid against shear, which can be shear-rate γ̇
dependent according to μ = μ′ |γ̇ |n−1. Here, μ′ is the flow consistency index, and n > 0
is the flow index, with n > 1 representing shear-thickening, and 0 < n < 1 representing
shear-thinning behaviour of the fluid. Furthermore, a fluid may have a yield stress τ0 � 0,
which means that the fluid shears only if the local shear stress τrz exceeds the yield
stress. The shear rate of the fluid as a function of the applied local shear stress for a
Herschel–Bulkley fluid is described as

γ̇ (τrz) =

⎧⎪⎨
⎪⎩

sign(τrz)

( |τrz| − τ0

μ′

)1/n

if |τrz| � τ0,

0 if |τrz| < τ0.

(2.5)

Here, γ̇ ≡ ∂u/∂r � 0, with u the axial velocity. The velocity in the radial and azimuthal
directions is assumed to be 0. In the following, we assume that fluid properties μ′, τ0 and
n are constant, and that there is fully developed laminar flow in cylindrical channels.

The local shear stress (with R � L) is then described as a function of the axial pressure
gradient dp/dz:

τrz = −1
2

dp
dz

r, (2.6)

with r the radial coordinate. Let R be the radius of the channel, and let Rp be the plug
radius in case of yield-stress fluids:

Rp ≡ 2τ0∣∣∣∣dp
dz

∣∣∣∣
. (2.7)

A schematic image of the plug radius Rp is presented in figure 2(d). Scaling this plug
radius with the radius of the tube results in the dimensionless plug radius φ:

φ ≡ Rp

R
= 2τ0∣∣∣∣dp

dz

∣∣∣∣R
. (2.8)
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Using these definitions, (2.5) can be rewritten in terms of φ and n:

γ̇ (r) =

⎧⎪⎨
⎪⎩

sign(τrz)

((
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)(

r
R

− φ

))1/n

if r � Rp,

0 if r < Rp.

(2.9)

Figure 2( f ) gives an overview of the different values assigned to φ and n for
each fluid model. For Newtonian fluids, (2.9) collapses to the well-known equation
γ̇ (r) = sign(τrz) (r/2μ) |dp/dz|. For a derivation of Casson-like fluids (such as blood),
see Appendix A.

Integration of γ̇ and applying a no-slip boundary condition at the wall (u(r = R) = 0)
results in the velocity profile

u(r) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

nR
n + 1

(
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n (

(1 − φ)(1+n)/n −
(

r
R

− φ

)(1+n)/n)
if r � Rp,

nR
n + 1

(
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n

(1 − φ)(1+n)/n if r < Rp.

(2.10)

Here, u is restricted to a velocity profile directed positively in the z direction. The negative
direction is simply −u(r). The flow field is integrated over the cross-section to obtain the
flow rate Q:

Q ≡
∫∫

A
u(r) dA = 2π

∫ R

0
u(r) r dr, (2.11)

so Q is a function of |dp/dz|, R, μ′, τ0 and n. Dimension analysis shows that Q can be
written in the form

Q = πR3
(

R
2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n ( n

3n + 1

)
× ψ(φ, n), (2.12)

or, in terms of φ as

Q = πR3
(
τ0

μ′φ

)1/n ( n
3n + 1

)
× ψ(φ, n), (2.13)

where we have included the factor πn/(3n + 1) for convenience. Here, ψ(φ, n) is the
dimensionless flow rate – the ratio of the flow rate Q and the flow rate of a non-yield fluid
QNY – which is dependent solely on φ and n, and has a value between 0 and 1. The pressure
gradient in relation to the flow rate Q is obtained by rewriting (2.12):∣∣∣∣dp

dz

∣∣∣∣ = 2μ′

R

(
Q

πR3

)n (3n + 1
n

)n 1
ψ(φ, n)n

. (2.14)

The general expression for ψ(φ, n) can be found by computing the integral in (2.11):

ψ = (1 − φ)(n+1)/n

(3n + 1)−1 ×
(
(1 − φ)2

3n + 1
+ 2φ(1 − φ)

2n + 1
+ φ2

n + 1

)
. (2.15)

For Bingham fluids (n = 1), the expression for ψ reduces to

ψ = 1 − 4
3φ + 1

3φ
4, (2.16)

and for the case of non-yield-stress fluids (φ = 0), ψ always reduces to 1.
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Equation (2.13) shows that Q/R3 is solely a function of the dimensionless plug radius
φ, and vice versa. The same holds for the term |dp/dz| R, which is obtained if φ is known.
This property will be used in the characterisation of the optimised networks.

The Darcy–Weisbach equation is commonly used for calculation of the pressure drop
for pipe flow, which is given as

�p = f
ρ

4π2
Q2

R5 L, (2.17)

in which the Darcy friction factor f for the laminar flows of all treated fluid models is then
provided by

f = 64
Re′ ψn , (2.18)

where (Garcia & Steffe 1987)

Re′ = 8
(

n
3n + 1

)n
ρ

μ′

(
Q

πR3

)2−n

R2. (2.19)

For optimised fluidic networks with laminar flow in the first branch (R3/Q = const.,
as discussed in the next subsection), Re′ scales with R2, a generalisation of what Cohn
(1955) derived for symmetric bifurcations. Therefore, all daughter channels will have a
lower Reynolds number than the parent channel, ensuring laminar flow throughout the
network if Re′

0 < Re′
crit. The critical Reynolds number Re′

crit is a function of φ and n that
was derived to be (Hanks & Ricks 1974):

Re′
crit = 6464n

(1 + 3n)2
× (2 + n)(2+n)/(1+n) × ψ2−n

(1 − φ)(n+2)/n , (2.20)

which reduces to Re′
crit ≈ 2100 for Newtonian fluids.

2.2. Optimisation of the channel radii
Every channel within a branching contributes to the total power. When differentiating the
total power to the individual radii Ri for given flow rate Qi, it is found that the optimisation
condition for that radius Ri depends only on the power contribution of the corresponding
channel. Furthermore, the optimal radii Ri do not depend on the lengths of the channels
Li. Therefore, calculation of the optimal channel radius is a decoupled problem, in which
the power defined by (2.3) attains a global minimum with respect to the radius of each
individual channel if

∂Pi

∂Ri
= ∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)
QiLi + 2παRiLi = 0, i = 0, 1, . . . ,N. (2.21)

The optimisation condition for Ri is obtained by differentiating (2.14) to Ri (see § B.1),
resulting in

R3
i,∗

Qi
= 1

π

(
μ′

α

(
3n + 1

n

)n J∗
ψn∗

)1/(n+1)

, i = 0, 1, . . . ,N, (2.22)
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Engineering of optimised branched fluidic networks

where functions evaluated at optimal radius are denoted by a subscript ∗, and J is defined
as

J ≡ 1 + 3n

1 − nφ
ψ

∂ψ

∂φ

. (2.23)

For a Herschel–Bulkley fluid, substitution of ψ from (2.15) into (2.23) results in the
expression

J = 3n + 1
6n3

(2n + 1)(n + 1)
φ3 + 6n2

(2n + 1)(n + 1)
φ2 + 3n

2n + 1
φ + 1

. (2.24)

For Bingham fluids (n = 1), the expression for J reduces further to

J = 4
φ3 + φ2 + φ + 1

, (2.25)

and for non-yield fluids (φ = 0), it reduces to J = 3n + 1. Finally, for φ = 1, one obtains
J = 1.

For the case of Newtonian and power-law fluids (φ = 0), the optimisation condition
for R3∗/Q is calculated relatively easily (with J∗ = 3n + 1 and ψ∗ = 1). However, for
yield-stress fluids, determining the optimal value for R3∗/Q is more difficult. Therefore,
the following procedure is proposed.

First, the following dimensionless numbers are introduced:

R̃3

Q̃
≡ R3

Q

(
α

μ′

)1/(n+1)

, (2.26)

τ̃0 ≡ τ0

(μ′αn)1/(n+1) . (2.27)

Using these dimensionless numbers, (2.22) is rewritten as

R̃3
i,∗

Q̃i
= 1

π

((
3n + 1

n

)n J∗
ψn∗

)1/(n+1)

, i = 0, 1, . . . ,N. (2.28)

Applying the same non-dimensionalisation to (2.13), and rewriting it as a function of ψ ,
then substitution into (2.28), results in the alternative expression

R̃3
i,∗

Q̃i
= J∗τ̃0

πφ∗
, i = 0, 1, . . . ,N. (2.29)

When eliminating R̃3∗/Q̃ from (2.28) and (2.29), we obtain the expression

τ̃0 = φ∗
(

3n + 1
n J∗(φ∗, n) ψ∗(φ∗, n)

)n/(n+1)

. (2.30)

Here, τ̃0 is composed of fluid and system properties, and is therefore considered as known
for an optimisation process. As both ψ and J are solely functions of φ and n, the value
of φ∗ corresponding to τ̃0 can be found implicitly using (2.15) and (2.24). Figure 3 shows
the calculated optimal values of φ∗ as functions of τ̃0 and n. Using φ∗, the corresponding
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Figure 3. Contour plot of the dimensionless plug radius for the optimised network φ∗ as a function of τ̃0
and n.

optimisation condition for R̃3
i,∗/Q̃i is calculated readily using (2.28) or (2.29), and plotted

in figure 4. The optimal channel diameter Ri,∗ at desired flow rate Qi then follows directly
from (2.26).

