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A TOPOLOGICAL TRANSVERSALITY THEOREM
FOR MULTI-VALUED MAPS IN LOCALLY CONVEX SPACES
WITH APPLICATIONS TO NEUTRAL EQUATIONS

TOMASZ KACZYNSKI AND JIANHONG WU

ABSTRACT.  The concept of essential map and topological transversality due to A.
Granas is extended to multi-valued maps in locally convex spaces and it is next ap-
plied to prove the solvability of boundary value problems for certain neutral functional
differential equations. In order to achieve a required compactness property, the weak
topology in a Sobolev space is considered. The topological tool established in the first
part of the paper allows to avoid some obstacles which are encountered when trying to
use standard degree-theoretical arguments.

1. Introduction. The motivation of this paper is to develop a topological tool to
investigate the following two-point boundary value problem of neutral functional differ-
ential equations

X)) € f(t,x;, %, %), ae.t€[0,T],
(1.1 X =

x(T)=»b
where r > 0, T > 0,b € R*, o € W¥¥([~r,0];R"), f:[0,T] x L>®([—r,0];R") x
L®([—r,0);R") x L*([—r,0);R") — R" is a multi-valued map with nonempty closed
convex values, and for any x: [—r,T] — R", x;,, 0 < t < T, denotes the map from [—r, 0]
to R" defined by x,(s) = x(¢t+s) fors € [—r,0]. As will be shown, the problem (1.1) can be
formulated as a fixed point problem for a certain u. s. c. map with nonempty compact con-
vex values F: U — C, where Cis a closed convex bounded subset of (Wz'z([O, T); R™), w)
(the Sobolev space with the weak topology) and U is an open subset of C. The choice of
the Sobolev space and its weak topology, motivated by the study in [1] and [7] for Cauchy
initial value problems of neutral equations, enables us to consider boundary value prob-
lems of neutral equations whose right hand side functionals may not be continuous. The
fact that the space (W2~2([0, T1; RM), w) is non-metrizable and the bounded set U is not
weakly open in the entire space makes it difficult to apply the topological degree theory
in [6], [8] and [11]. This inspires us to extend the topological transversality theorem due
to A. Granas to the case of convex-valued maps in a locally convex space.
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The rest of this paper is organized as follows. In Section 2, we introduce the con-
cept of essential maps and prove a topological transversality theorem for compact u. s. c.
multi-valued maps with nonempty compact convex values in a Hausdorff locally con-
vex space. We then, in Section 3, show that the problem (1.1) can be reformulated as a
fixed point problem for a multi-valued map satisfying certain monotonicity properties.
The established results are then applied in Section 5 to obtain an existence result for the
problem under an “a priori bound” condition. Finally, we present a simple example to
illustrate the main result.

2. Topological transversality. In this section, we extend concepts of essential
maps and topological transversality, due to A. Granas, to the case of convex-valued maps
in locally convex spaces. For elementary properties of these maps, we refer to [6].

In what follows, E is a Hausdorff locally convex space and C is a closed convex subset
of E. Given a pair of closed subsets A C X of C, we dentoe by X3 (X, C) the class of all
compact u. s. c. maps F: X — C, with nonempty compact convex values, which are fixed
point free on 4, i.e., x ¢ F(x) for all x € A.

Amap F € Ky(X, C) is called essential if every G € Ku(X, C) such that G|, = F|,
has a fixed point. Two maps F, G € Ky(X, C) are called homotopic if there exists an
u.s.c. compact map H: X x [0,1] — C, with non-empty compact convex values, such
that H, := H(-,t) € K4(X,C) forallt € [0,1], H) = F and H; = G. We call such H a
homotopy from F to G. Evidently, the relation “F is homotopic to G” is an equivalence
relation.

LEMMA 2.1. Let F € Ku(X, C). The following statements are equivalent:
(i) Fisinessential (i.e., F is not essential);
(ii) F is homotopic to a fixed point free G in Ky(X, C);
(iii) F is homotopic to a fixed point free G* in Ky(X, C) by a homotopy keeping F|,
pointwise fixed.

PROOF. (i) = (ii). Let G € Ky(X, C) be a fixed point free map with F|, = G|,. Itis
easily verified that H(x, ) = (1 — t)F(x) + tG(x) is the required homotopy from F to G.