For the non-yield limit (τ̃0 → 0), the optimisation condition becomes R̃3
i,∗/Q̃i ≈

(3n + 1)π−1 n(−n/(n+1)), which has a maximum R̃3
i,∗/Q̃i ≈ 1.41. This simplified

expression is valid for τ̃0 < 10−2, because then the fluid yield-stress effect in the optimised
network becomes negligible. For larger values of τ̃0, plug formation becomes more
relevant, and R̃3

i,∗/Q̃i becomes larger than in the case of a non-yield fluid. For the yield
limit (τ̃0 → ∞), the optimisation condition tends to go to R̃3

i,∗/Q̃i → τ̃0/π. Figure 4
also shows the parameter space of the different fluid models. The graphical approach of
figure 4 for the optimal value of R3

i,∗/Qi for complex fluids prevents extensive calculations,
enabling straightforward optimisation of the geometry of fluidic networks.

2.3. Optimisation of the network topology
When the optimal channel radii are calculated according to § 2.2, the second optimisation
step is made to provide the location of the branching point x. As shown in figure 2(a),
the location of the branching point determines the length of all channels. Therefore, the
optimised branching point x∗ minimises the total (volume- and dissipation-induced) power
of the network. Now the total power consumption of the network in (2.3) is differentiated
to x and set to 0, resulting in

∇xP =
N∑

i=0

(∣∣∣∣dp
dz

∣∣∣∣
i
Qi + απR2

i

)
∇Li = 0. (2.31)
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Figure 4. Contour plot of R̃3∗/Q̃ as a function of τ̃0 and n. The colours represent the different fluid models
and correspond to figure 2. The Herschel–Bulkley model covers the entire parameter space of τ̃0 and n.

Substituting the optimal radii (2.22) results in the optimisation condition of the branching
point x = x∗ (for a full derivation, see § B.2):

N∑
i=0

R2
i,∗ei,∗ = 0, ei,∗ ≡ (∇Li)∗ = x∗ − xi

|x∗ − xi| . (2.32a,b)

From this implicit equation, the coordinates of x∗ are solved by simple numerical methods,
providing Vi. Note that x∗ can be located in a 3-D space, depending on the location of the
end points xi. The resulting x∗ determines a network that is optimised with respect to both
the channel radii (2.22) and the channel lengths (2.32a,b).

The global minimum power of the branched network P is obtained by inserting the result
of (2.22) into (2.3):

P∗ =
(

J∗ + 2
J∗

)
α

N∑
i=0

Vi,∗. (2.33)

The angles between the channels are calculated by taking the inner product of (2.32a,b)
with unit vectors that originate in the branching point and point towards the nodes.
The resulting cosines of the corresponding angles between the two unit vectors can be
calculated using cos(θij) = ei · ej:

N∑
i=0

R2
i,∗ei,∗ · ej,∗ = 0. (2.34)
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Figure 5. (a) Angles θij in a bifurcation. (b) Angles θij in a trifurcation

This equation results in a linear system of N + 1 equations for ei · ej (i, j = 0, 1, . . . ,N,
with i /= j). For a bifurcation and a symmetric trifurcation, the angles between the channels
for the optimal branching are independent of the coordinates of the nodes xi (see figure 5).
For both symmetric and asymmetric bifurcations, i.e. N = 2, the optimal branching point
x∗ lies in a plane in the 3-D space spanned by x0, x1, x2, as shown in figure 5(a). The
cosines of the smallest angles between each pair of channels involved are given by

e0 · e1 = cos(θ01) = −R4
0 + R4

1 − R4
2

2R2
0R2

1
,

e0 · e2 = cos(θ02) = −R4
0 − R4

1 + R4
2

2R2
0R2

2
,

e1 · e2 = cos(θ12) = R4
0 − R4

1 − R4
2

2R2
1R2

2
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.35)

For a symmetric trifurcation, i.e. N = 3, the optimal branching point x∗ lies in a plane in
the 3-D space spanned by x0, x1 or x3, and x2, where symmetry is assumed, i.e. channels
1 and 3 are mirrored in the line from x0 to x2 (figure 5b). This means that R1 = R3, and
the angles that they make with channels 0 and 2 are equal. In addition, x0, x∗ and x2 are
on the same line, reducing the unknown angles even further. The cosines of the smallest
angles between each pair of channels involved are given by

e0 · e1 = R2
2 − R2

0

2R2
1

,

e1 · e2 = R2
0 − R2

2

2R2
1

,

e1 · e3 = (R2
0 − R2

2)
2 − 2R4

1

2R4
1

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.36)

The results in (2.35) and (2.36) are in line with the findings of e.g. Zamir (1976).
For other cases, the coordinates of xi are needed for calculating the angles between the

channels because the system of equations from (2.34) is underdetermined. For a derivation
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Engineering of optimised branched fluidic networks

of this general case as well as the above equations for bifurcations and trifurcations, see
Appendix C.

2.4. The effect of non-optimised branching, the velocity profile, the wall shear stress, and
the cost factor

Existing fluidic networks are not always optimised, as their dimensions may depend on
physical constraints or industry standards. In this subsection, we compare the energy
dissipation of such non-ideal networks to optimised fluidic networks as described in §§ 2.2
and 2.3.

For single channels within a network, the minimum power for a channel optimised with
respect to the channel radius is obtained by taking the ith element of (2.3) and substituting
(2.14) and the optimisation condition (2.22):

Pi,∗ = J∗ + 2
J∗

απR2
i,∗Li, i = 0, 1, . . . ,N. (2.37)

Next, the ratio of the non-optimised power Pi and its minimum value Pi,∗ per channel is
found by dividing the ith element of (2.3) by (2.37) (see also § B.1):

Pi

Pi,∗
= 2

J∗ + 2

(
ψ∗
ψi

)n ( Ri

Ri,∗

)−(3n+1)

+ J∗
J∗ + 2

(
Ri

Ri,∗

)2

, i = 0, 1, . . . ,N. (2.38)

Note that the optimal parameters J∗, φ∗ and ψ∗ are without index i, because these are
constant over the whole optimised branching (see also below). Substitution of the optimal
values for a certain fluid and system (J∗ and R∗) results in an expression dependent on φ
and R. As φ and R are related by (2.13), the dimensionless power consumption is calculated
by knowing the actual radii.

Substitution of ψ∗ = ψ = 1 and J∗ = 4 for laminar flow of a Newtonian fluid in (2.38)
recovers the relations for power dissipation in a network as obtained by Murray (1926b)
and Uylings (1977). The proof of this result is provided in § B.1.

The ratio of the actual power for the whole network P and the optimal power P∗ is given
by

P
P∗

=
N∑

i=0

Pi

P∗
=

N∑
i=0

Pi

Pi,∗
Pi,∗
P∗
, (2.39)

where

Pi,∗
P∗

= R2
i,∗Li,∗∑N

i=0 R2
i,∗Li,∗

, i = 0, 1, . . . ,N, (2.40)

and Pi/Pi,∗ given by (2.38) is represented graphically in figure 6 as a function of Ri/Ri,∗
and τ̃0, for several values of n. Choosing radii that are only 0.3 times smaller than optimal
can result in orders of magnitude higher power consumption in comparison to optimised
networks (especially for n = 1.5 and fluids with a low yield stress). Section 3 provides
an example of how figure 6 can be used to determine the power consumption of a fluidic
network.
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When the channel radii are non-ideal, this affects the location of the optimal branching
point. In that case, one solves the following equation instead of (2.32a,b):

N∑
i=0

(
2
J∗

(
Ri

Ri,∗

)−(3n+1) (
ψ∗
ψi

)n

+
(

Ri

Ri,∗

)2 )
R2

i,∗ei,∗ = 0. (2.41)

When Ri = Ri,∗, (2.41) reduces to (2.32a,b). For a derivation, see § B.2.
Equation (2.10) suggests a self-similar velocity profile, as it scales only with R and has

the same shape in every optimised channel due to the constant |dp/dz| R and φ. To assess
this property, we combine (2.22) into (2.13) to show that R3

i,∗/Qi = const. holds for every
channel within an optimised branching for all treated fluid rheologies, in the following
manner. Substitution of (2.22) into (2.13) gives an equation containing only constant fluid
properties and φ. Consequently, φ is constant for an optimised branching, and this is also
a proof that R3/Q is constant in every channel of the branching. As φ is constant, ψ and
|dp/dz| R are also constant in every channel. As a result of these invariants, the velocity
profiles in the channels of an optimised branching are self-similar.

Furthermore, the wall shear stress averaged over the perimeter 〈τw〉 is a function of the
fluid properties and the terms R3/Q and ψ(φ). As a result, the average wall shear stress
is constant over the whole branching for laminar flow of all treated fluid models when the
branching is optimised by (2.22):

〈τw〉 ∼
(

Q
R3

)n
μ′

ψn . (2.42)

For the derivation, see Appendix D.
An estimate of the cost factor based on governing costs should be made per situation.

One approach is similar to Murray’s metabolic cost factor, based on the energy needed
to maintain a fluid (such as maintenance of the blood or maintenance of a temperature by
heating). Also, as elaborated in the second example in § 3, one could think of a print nozzle
network filled with expensive ink, where costs are based on the electricity and material
costs. Other cost factors have been described for plants, where the conduit wall volume
determines the costs, as the wall should be strong enough to withstand the negative internal
pressure (McCulloh et al. 2003), diffusive systems (Zheng et al. 2017), and systems that
require drag minimisation (Woldenberg & Horsfield 1986).
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Even if a cost factor α is not known explicitly, it is possible to design an optimised
network based on other constraints – for example, in 3-D printing, where a flow rate and a
nozzle radius at an outlet are specified and are assumed to be optimal. A second approach
is making a channel to require a certain average flow velocity or dimensionless number
such as the Weber number, which serves as a relation to obtain the corresponding optimal
R for given Q. For both approaches, the ratio R3/Q is then known, and based on (2.22),
the whole optimal network can be calculated. The cost factor can be made explicit by
calculating the optimal φ from (2.13) and calculating α from (2.22).

3. Examples: optimisation of a branched fluidic network

This first example shows the convenience of the graphical approach in determination of
R3/Q. Here, a branched fluidic network inspired on a lubrication system is optimised,
which has a laminar flow of grease described by the Bingham model (ρ = 1000 kg m−3,
μ′ = 1.85 Pa s, n = 1, τ0 = 1.0 Pa), inspired by Westerberg et al. (2010). The temperature
of the lubricant is maintained by adding heat, resulting in a cost factor α = 100 W m−3.
The network has one parent channel (channel 0) and two daughter channels (channels
1 and 2, N = 2). The nodes are given by x0 = (0, 0) m, x1 = (0.0625, 0.025) m, and
x2 = (0.0625,−0.025) m. The flow rate in the parent channel is Q0 = 10 ml min−1, and
the flow rates in the daughter channels are determined to be Q1 = Q2 = 1

2 Q0, so the
bifurcation is symmetric.

The dimensionless yield stress τ̃0 is calculated as τ̃0 = τ0/(μ
′αn)1/(n+1) = 0.074,

after which the corresponding optimisation condition R3/Q ≈ 1.29 is easily read from
figure 4. Alternatively, the optimal value of φ is calculated from (2.16), (2.25) and (2.30),
resulting in φ∗ = 0.068. With φ∗, the corresponding optimal value for ψ can be calculated
using (2.15): ψ∗ = 0.910. With these parameters, (2.28) provides an analytic value for
R̃3/Q̃, being equal to 1.2889, which is readily rewritten to real units using (2.26), where
(μ′/α)1/(n+1) = 0.136 s: we obtain R3/Q = 0.175 s. Based on this condition, the main
channel radius is calculated to be R0 = 3.08 mm. Knowing that R3/Q must be constant,
based on (2.22), the radii of the daughter channels are determined:

R1 = R2 = R0

(
Q1

Q0

)1/3

= 0.794R0 = 2.45 mm. (3.1)

As a check on whether the flow is still laminar, the largest Reynolds number and critical
Reynolds number in the network are calculated from (2.19) and (2.20): Re′ = 0.0186
and Re′

crit = 2357, respectively. This shows that the flow in the whole network will stay
laminar.

From (2.32a,b), it is calculated that the branching point is located at x∗ =
(0.030, 0.000) m. The resulting topology is visualised in figure 7(a), where we make use
of the velocity profile given in (2.10). The angles between the channels for this optimised
network are calculated using (2.34) and also shown in the figure.

To show the effect of an asymmetric flow rate division, the same example is taken,
but now with flow rates Q1 = 1

3 Q0 and Q2 = 2
3 Q0. In addition, the end points are

chosen to be x0 = (0, 0) m, x1 = (0.053, 0.017) m and x2 = (0.0625,−0.025) m. Then
the optimisation condition R3/Q is the same as before, but the daughter channel
radii are different. These are R1 = R0(Q1/Q0)

1/3 = 2.14 mm and R2 = R0(Q2/Q0)
1/3 =

2.69 mm. As a consequence, the location of the branching point and the corresponding
angles between the channels become different. The angles are calculated using (2.34), and
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Figure 7. Topology of branching with lubrication flow with N = 2 daughter channels. (a) Symmetric
bifurcation. (b) Asymmetric bifurcation with Q1 = 1

3 Q0 and Q2 = 2
3 Q0.

the topology is shown in figure 7(b). Here, one sees that the angle between the parent
channel and the largest daughter channel has become larger, tending more to the limit of
180◦.

In a second example, we optimise the channel radius of a hypothetical branching nozzle,
as for example used in parallel direct-write (Skylar-Scott et al. 2019; see figure 1). A model
fluid is described by the Herschel–Bulkley model (ρ = 1200 kg m−3, μ′ = 15 Pa sn,
n = 0.4, τ0 = 2000 Pa). The cost factor is estimated to be the ratio of the material costs
per volume and the electricity costs to pump the fluid for a certain operation time:
α = cρ/E�t. The fluid costs c = 100 AC kg−1, electricity costs E = AC0.40 kWh−1, and a
print session takes �t = 18 min. Then the cost factor is estimated at α = 1 GW m−3. The
flow rate of the parent channel is Q0 = 10 ml min−1, and the channel splits up into K = 4
levels of symmetric bifurcations. Calculating τ̃0 = τ0/(μ

′αn)1/(n+1) = 0.78 and using
figure 4, we obtain a value for the optimisation condition as R̃3

i,∗/Q̃i ≈ 1.14. Therefore,
the optimisation condition in real units becomes R3

i,∗/Qi = R̃3
i,∗/Q̃i(μ

′/α)1/(n+1) = 2.9 ×
10−6 s. Consequently, the optimal channel radii for the four different levels (where due
to symmetry, every channel at the same level has the same size) are R0 = 79 μm,
R1 = 62 μm, R2 = 50 μm and R3 = 39 μm. These channels are unrealistically small,
because their manufacture is challenging and the material cost within the channels may be
small compared to e.g. depreciation of equipment. However, this example shows clearly
how expensive fluids could drive miniaturisation of the system.

In a third example, we investigate how a microfluidic branched network with
equally sized channels performs in comparison to an optimised network, for symmetric
bifurcations and K = 5 levels. The fluid in the network is described by the
Herschel–Bulkley model (n = 0.5, τ0 = 1000 Pa, μ′ = 200 Pa sn; Skylar-Scott et al.
2019). The radius and flow rate of the channel were considered to be optimal
for the channels at outlet and have values Ropt = 250 μm and Qopt = 2 ml min−1.
Consequently, all channels have radius 250 μm, and the main parent channel has flow
rate Q0 = 32 ml min−1. The flow rate in the other channels is calculated according to
equal distribution of Q0. Furthermore, the channel lengths are assumed to be a function
of the flow rate: Li/L0 = (Qi/Q0)

2/3. The optimisation condition based on the optimal
channel becomes R3

i,∗/Qi = 4.69 s. From that, the optimal radii are calculated, based on
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the known flow rate in each channel. Together with the optimisation condition R3
i,∗/Qi,

one can calculate the properties of the optimal network. Based on the optimal channel,
one can calculate φ∗ = 0.14 and ψ∗ = 0.68 using (2.13), which also yields J∗ = 2.24
using (2.24) and τ̃0,∗ = 0.210 using (2.30). Calculation of the radius ratio Ri/Ri,∗ for
each channel provides the needed input for the power ratio per channel via (2.38) or
figure 6. Multiplying each power ratio with the corresponding term Pi,∗/P∗ from (2.40),
and summing everything, results in the overall network power ratio P/P∗ = 2.38. This
shows that application of the optimal radii instead of equally sized channels could reduce
58 % of the power consumption in the network.