(ii) = (iii). Let H be a homotopy from a fixed point free map G = Hy to F = H,. Let
B = {(x, € Xx[0,1];x € H(x,)} and let B = {x € X;x € H(x, ) forsome t € [0, 1]}.
From the compactness of H it follows that B is compact, therefore B is compact as the
projection of B onto the X coordinate. We may assume that B # (), otherwise F is fixed
point free and we are done. Clearly, ANB = {). Since any Hausdorff locally convex space
isa T3% space, there exists a continuous function u: X — [0, 1] with u(A) = 1, u(B) = 0.
We define G*(x) = H(x, u(x)) and H*(x,t) = H(x, (1 —t)+tu(x)). It can be easily verified
that G* is fixed point free and H* is a homotopy from F to G* with H*(x,t) = F(x) for
allx € Aandallt € [0,1].

The statement (iii) = (i) is obvious.

As an immediate consequence we get the following

https://doi.org/10.4153/CJM-1992-061-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-061-5

A TOPOLOGICAL TRANSVERSALITY THEOREM 1005

COROLLARY 2.1. Let F, G € Ky(X, C) be homotopic maps. Then F is essential if
and only if G is essential.

THEOREM 2.1.  Let U be an open subset of C, xy € U, and let U = dcU be the
boundary of U in C. Then the constant map U — {xo} is essential in Kyy(U, C).

PROOF.  We want to show that if F € %;y(U, C) and F|,,, = {xo}, then F has a fixed
point in U. We define the extension of F to F: C — C by putting F(x) = F(x) ifx € U
and F(x) = {xo} if x € C\U. Then F is u.s.c. and by the Ky-Fan fixed point theorem
there exists x € C such that x € F(x). Since no x in C\U is fixed, x must be a fixed point
of F.

THEOREM 2.2. Let U be an open subset of C with xy € U, and let F:U — C be
an u. s. c. compact map, with nonempty compact convex values, such that x # AF(x) +
(1 — X)xo forall x € dcU and all 0 < \ < 1. Then F has a fixed point in U.

PROOF. We may assume that F|,,, is fixed point free, otherwise, we are done. By
the hypothesis, H(x,7) = tF(x) + (1 — 1)xp is a homotopy from the constant map {xo},
which is essential by Theorem 2.1, to the map F in X, (U, C). Therefore F is essential
by Corollary 2.1 and, consequently, has a fixed point.

3. Application to neutral equations: technical lemmas. In what follows, r > 0,
T >0, and ¢ € W?2([—r, 0]; R") are given. We introduce the following spaces:

E = C([0, T];R") x C([0, T]; R") x L*([0, T]; R"),
Ey = L°([—r, T R") X L°([—r, T R") X L*([—r, T, R"),
E; = L®([—r,0};R") x L([—r,0]; R") x L*([—r,0]; R").

We then define the extension operator ¢: E; — E, by

(e, §)0) if—r<t<0,

PY(u, v, w)(t) = (11, Pav, Y3w)(f) = wvw)()  f0<t<T

For any map z: [—r,T] — R" and ¢ € [0, T], z; denotes a map from [—r, 0] to R” defined
by z,(6) = z(t+6) for —r < 6 < 0.1t is easy to see that i: E; — Ej is continuous, that for
any ¢ € [0, T], the map from E) to E3 defined by (u, v, w)(r) = ((wlu),, (o), (w3w),)
is continuous, and that the first two coordinates (1 u),, (,v), are piecewise continuous
functions. '

We consider the following boundary value problem

{x(;) € f(t,x,, %, %), ae. t € [0,T),
Xo = (P,X(T) = b,

where b € R", f: [0, T] x E3 — R" is a multifunction. Define g: [0, T] X E; — R”" by

3.1

gt u, v, w) = f (1, @110), (Y2v)s, (Y3w);).
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Then we can rewrite (3.1) as