4. Discussion

The optimal geometry derived above does not incorporate the constraint that the pressure
at all end points must be equal. Therefore, flow rates may deviate from the calculated
flows for open-ended systems such as nozzles that exit into the air. This issue can be
mitigated in general by a pressure control system at the end of every node. Fortunately,
however, bifurcating channels that are symmetric with respect to both the flow rate and
the geometry always exhibit the same pressure drop, and will therefore provide optimal
flow through the network without active control. In addition, this problem is prevented
for radius-wise optimised networks by requiring

∑
i Li/Ri = const. for both branches that

originate from a branching point.
Furthermore, Murray’s theory (§§ 2.2 and 2.3) is sometimes simplified to the so-called

Murray law stating that the cubed parent channel radius is equal to the sum of the cubed
daughter channel radii (see e.g. Sherman 1981; Stephenson et al. 2015):

R3
0 =

N∑
i=1

R3
i . (4.1)

This relation is obtained by substituting Qi from the optimisation condition (2.22) into
the mass conservation equation (2.1), where the right-hand side of (2.22) is constant
for an optimised network. It is important to note that a branching optimised by (2.22)
automatically fulfils (4.1), but satisfying (4.1) does not necessarily give the optimal
branching. This was already pointed out by Kamiya et al. (1974). Rosenberg (2020)
analysed this point critically, and invalidated the conclusion by Sherman (1981) that
conservation of the cube of the radii in a branching point is the determinant condition for
network optimisation for both symmetric and asymmetric branches, for whatever number
of daughter channels. Therefore, (4.1) is not sufficient for determining the optimal radii,
except for branchings in which the flow rate in all daughter channels is the same (e.g.
symmetric bifurcations). In that case, (4.1) reduces to

Ri

R0
= N−1/3, i = 1, 2, . . . ,N. (4.2)

Finally, flow effects such as entrance effects, non-axisymmetric velocity profiles at
junctions, and channel curvature effects have not been taken into account due to the
assumption of the channel flows being fully developed. However, if the slenderness
condition in the channels is satisfied (R � L), then the major part of the flow is still
governed by the fully developed flow equations. Therefore, the theorem is suitable for
overall network design or as an analysis tool, but for design details near junctions,
simulations or experiments are recommended.
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5. Conclusions and outlook

A generalised approach to minimise power consumption of branched fluidic networks was
developed for Newtonian, power-law, Bingham, Herschel–Bulkley and Casson-like fluids
in the steady laminar regime.

First, the flow rate in a single channel was analysed, providing the pressure drop over a
channel as a function of the fluid model and channel dimensions. Subsequently, the optimal
network geometry was obtained by minimising power with respect to the channel radii and
the location of the branching point. For all treated fluid rheologies, Murray’s optimisation
condition for all channels within a network was recovered:

R̃3
i,∗

Q̃i
= const., i = 0, 1, 2, . . . ,N. (5.1)

The value of this constant is represented graphically in figure 4, enabling optimisation of
fluid networks for non-Newtonian systems with a minimum of mathematical analysis for
the first time. Detailed analysis of the network provided the following additional results.

(i) Insight into the increase of power consumption in case of non-optimal channel radii,
revealing potentially large energy gains.

(ii) A self-similar velocity profile across the network, resulting in a constant wall shear
stress.

(iii) Multiple methods to estimate the cost factor to maintain the liquid flow.
(iv) Conditions for which optimal flow is maintained without active control of the

pressure at every junction.
(v) Proof that if the parent channel is laminar, the entire optimised network exhibits

laminar flow. The Darcy friction factor is provided.

Future work may further address situation-specific cost factors for engineering systems
(Woldenberg & Horsfield 1986), as well as systems with a transition from turbulent to
laminar flow regimes.
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Appendix A. Derivation of channel flow and optimal branching for Casson-like fluids

In § 2.1, the fluid models for Newtonian, power-law, Bingham and Herschel–Bulkley fluids
were presented, where the first three models are simplifications of the Herschel–Bulkley
fluid model. For food processing and blood flows, another fluid model, the so-called
‘Casson’ model, is used (Venkatesan et al. 2013; Chhabra & Richardson 2008). For
large shear rates γ̇ , the behaviour of the Casson model is similar to Bingham fluids,
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but especially for small γ̇ , the Casson model has a more gradual increase in shear stress
with increasing shear rate, which describes the mentioned applications better. This gradual
behaviour is accomplished by weighting the square roots of the terms in the fluid model,
which is slightly more sophisticated than for Bingham and Herschel–Bulkley.

In this appendix, a parameter – the weight factor m – is introduced to indicate the
weight method of the terms. Here, Bingham and Herschel–Bulkley fluids have weight
factor m = 1. Further, Casson fluids have the same terms as Bingham fluid, but then with
weight factor m = 2. In a similar manner, the Herschel–Bulkley model with weight factor
m = 1 has its equivalent for weight factor m = 2, which will be denoted as generalised
Casson, because it has the same m as the Casson fluid model. Next to m = 1, m = 2 is
most commonly used, but the derivation could be extended to arbitrary values of m.

The goal of this appendix is to derive relations for optimal networks containing
Casson-like fluids with an optimisation method analogous to § 2. For that, the pressure
drop of a channel flow is derived for these fluid models in § A.1. Subsequently, the
corresponding optimisation equations that are specific for these models are given in § A.2.
The theory is applied in an example in § A.3.

A.1. Derivation of laminar channel flow
In § 2.1, a derivation for fully developed laminar flow in cylindrical channels was presented
for the fluid model presented in (2.5). In this subsection, a similar derivation for more
sophisticated Casson-like fluid models is presented.

The pressure difference needed to drive a fluid through a channel is governed by
the ‘fluid model’ that characterises the behaviour of the fluid. The (effective) dynamic
viscosity μ describes the resistance of the fluid against the shear rate, which can be shear
rate γ̇ dependent according to μ = μ′ |γ̇ |n−1. Here, μ′ is the flow consistency index,
and n > 0 is the flow index, with n > 1 representing shear-thickening , and 0 < n < 1
representing shear-thinning behaviour of the fluid. Furthermore, a fluid may have a yield
stress τ0 � 0, which means that the fluid flows only if the local shear stress τrz exceeds
the yield stress. The shear rate of the fluid as a function of applied local shear stress is
described in a generalised form as

γ̇ (τrz) =

⎧⎪⎪⎨
⎪⎪⎩

sign(τrz)

(
(|τrz|1/m − τ

1/m
0 )m

μ′

)1/n

if |τrz| � τ0,

0 if |τrz| < τ0.

(A1)

Here, γ̇ ≡ ∂u/∂r � 0, with u the axial velocity. The velocity in the radial and azimuthal
directions is assumed to be 0. Fluid properties such as μ′, τ0 and n are assumed to be
constant. When taking m = 1, we will recover (2.5).

The local shear stress of fully developed laminar flows in cylindrical channels (with R �
L) is described as a function of the axial pressure gradient dp/dz by τrz = −1

2 (dp/dz)r.
By using this and the definition of the dimensionless plug radius φ in (2.8), (A1) can be
rewritten in terms of φ, n and m:

γ̇ (r) =

⎧⎪⎨
⎪⎩

sign(τrz)

((
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)((

r
R

)1/m

− φ1/m
)m)1/n

if r � Rp,

0 if r < Rp.

(A2)
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Fluid model n φ m

Newtonian 1 0 1
Power-law n > 0 0 1
Bingham 1 0 � φ � 1 1
Herschel–Bulkley n > 0 0 � φ � 1 1
Casson 1 0 � φ � 1 2
Generalised Casson n > 0 0 � φ � 1 2

Table 1. Different fluid models characterised by φ, n and m.

Many rheological models can be described using (A2). Table 1 gives an overview of the
different values assigned to φ, n and m for each fluid model. Note that if φ = 0, then (A2)
always reduces to Newtonian or power-law fluids, irrespective of m. In the remainder of
this subsection, the derivation is done for m = 2.

Integration of γ̇ and applying a no-slip boundary condition at the wall (u(r = R) = 0)
results in the following velocity profile (restricted to positively directed velocity profiles)
for m = 2:

u(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

nR
n + 1

(
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n (

(1 − √
φ)(2+n)/n

(
1 + n

n + 2
√
φ

)

−
(√

r
R

− √
φ

)(2+n)/n (√ r
R

+ n
n + 2

√
φ

))
if r � Rp,

nR
n + 1

(
R

2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n

(1 − √
φ)(2+n)/n

(
1 + n

n + 2
√
φ

)
if r < Rp.

(A3)

The flow field can be integrated over the cross-section to obtain the flow rate Q:

Q ≡
∫∫

A
u(r) dA = 2π

∫ R

0
u(r) r dr. (A4)

Integration shows that the flow rate can be written in the form

Q = πR3
(

R
2μ′

∣∣∣∣dp
dz

∣∣∣∣
)1/n ( n

3n + 1

)
× ψ(φ, n), (A5)

where the dimensionless flow rate ψ(φ, n) is a function depending solely on φ and n, and
has a value between 0 and 1.

The expression for ψ(φ, n) for generalised Casson fluids (m = 2) is

ψ = (1 −
√
φ)2(1−n)/n ×

[
1 − 2(5n + 3)

(5n + 2)

√
φ + 2(5n2 + 6n + 3)

(2n + 1)(5n + 2)
φ

− φ3/2(n − 1)(n − 2)
[
2(n + 1)(n + 2)+ 5n(n + 2)

√
φ + 20n2φ + 30n3φ3/2]

(n + 1)(n + 2)(2n + 1)(3n + 2)(5n + 2)

+ 60n4(n − 1)φ7/2 − 30n5φ4

(n + 1)(n + 2)(2n + 1)(3n + 2)(5n + 2)

]
. (A6)
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For Casson fluids (n = 1), the expression for ψ reduces to

ψ = 1 − 16
7

√
φ + 4

3φ − 1
21φ

4. (A7)

In the case of non-yield-stress fluids (Newtonian and power-law), ψ always reduces to 1.
Laminar flow in an optimised network is ensured if Re′

0 < Re′
crit. For an expression and

derivation of Re′
crit for Casson-like fluids, the reader is referred to Hanks (1981) and Hanks

& Ricks (1974).

A.2. Optimal branching
The optimisation problem as described in § 2 is the same for Casson-like fluids. The only
difference is the different expression forψ . Therefore, J is also different, and consequently,
figures 3 and 4 have their equivalent for m = 2.

Here, J is defined by (2.23). The full expression of J (m = 2) is written as

J = (3n + 1)×
[

90n5(nφ1/2 + 2)
(5n + 2)(3n + 2)(2n + 1)(n + 1)(n + 2)

φ5/2

+ 90n4

(5n + 2)(3n + 2)(2n + 1)(n + 1)
φ2 + 60n3

(5n + 2)(3n + 2)(2n + 1)
φ3/2

+ 15n2

(5n + 2)(2n + 1)
φ + 6n

5n + 2
φ1/2 + 1

]−1

. (A8)

A contour plot of this equation is presented in figure 8. For n = 1, (A8) is simplified to

J = 4
1
7φ

3 + 2
7φ

5/2 + 3
7φ

2 + 4
7φ

3/2 + 5
7φ + 6

7φ
1/2 + 1

. (A9)

In a similar manner as explained in § 2.2, the optimal dimensionless plug radius φ is
calculated from (2.30), (A6) and (A8), and plotted in figure 9. Also, a contour plot of the
optimisation condition R̃3/Q̃ as a function of τ̃0 and n is constructed in figure 10 by using
(2.29), (2.30), (A6) and (A8).

The optimisation of the branching point as described in § 2.3 has exactly the same
procedure for m = 2 as for m = 1.

A.3. Example
In this example, a blood vessel network is optimised. Here, the cost factor is undetermined,
but a physical constraint is used for designing the network. For blood, the Casson model is
used (τ0 = 5 mPa, n = 1, μ′ = 3.5 mPa s) and the physical constraint is the flow through
a capillary (Murray 1926b; R = 3.5 μm, Q = 1.93 × 104 μm3 s−1). Consequently, if
this channel is taken as a base, then all channels should satisfy R3/Q = 2.23 × 10−3 s.
When we know the network layout (number of branches, number of levels) and the
flow rate division, the flow rate in each channel can be determined. When assuming
symmetric bifurcations with K levels, the parent channel at the highest level has flow
rate Q0 = 2K−1Q. The corresponding channel radius is R0 = 2(K−1)/3R.

From the physical constraint, it is also possible to retrieve the cost factor α.
When calculating φ from (2.13) and (A7), being equal to 0.0022, the corresponding
dimensionless optimisation condition R̃3∗/Q̃ appears to be 1.318 (using (2.28)). From these
parameters, the cost factor is calculated from (2.26), resulting in α = 1.23 kW m−3.
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Figure 8. Contour plot of J in (A8) as a function of φ and n, for m = 2.
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Figure 9. Contour plot of φ for m = 2 (calculated using (2.30), (A6) and (A8)) as a function of τ̃0 and n.
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Figure 10. Contour plot of R̃3/Q̃ (m = 2) as a function of τ̃0 and n.

Appendix B. Derivation of minimised power branching

B.1. Power minimisation with respect to radii
At fixed channel length L and flow rate Q, the channel-radius-dependent power P(R)
consists of two contributions: one to maintain the flow rate against an adverse pressure
gradient |dp/dz| L, and one to maintain the fluid:

P(R) ≡
∣∣∣∣dp
dz

∣∣∣∣LQ + αV. (B1)

In this expression, V is the channel volume,

V = πR2L, (B2)

and α is a fluid maintenance constant representing the cost per unit volume to maintain the
fluid.

The power P(R, x) needed to maintain the flow rate and the fluid in the whole branching
depends on the radii and lengths of the channels, and is the sum of the individual channel
contributions given by (B1):

P(R, x) ≡
N∑

i=0

{∣∣∣∣dp
dz

∣∣∣∣ LQ + αV
}

i
. (B3)

Differentiation of P with respect to Ri in (B3) gives

∂P
∂Ri

=
(
∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)
Qi

Ri
+ 2απ

)
RiLi, i = 0, 1, . . . ,N. (B4)
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From this expression, we need to know (∂/∂R)(|dp/dz|), for which use is made of (2.14).
Writing out the differentiation results in (for i = 0, 1, . . . ,N)

∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)
= ∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)∣∣∣∣
ψ=const.

+ ∂

∂ψ

(∣∣∣∣dp
dz

∣∣∣∣
i

)∣∣∣∣
R=const.

∂ψ

∂φ

∂φ

∂Ri
, (B5)

where

∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)∣∣∣∣
ψ=const.

= −3n + 1
Ri

∣∣∣∣dp
dz

∣∣∣∣
i
, (B6a)

∂

∂ψ

(∣∣∣∣dp
dz

∣∣∣∣
i

)∣∣∣∣
R=const.

= − n
ψ

∣∣∣∣dp
dz

∣∣∣∣
i

(B6b)

and
∂φ

∂Ri
= − φ∣∣∣∣dp

dz

∣∣∣∣
i

∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)
− φ

Ri
. (B6c)

Taking everything together results in the expression

∂

∂Ri

(∣∣∣∣dp
dz

∣∣∣∣
i

)
= − 1

Ri

∣∣∣∣dp
dz

∣∣∣∣
i

⎛
⎜⎜⎝1 + 3n

1 − nφ
ψ

∂ψ

∂φ

⎞
⎟⎟⎠ . (B7)

Because ψ is a fluid-model-dependent function, the last term in brackets is also
fluid-model-dependent. We will define a parameter J that takes this term into account.
Consequently, (∂/∂Ri)(|dp/dz|i) = −|dp/dz|i(J/Ri), and J is expressed by (2.23).
A contour plot of J for a Herschel–Bulkley fluid is presented in figure 11.

Substitution of (∂/∂Ri)(|dp/dz|i) and |dp/dz|i into (B4) results in

∂P
∂Ri

=
(

− μ′
(

Qi

πR3
i

)n+1 J
ψn

(
3n + 1

n

)n

+ α

)
2πRiLi. (B8)

This shows that ∂P/∂Ri = 0 if and only if (2.22) (the optimisation condition) holds.
Then it remains to prove that (2.22) is a global minimum for the parameter space of

interest (0 < n < 2, 0 � φ � 1). For that, we differentiate P twice to Ri:

∂2P

∂R2
i

=
∣∣∣∣dp
dz

∣∣∣∣
i

QiLi

R2
i

(
J2 + J − Ri

∂J
∂Ri

)
+ 2απLi, (B9)

in which
∂J
∂Ri

= (J − 1)3

3Ri

(
φ

ψ

∂ψ

∂φ
−
(
φ

ψ

∂ψ

∂φ

)2

+ φ2

ψ

∂2ψ

∂φ2

)
. (B10)

Evaluation of ∂J/∂Ri on the domain of interest shows that this expression holds for
∂J/∂Ri � 0. Consequently, as all quantities in (B9) in itself are positive, d2P/dR2

i � 0.
This means that for the domain of interest, (2.22) is a global minimum. It should be
noted that in principle, this is not a sufficient condition to guarantee that (2.22) is a global
minimum, but that it is true only because the equations for the channels are decoupled.
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Figure 11. Contour plot of J in (2.24) as a function of φ and n.

After applying the non-dimensionalisation defined in (2.26) and (2.27), the optimisation
condition can be simplified to (2.28) or (2.29). Elimination of R̃3∗/Q̃ from these equations
results in (2.30). This equation for τ̃0 is a function of solely φ and n (using expressions
for ψ(φ, n) and J(φ, n)). As τ̃0 can be calculated from fluid and system properties, the
corresponding optimal φ can be determined. Also, φ∗ can be calculated from the equations
or be determined using figure 9. This is possible because in an optimised branching, φ is
constant. If φ∗ is known, then the corresponding optimal R̃3∗/Q̃ is calculated directly from
(2.28) or (2.29). As a much simpler approach, one can use figures 4 and 10, which give
a graphical representation of the dimensionless optimisation condition as a function of τ̃0
and n.

Although optimal radii can be calculated using the theorem (2.28), it is possible that in
practice, the channels have a radius unequal to the optimal radius. This affects the actual
power needed to transport and maintain a fluid through a channel and branching. To show
this effect, we substitute (2.14) into (2.3) for one channel, and divide the expression by the
power of an optimised channel (2.37), resulting in

Pi

Pi,∗
= J∗

J∗ + 2

(
Qn+1

i

R3n+1
i

(
3n + 1

nψ

)n 2μ′

απn+1R2
i,∗

+ R2
i

R2
i,∗

)
. (B11)

Rewriting the optimisation condition (2.22) as a function for Qi results in

Qn+1
i = R3n+3

i,∗ πn+1 α

μ′

(
n

3n + 1

)n
ψn∗
J∗
. (B12)
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Substituting Qi into (B11) provides the following expressions for the actual power over the
optimal power:

Pi

Pi,∗
= 2

J∗ + 2

(
ψ∗
ψi

)n ( Ri

Ri,∗

)−(3n+1)

+ J∗
J∗ + 2

(
Ri

Ri,∗

)2

, (B13)

or alternatively,

Pi

Pi,∗
= 2

J∗ + 2

(
φ∗
φi

)(
Ri

Ri,∗

)−1

+ J∗
J∗ + 2

(
Ri

Ri,∗

)2

. (B14)

These relations hold for a single channel. Contour plots of (B13) for different values of
n are presented in figure 6. When multiplying the power ratio with the optimal power
per channel, subsequently summing these power ratios for all channels in the branching
results in the actual power P needed for the fluid flow in the branching. By dividing P by
the optimal power for a branching P∗ (see (2.3)), one obtains the power ratio for the entire
branching. Alternatively, multiplying (B13) with (2.40) and summing the terms results in
P/P∗.