3.2) l)'c'(t) € g(t,x,x,X)ae. t €[0,T],
x(0) = ¢(0),x(T) = b.
We assume that the problem (3.2) can be imbedded in the following family of prob-
lems
3.3) {x(z) € h(\t,x,%,%), aet € [0,T],
x(0) = ¢(0),x(T) = b,

where A € [0, 1], h: [0, 1] x [0, T] x E; — R" is a multifunction, with nonempty closed
convex values, satisfying the following conditions:
H1) h(1,t,u,v,w) = g(t,u,v,w) for (t,u,v,w) € [0,T] X Ey;
(H2) h(-,t,-):[0,11 X E; = R"isu.s.c. forae. t € [0,T];
(H3) h(\, -, u,v,w):[0,T] — R" has measurable single-valued selections for any
A u,v,w) €10,1] X Ey;
(H4) for any bounded B C E; there exists ap € L2([O,T];[0, oo)) such that
A\ t,u,v,w)| < ag(f) forae. r € [0,T] and all (A, u,v,w) € [0,1] X B.
We define the multi-valued map G: [0, 1] X E} — L*([0, T]; R™) by

3.4 GO\ u,v,w)={xe€ L2([0, TT; R™); x(r) € (X, 1,u, v, w) for ace. 1 € [0, T1}.

The above conditions on A imply that G is well defined with nonempty convex values
and it sends bounded sets to bounded sets. Moreover, employing a similar argument to
that in [10], we obtain the following

LEMMA3.1.  The graph of G is closed in the product of norm topology on the domain
and the weak topology on the codomain.

PROOF.  Suppose that (A, up, vy, wy) — (A, u, v, w) in norm, x, — x (weakly) and
Xn € G(Ap, up, vy, wy). By the Mazur theorem, forany N = 1,2,...,

x € Cn = co{XN+1,XN42, - - }

and consequently, there exists a sequence {zV,2),...} C Cy strongly convergent to x.
Since the L? convergence on a bounded interval implies the pointwise almost everywhere
convergence of a subsequence, we may assume without loss of generality that z'(f) —
x(t) as k — oo forae. t € [0,T] and all N. Let A C [0, T] be the set of those ¢ for
which the above sequence converges and for which A(-, t, ) is u. s. c. Then the Lebesgue
measure of A is T. By the definition of an u. s. c. map, for any r € A, € > 0, there exists
N such that
x(t) € D := h(\, t,u,v,w) + B,

for all k > N, where B. is the closed e-ball about the origin. Since D is closed and
convex, {z¥'} C D, and so x(r) € D,. This holds for all ¢ > 0 and a.e. ¢ € [0, T], hence
x € G(\, u,v,w) and the conclusion follows.
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In order to obtain a further closedness property of the graph of G, we consider the
space L? := L*([0, T]; R?) with the standard integral inner product, and pose the follow-
ing additional condition on A:

(H5) There exists a continuous linear automorphism S of L? and a constant ¢ # 0
such that the map 6()\, u, v, w) = Sw+0G(\, u, v, w) is monotone with respect to
w e L% forall (\,u,v) € [0,1] x C(O,T]; R") x C([0, T]; R").
Here and in what follows, a multi-valued map F: H — H, where (H, G, -)) is a Hilbert
space, is called monotone if (x — X,y —y) > 0 forall x, x € H, y € F(x) and y € F().

Let us note that (HYS) is satisfied, for example, if either £G is monotone in w or G is
Lipschitzian in w with a Lipschitzian constant K independent of A, and v. Indeed, in
the second case, we may take GO u,v,w) =w— %G(/\, U, v, w).

LEMMA 3.2. Let G be defined in (3.4) and satisfy (HS). Then the graph of G is
closed in the following topology on [0, 1] x E| and L?: norm topology on [0, 1] and the
first two L components of E\, weak topology on the last L? component of E| and on the
codomain L2,

PROOF. Wk first assume that G itself is monotone. Our argument will be similar to
that in [5]. Let x; € GO, ug, vi, wi) for k = 1,2,..., (g, ug, vi) — (A, 4, v) in norm,
wi — w,xp — x weakly as k — 0o. We want to show that x € G(A, u, v, w). Suppose the
contrary. Since G(\, u, v, w) is convex and closed, the Hahn-Banach separation theorem
implies the existence of y € L? and a real « such that

0, x) < a<(y,z) forz € GO\, u,v,w).