B.2. Power minimisation with respect to branching point
For the optimal location of the branching point x, the gradient of P in (B3) with respect to
the branching point x is

∇xP =
N∑

i=0

(∣∣∣∣dp
dz

∣∣∣∣
i
Qi + απR2

i

)
∇Li. (B15)

Because L2
i = |x − xi|2 = (x − xi) · (x − xi), we have

2Li ∇Li = ∇L2
i = 2 (x − xi) , (B16)

therefore

∇Li = ei ≡ x − xi

|x − xi| . (B17)

If the channel radii are optimised according to (2.22), then one can rewrite the
expression for the pressure drop (2.14) to the simpler form

∣∣∣∣dp
dz

∣∣∣∣
i
= 2α

J∗

πR2
i,∗

Qi
. (B18)

By substituting (B18) into (B15), one obtains that ∇xP = 0 if and only if

J∗ + 2
J∗

απ

N∑
i=0

R2
i,∗ei,∗ = 0. (B19)

Since J∗ � 1 and α > 0, this immediately implies (2.32a,b). Equation (2.33) can be found
by substitution of Ri,∗ and x∗ into the expression for P(R, x).
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It remains to be shown that P has a global minimum when the branching point x satisfies
(2.32a,b). We write the branching point as a perturbation of the optimum:

x = x∗ + sr, s ∈ R, r ∈ R
3, |r| = 1. (B20)

A Taylor series expansion shows that

N∑
i=0

R2
i,∗Li =

( N∑
i=0

R2
i,∗Li

)
s=0

+
(

d
ds

N∑
i=0

R2
i,∗Li

)
s=0

s

+
∫ s

0

∫ t

0

(
d2

ds2

N∑
i=0

R2
i,∗Li

)
s=u

du dt. (B21)

The first and second derivatives in this expression are, respectively,

d
ds

N∑
i=0

R2
i,∗Li = ∇

( N∑
i=0

R2
i,∗Li

)
· dx

ds
=
( N∑

i=0

R2
i,∗ei

)
· r (B22)

and

d2

ds2

N∑
i=0

R2
i,∗Li =

N∑
i=0

R2
i,∗

dei

ds
· r =

N∑
i=0

R2
i,∗

Li
{1 − (ei · r)2}, (B23)

where we have used

dei

ds
= 1

Li

{
r − ei

(
∇Li · dx

ds

)}
= 1

Li
{r − ei (ei · r)} . (B24)

With these expressions, (B21) can be written as

N∑
i=0

R2
i,∗Li =

( N∑
i=0

R2
i,∗Li

)
s=0

+
( N∑

i=0

R2
i,∗ei,∗

)
· rs

+
∫ s

0

∫ t

0

( N∑
i=0

R2
i,∗

Li
{1 − (ei · r)2}

)
s=u

du dt. (B25)

The second term on the right-hand side is zero in view of (2.32a,b), and the third term
on the right-hand side of (B21) is non-negative since |ei| = 1, |r| = 1, and therefore
(ei · r)2 � 1, with the inequality applying to at least one of the channels. Hence

N∑
i=0

R2
i,∗Li �

( N∑
i=0

R2
i,∗Li

)
s=0

, (B26)

and therefore the power minimum is a global minimum.
When the channel radii are not equal to the optimal radii, this also affects the optimal

branching point. The corresponding equation governing the optimal branching point is
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derived as follows. Equation (2.14) is substituted into (B15), giving an expression for
non-optimised channel radii:

∇xP =
(

2μ′

πn

Qn+1
i

R3n+1
i

(
3n + 1

n

)n 1
ψn + απR2

i

)
ei,∗. (B27)

Rewriting the optimisation condition for R as a function for Qi (see (B12)), substituting Qi
into (B27), and equating this expression to 0, gives us the optimisation condition for the
branching point:

N∑
i=0

πα

(
2
J∗

R3n+3
i,∗

R3n+1
i

(
ψ∗
ψi

)n

+ R2
i

)
ei,∗ = 0, (B28)

which after some rewriting becomes

N∑
i=0

(
2
J∗

(
Ri

Ri,∗

)−(3n+1) (
ψ∗
ψi

)n

+
(

Ri

Ri,∗

)2 )
R2

i,∗ei,∗ = 0. (B29)

This expression shows that the non-ideal channel radius ratio Ri/Ri,∗ determines the
weight of the term corresponding to that specific channel. If all channels are optimised,
then (B29) reduces to (2.32a,b).

Appendix C. Analysis of angles between channels in network topology

The optimal branching point x∗ lies in the space in which the xi (i = 0, 1, . . . ,N) lie.
Using the optimal radii of the branching determined by (2.22), the network topology is
determined using (2.32a,b). By taking the inner product of (2.32a,b) with unit vectors in
the directions of the channels, the cosines of the corresponding angles between the two
unit vectors can also be calculated using cos(θij) = ei · ej:

N∑
i=0

R2
i,∗ei,∗ · ej,∗ = 0, j = 0, 1, . . . ,N. (C1)

This equation results in a linear system of equations for ei · ej (i, j = 0, 1, . . . ,N, i /= j).
The number of unit vectors is N + 1, and each unique combination of two unit vectors

should be calculated. As the inner product of two equal unit vectors is 1, this is a known
combination. The number of unknown angles for an (a)symmetric branching is calculated
by the binomial (

N + 1
2

)
= (N + 1)!

2! (N + 1 − 2)!
= 1

2
N(N + 1). (C2)

As the number of equations is N + 1, the number of unknowns after solving (C1) is

#DOF = 1
2(N − 2)(N + 1). (C3)

Therefore, for a bifurcation (N = 2), the system is determined, but for a trifurcation
(N = 3), the system is underdetermined, and assumptions about the topology should be
made.
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When assuming symmetry, the number of unknowns in (C3) reduces with

#reduced unknowns =

⎧⎪⎪⎨
⎪⎪⎩

1
4

N2 for N = 2k, k ∈ N,

1
4
(N2 + 3) for N = 2k + 1, k ∈ N.

(C4)

Due to symmetry, a number of linear equations become dependent, resulting in the number
of independent equations

#independent eqs =

⎧⎪⎪⎨
⎪⎪⎩

1
2
(N + 2) for N = 2k, k ∈ N,

1
2
(N + 3) for N = 2k + 1, k ∈ N.

(C5)

Subtracting (C4) and (C5) from (C2) results in the following degrees of freedom for a
symmetric branching:

#DOF, sym =

⎧⎪⎪⎨
⎪⎪⎩

1
4
(N2 − 4) for N = 2k, k ∈ N,

1
4
(N2 − 9) for N = 2k + 1, k ∈ N.

(C6)

As a result, symmetric trifurcations also have a determined system of equations. This
means that the angles between the channels are independent of the precise coordinates
of the nodes in the cases of a bifurcation and a symmetric trifurcation.

In the case of a bifurcation, (2.34) is expanded for i = 0, 1, 2. As it holds that
ei · ej = ej · ei for the inner product, only the unique combinations have to be determined.
Writing everything out leads to the following linear system of equations:⎛

⎜⎝
R2

1 R2
2 0

R2
0 0 R2

2

0 R2
0 R2

1

⎞
⎟⎠
⎛
⎝e0 · e1

e0 · e2
e1 · e2

⎞
⎠ = −

⎛
⎜⎝

R2
0

R2
1

R2
2

⎞
⎟⎠ , (C7)

which has a unique solution

e0 · e1 = −R4
0 + R4

1 − R4
2

2R2
0R2

1
,

e0 · e2 = −R4
0 − R4

1 + R4
2

2R2
0R2

2
,

e1 · e2 = R4
0 − R4

1 − R4
2

2R2
1R2

2
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(C8)

When assuming symmetry, it holds that R1 = R2 and e0 · e1 = e0 · e2. The linear system
(C7) reduces to (

2R2
1 0

R2
0 R2

1

)(
e0 · e1

e1 · e2

)
= −

(
R2

0

R2
1

)
, (C9)
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which also has a unique solution:

e0 · e1 = − R2
0

2R2
1
,

e1 · e2 = R4
0 − 2R4

1

2R4
1

.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(C10)

Application of Murray’s theory, leading to R1 = R0/
3√2, provides a fixed result for the

angles between the channels: arccos(e0 · e1) = 142.5◦ and arccos(e1 · e2) = 74.9◦.
In the case of a trifurcation, (2.34) is expanded for i = 0, 1, 2, 3. Also here, only the

unique combinations of unit vectors have to be calculated. Writing everything out leads to
the following linear system of equations:⎛

⎜⎜⎜⎜⎝
R2

1 R2
2 R2

3 0 0 0

R2
0 0 0 R2

2 R2
3 0

0 R2
0 0 R2

1 0 R2
3

0 0 R2
0 0 R2

1 R2
2

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

e0 · e1
e0 · e2
e0 · e3
e1 · e2
e1 · e3
e2 · e3

⎞
⎟⎟⎟⎟⎟⎠ = −

⎛
⎜⎜⎜⎜⎝

R2
0

R2
1

R2
2

R2
3

⎞
⎟⎟⎟⎟⎠ . (C11)

This system has four independent equations and six unknowns. Therefore, there is no
solution independent of the location of the nodes, and assumptions should be made to
get a node-independent solution. A possible assumption is that of symmetry. In that case,
R1 = R3 and therefore e0 · e1 = e0 · e3. In addition, as the number of daughter channels is
odd, one of the channels (in this case channel 2) should be aligned with the parent channel
0. As a result, e0 · e2 = −1 and e1 · e2 = e2 · e3. Taking everything into consideration, the
number of independent equations reduces to 3 and the number of unknowns also reduces
to 3. Then the linear system of equations becomes⎛

⎜⎝
2R2

1 0 0

R2
0 R2

2 R2
1

0 2R2
1 0

⎞
⎟⎠
⎛
⎝e0 · e1

e1 · e2
e1 · e3

⎞
⎠ = −

⎛
⎜⎝

R2
0 − R2

2

R2
1

R2
2 − R2

0

⎞
⎟⎠ , (C12)

which has a unique solution

e0 · e1 = R2
2 − R2

0

2R2
1

,

e1 · e2 = R2
0 − R2

2

2R2
1

,

e1 · e3 = (R2
0 − R2

2)
2 − 2R4

1

2R4
1

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(C13)

Appendix D. Wall shear stress

For laminar flow of a Newtonian fluid through circular tubes, power minimisation of a
branching leads to uniform shear stress in all channels (Zamir 1977). We will show that
this condition also holds for all laminar flows of fluids described by the fluid model of
(2.5).
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The wall shear stress τw for fully developed flow through a channel with arbitrary
cross-section can be computed from a force balance:∣∣∣∣dp

dz

∣∣∣∣AL = L
∮
τw ds, (D1)

where the closed-curve integral indicates integration over the intersection between the
channel wall and a perpendicular cross-plane. The average shear stress is defined as

〈τw〉 ≡ 1
�

∮
τ ds, � ≡

∮
ds, (D2a,b)

where � is the perimeter. The average shear stress is then expressed in terms of the pressure
drop as

〈τw〉 =
∣∣∣∣dp
dz

∣∣∣∣ A
�
. (D3)

Hence, using (2.12) and A = πR2, one gets

〈τw〉 = 1
�

Qn

R3n−1
2μ′

πn−1

(
3n + 1

n

)n 1
ψn . (D4)

For a fixed cross-section shape, the perimeter is � = 2πR, therefore the average shear stress
is uniform when

R3

Q
ψ(φ) = const., (D5)

provided that the fluid properties are constant. Using (2.13), (D5) shows that uniform wall
shear stress is obtained if R3/Q = const.

For power minimisation in a network, this same condition should hold, so if a branching
with a laminar flow of a fluid described by (2.5) is optimised using Murray’s theory, then
the wall shear stress is also constant over the entire network.

REFERENCES

BEJAN, A. & LORENTE, S. 2006 Constructal theory of generation of configuration in nature and engineering.
J. Appl. Phys. 100 (4), 041301.

BEJAN, A. & LORENTE, S. 2013 Constructal law of design and evolution: physics, biology, technology, and
society. J. Appl. Phys. 113, 151301.

CARVALHO, M.R., TURGEON, R., OWENS, T. & NIKLAS, K.J. 2017 The scaling of the hydraulic architecture
in poplar leaves. New Phytol. 214 (1), 145–157.

CHHABRA, R.P. & RICHARDSON, J.F. 2008 Non-Newtonian Flow and Applied Rheology, 2nd edn.
Butterworth-Heinemann.

CHILTON, R.A. & STAINSBY, R. 1998 Pressure loss equations for laminar and turbulent non-Newtonian pipe
flow. J. Hydraul. Engng ASCE 124, 522–529.

COHN, D.L. 1955 Optimal systems: II. The vascular system. Bull. Math. Biophys. 17, 219–227.
CORNISH, R.J. 1928 Flow in a pipe of rectangular cross-section. Proc. R. Soc. Lond. A 120, 691–700.
DABAGHI, M., ROCHOW, N., SARAEI, N., MAHENDRAN, R.K., FUSCH, G., CHAN, A.K.C., BRASH, J.L.,

FUSCH, C. & SELVAGANAPATHY, P.R. 2020 Miniaturization of artificial lungs toward portability. Adv.
Mater. Technol. 5 (7), 2000136.

DI CARLO, D. 2009 Inertial microfluidics. Lab on a Chip 9, 3038–3046.
DONG, G, CHEN, B., LIU, B., HOUNJET, L.J., CAO, Y., STOYANOV, S.R., YANG, M. & ZHANG, B.

2022 Advanced oxidation processes in microreactors for water and wastewater treatment: development,
challenges, and opportunities. Water Res. 211, 118047.

DONG, Z., WEN, Z., ZHAO, F., KUHN, S. & NOËL, T. 2021 Scale-up of micro- and milli-reactors: an
overview of strategies, design principles and applications. Chem. Engng Sci. 10, 100097.

967 A6-31

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

43
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.433


J.S. Smink, C.H. Venner, C.W. Visser and R. Hagmeijer

EMERSON, D.R. & BARBER, R.W. 2012 A design approach for non-Newtonian power-law flow in rectangular
micro-channels based on Murray’s law. In Proceedings of the 3rd European Conference on Microfluidics.

GAN, R.Z., TIAN, Y., YEN, R.T. & KASSAB, G.S. 1993 Morphometry of the dog pulmonary venous tree.
J. Appl. Physiol. 75, 432–440.

GARCIA, E.J. & STEFFE, J.F. 1987 Comparison of friction factor equations for non-Newtonian fluids in pipe
flow. J. Food Process Engng 9, 93–120.

GLEASON, S.M., BLACKMAN, C.J., GLEASON, S.T., MCCULLOH, K.A., OCHELTREE, T.W. &
WESTOBY, M. 2018 Vessel scaling in evergreen angiosperm leaves conforms with Murray’s law and
area-filling assumptions: implications for plant size, leaf size and cold tolerance. New Phytol. 218,
1360–1370.

HANKS, R.W. 1981 Laminar–turbulent transition in pipeflow of Casson model fluids. J. Energy Resour.
Technol. 103, 318–321.

HANKS, R.W. & RICKS, B.L. 1974 Laminar–turbulent transition in flow of pseudoplastic fluids with yield
stresses. J. Hydronaut. 8 (4), 163–166.

HERSCHEL, W.H. & BULKLEY, R. 1926 Konsistenzmessungen von Gummi-Benzollösungen. Kolloidn. Z.
39, 291–300.

HOLTZE, C. 2013 Large-scale droplet production in microfluidic devices – an industrial perspective. J. Phys.
D: Appl. Phys. 46 (11), 114008.

HOOPER, G. 1977 Diameters of bronchi at asymmetrical divisions. Respir. Physiol. 31, 291–294.
HORSFIELD, K. & CUMMING, G. 1967 Angles of branching and diameters of branches in the human bronchial

tree. Bull. Math. Biophys. 29, 245–259.
HUTCHINS, G.M., MINER, M.M. & BOITNOTT, J.K. 1976 Vessel caliber and branch-angle of human

coronary artery branch-points. Circ. Res. 38, 572–576.
JEONG, H.H., YELLESWARAPU, V.R., YADAVALI, S., ISSADORE, D. & LEE, D. 2015 Kilo-scale droplet

generation in three-dimensional monolithic elastomer device (3D MED). Lab on a Chip 15, 4387–4392.
KAMIYA, A. & TOGAWA, T. 1972 Optimal branching structure of the vascular tree. Bull. Math. Biophys. 34,

431–438.
KAMIYA, A., TOGAWA, T. & YAMAMOTA, A. 1974 Theoretical relationship between the optimal models of

the vascular tree. Bull. Math. Biol. 36, 311–323.
KASSAB, G.S., RIDER, C.A., TANG, N.J. & FUNG, Y.-C.B. 1993 Morphometry of pig coronary arterial

trees. Am. J. Physiol. 265 (1), H350–H365.
KINSTLINGER, I.S. & MILLER, J.S. 2016 3D-printed fluidic networks as vasculature for engineered tissue.

Lab on a Chip 16, 2025–2043.
KOÇILLARI, L., et al. 2021 The widened pipe model of plant hydraulic evolution. Proc. Natl Acad. Sci. USA

118 (22), e2100314118.
KOU, J., CHEN, Y., ZHOU, X., LU, H., WU, F. & FAN, J. 2014 Optimal structure of tree-like branching

networks for fluid flow. Physica A 393, 527–534.
LEE, J.Y. & LEE, S.J. 2010 Murray’s law and the bifurcation angle in the arterial micro-circulation system

and their application to the design of microfluidics. Microfluid Nanofluid 8, 85–95.
LEKNER, J. 2007 Viscous flow through pipes of various cross-sections. Eur. J. Phys. 28, 521–527.
MADHAWAN, A., ARORA, A., DAS, J., KUILA, A. & SHARMA, V. 2018 Microreactor technology for

biodiesel production: a review. Biomass Convers. Biorefin. 8, 485–496.
MAYROVITZ, H.N. 1987 An optimal flow-radius equation for microvessel non-Newtonian blood flow.

Microvasc. Res. 34, 380–384.
MCCULLOH, K.A., SPERRY, J.S. & ADLER, F.R. 2003 Water transport in plants obeys Murray’s law. Nature

421, 939–942.
MIGUEL, A.F. 2016 Toward an optimal design principle in symmetric and asymmetric tree flow networks.

J. Theor. Biol. 389, 101–109.
MIGUEL, A.F. 2018 A general model for optimal branching of fluidic networks. Physica A 512, 665–674.
MIGUEL, A.F. & ROCHA, L.A.O. 2018 Tree-shaped Fluid Flow and Heat Transfer, 1st edn. Springer.
MOORE, T., BIVIANO, M., MUMFORD, K.A., DAGASTINE, R.R., STEVENS, G.W. & WEBLEY, P.A. 2019

Solvent impregnated polymers for carbon capture. Ind. Engng Chem. Res. 58 (16), 6626–6634.
MURRAY, C.D. 1926a The physiological principle of minimum work applied to the angle of branching of

arteries. J. Gen. Physiol. 9, 835–841.
MURRAY, C.D. 1926b The physiological principle of minimum work. I. The vascular system and the cost of

blood volume. Proc. Natl Acad. Sci. USA 12, 207–214.
NORDSLETTEN, D.A., BLACKETT, S., BENTLEY, M.D., RITMAN, E.L. & SMITH, N.P. 2006 Structural

morphology of renal vasculature. Am. J. Physiol. 291 (1), H296–H309.
OKA, S. & NAKAI, M. 1987 Optimality principle in vascular bifurcation. Biorheology 24 (6), 737–751.

967 A6-32

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

43
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.433


Engineering of optimised branched fluidic networks

PAINTER, P.R., EDÉN, P. & BENGTSSON, H.U. 2006 Pulsatile blood flow, shear force, energy dissipation and
Murray’s law. Theor. Biol. Med. Model. 3, 1–10.

PONALAGUSAMY, R. 2012 Mathematical analysis on effect of non-Newtonian behavior of blood on optimal
geometry of microvascular bifurcation system. J. Franklin Inst. 349, 2861–2874.

REINER, M. 1926 Ueber die Strömung einer elastischen Flüssigkeit durch eine Kapillare. Kolloidn. Z.
39, 80–87.

REVELLIN, R., ROUSSET, F., BAUD, D. & BONJOUR, J. 2009 Extension of Murray’s law using a
non-Newtonian model of blood flow. Theor. Biol. Med. Model. 6, 7.

ROSENBERG, E. 2020 On deriving Murray’s law from constrained minimization of flow resistance. J. Theor.
Biol. 512, 110563.

ROSSITTI, S. & LÖFGREN, J. 1993 Vascular dimensions of the cerebral arteries follow the principle of
minimum work. Stroke 24 (3), 371–377.

SCIUBBA, E. 2016 A critical reassessment of the Hess–Murray law. Entropy 18 (8), 283.
SHERMAN, T.F. 1981 On connecting large vessels to small: the meaning of Murray’s law. J. Gen. Physiol. 78,

431–453.
SINGHAL, S., HENDERSON, R. & HORSFIELD, K. 1973 Morphometry of the human pulmonary arterial tree.

Circ. Res. 33, 190–197.
SKYLAR-SCOTT, M.A., MUELLER, J., VISSER, C.W. & LEWIS, J.A. 2019 Voxelated soft matter via

multimaterial multinozzle 3D printing. Nature 575 (7782), 330–335.
STEPHENSON, D. & LOCKERBY, D.A. 2016 A generalised optimisation principle for asymmetric branching

in fluidic networks. Proc. R. Soc. Lond. A 472, 20160451.
STEPHENSON, D., PATRONIS, A., HOLLAND, D.M. & LOCKERBY, D.A. 2015 Generalizing Murray’s law:

an optimization principle for fluidic networks of arbitrary shape and scale. J. Appl. Phys. 118 (17), 174302.
SU, Y., KUIJPERS, K., HESSEL, V. & NOËL, T. 2016 A convenient numbering-up strategy for the scale-up of

gas–liquid photoredox catalysis in flow. React. Chem. Engng 1 (1), 73–81.
TESCH, K. 2010 On some extensions of Murray’s law. Task Q. 14, 227–235.
UYLINGS, H.B.M. 1977 Optimisation of diameters and bifurcation angles in lung and vascular tree structures.

Bull. Math. Biol. 39, 509–520.
VENKATESAN, J, SANKAR, D.S., HEMALATHA, K. & YATIM, Y. 2013 Mathematical analysis of Casson

fluid model for blood rheology in stenosed narrow arteries. J. Appl. Maths 2013, 583809.
VISSER, C.W., AMATO, D.N., MUELLER, J. & LEWIS, J.A. 2019 Architected polymer foams via direct

bubble writing. Adv. Mater. 31 (46), 1904668.
VISSER, C.W., KAMPERMAN, T., KARBAAT, L.P., LOHSE, D. & KARPERIEN, M. 2018 In-air microfluidics

enables rapid fabrication of emulsions, suspensions, and 3D modular (bio)materials. Sci. Adv. 4 (1),
eaao1175.

WESTERBERG, L.G., LUNDSTRÖM, T.S., HÖGLUND, E. & LUGT, P.M. 2010 Investigation of grease flow
in a rectangular channel including wall slip effects using microparticle image velocimetry. Tribol. Trans.
53, 600–609.

WHITESIDES, G. 2006 The origins and the future of microfluidics. Nature 442, 368–373.
WOLDENBERG, M.J. & HORSFIELD, K. 1986 Relation of branching angles to optimality for four cost

principles. J. Theor. Biol. 122, 187–204.
XU, P., SASMITO, A.P., LI, C. & QIU, S. 2016a Global and local transport properties of steady and unsteady

flow in a symmetrical bronchial tree. Intl J. Heat Mass Transfer 97, 696–704.
XU, P., SASMITO, A.P., YU, B. & MUJUMDAR, A.S. 2016b Transport phenomena and properties in treelike

networks. Appl. Mech. Rev. 68, 040802.
YADAVALI, S., JEONG, H.H. & LEE, D. 2018 Silicon and glass very large scale microfluidic droplet

integration for terascale generation of polymer microparticles. Nat. Commun. 9, 1222.
YI, H., LU, S., WU, J., WANG, Y. & LUO, G. 2022 Parallelized microfluidic droplet generators with improved

ladder–tree distributors for production of monodisperse γ -Al2O3 microspheres. Particuology 62, 47–54.
ZAMIR, M. 1976 Optimality principles in arterial branching. J. Theor. Biol. 62 (1), 227–251.
ZAMIR, M. 1977 Shear forces and blood vessel radii in the cardiovascular system. J. Gen. Physiol. 78, 449–461.
ZAMIR, M. 1978 Nonsymmetrical bifurcation in arterial branching. J. Gen. Physiol. 72, 837–845.
ZHAO, F., CAMBIÉ, D., JANSE, J., WIELAND, E.W., KUIJPERS, K.P.L., HESSEL, V., DEBIJE, M.G. &

NOËL, T. 2018 Scale-up of a luminescent solar concentrator-based photomicroreactor via numbering-up.
ACS Sustain. Chem. Engng 6 (1), 422–429.

ZHENG, X., SHEN, G., WANG, C., LI, Y., DUNPHY, D., HASAN, T., BRINKER, C.J. & SU, B.L. 2017
Bio-inspired Murray materials for mass transfer and activity. Nat. Commun. 8, 14921.

967 A6-33

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

43
3 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.433

	1 Introduction
	2 Optimisation of a branching using Murray's theory
	2.1 Fully developed laminar channel flow
	2.2 Optimisation of the channel radii
	2.3 Optimisation of the network topology
	2.4 The effect of non-optimised branching, the velocity profile, the wall shear stress, and the cost factor

	3 Examples: optimisation of a branched fluidic network
	4 Discussion
	5 Conclusions and outlook
	Appendix A. Derivation of channel flow and optimal branching for Casson-like fluids
	A.1 Derivation of laminar channel flow
	A.2 Optimal branching
	A.3 Example

	Appendix B. Derivation of minimised power branching
	B.1 Power minimisation with respect to radii
	B.2 Power minimisation with respect to branching point

	Appendix C. Analysis of angles between channels in network topology
	Appendix D. Wall shear stress
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