Let y, = w — t,,y, where t,, > 0, t,, — 0 as m — oo, and choose z;' € G(A, Ux, Vi, Ym)
for any k and m. Since any bounded set in L? is weakly relatively compact, there are
subsequences zf(’; — " € L? as p — o0. Also, by passing to a subsequence, we may
assume that 7" — z € L2 as m — 00. Since (M, ug, Vs Ym) — (A, 4, v, ¥y) in norm and
Ym — w, it follows from Lemma 3.1 that z”* € G(\, u, v, ym) and z € G(A, u, v, w). By the
monotonicity assumption, (x; — 7', Wx — W + t,y) > 0 for all kK and m. Since wy, — w
andzz — 7" as p — 00, we get
0 Sm(xkp —zfc';,wkp — w+t,,,y) = l_irg(xxp —z'”,tmy) for all m.
p—o =00
Next, t,, > 0 implies
0< ﬁm_(xkp —z'",y) for all m.

p—0

By passing to the limit as z” — z and as x;, — x, we get

0 < lim lim (x, —2"y) = lim (x, —2,y) = x —z.y).
p—00

P00 m—00

This implies (x, y) > (z, ¥) which contradicts the choice of y and a.
Let now G be monotone. The equation defining G can be rewritten as G(\, u,v,w) =
LG(A\,u,v,w) — LSw. Since any continuous linear operator is weakly continuous, the
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graph of G is closed in any one of the considered topologies if and only if the graph of
G has that property, and hence the conclusion follows from the first part of the proof.

Now, let ¢ > 0 be a given sufficiently small constant. We define G: [0, 1] x W22 —
L? x R" x R" by the formula

GOww) = {GO\ u,it, i) — eu} x {p(0)} x {b},

where W22 := W2%([0, T]; R").

LEMMA 3.3.  Under the assumptions (HI — HS), the restriction of G to any bounded
subset of [0,1] x W22 is u.s.c. and compact in the weak topology on the domain and
codomain spaces.

PROOF. G maps any bounded subset of [0, 1] x W?? to a bounded, therefore weakly
relatively compact, set in L2 x R" x R". The conclusion will follow if we show that
the graph of G is closed in the following topology: standard norm topology on [0, 1]
(identical with the weak topology) and weak topology on W?? and L? x R" x R". Let
M € 10,11, we € W22, (v, (0), (1)) € GOy ti), k = 1,2,..., M — A, e — 4,
(vk, u (0), uk(T)) — (v,x,y) as k — 00. We want to show that (v, x, y) € G(\, u). Indeed,
since the inclusion W22 C C'([0, T]; R%), is completely continuous, we may assume, by
passing to a subsequence, that u, — u and i, — u in the norm topology. Evidently,
ux(0) — u(0) and u,(T) — u(T), so only the convergence i, — i and v, — v is weak.
The conclusion now follows from Lemma 3.2.

4. Application to neutral equations: existence results. We let £: W?? — [? x
R" x R" be defined by Lu = (u — eu, u(0), u(T)), and G: [0,1] x W?? — L2 x R" x R"
be the multivalued map defined in the previous section. It is easily seen that L is an
isomorphism, the problem (3.1) is equivalent to Lu € G(1,u) and, consequently, to
u € F(u), where F = L7' o G(1,u): W2* — W22,

We assume that the following “a priori” boundedness conditions hold.

(H6) There exist Mg, M; > 0 such that, for any u € W>? satisfying either Lu € G(\, u)
or Lu € AG(0,u),0 < X\ < 1, we have ||u||oo < Mo and ||it]| 0o < M.
(H7) There exist constants M > Oand k € [0, 1) such that ||A(A, u, v, w)||2 < M+k||w||2
for all (A, u,v,w) € [0, 1] x E; with ||u]|s < M and ||v||ec <M.
In the above statement, || - ||, stands for the essential supremum norm and || - ||, stands
for the integral L? norm.

THEOREM 4.1.  Under the conditions (H1 — H7), the problem (3.1) has at least one
solution u € W*2 with ||ul|c < Mo, |lit]|ce < My and ||ii — eul|y < My, where My :=
M+ /re(l +k)Mol/(1 — k).

PROOF. We will use the topological transversality theorem in the locally convex
space E = (W?2,w)), where w is the weak topology.

Put

U= {ueW?|ullo < Mo, llitl oo <My, ||ii — eull, < M>)}.
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Then L '0G([0, 1] x U) is bounded and, since the inclusion W>2 C C! := C'([0, 1]; R"),
is completely continuous, there are constants No > My and N; > M such that ||v||e <
Ny and ||V]|oo <N forallv € L1 0 G([0,1] x D).

If v € L710G([0, 1] x U), then there exists u € U such that

V(t) — ev(t) € h(\, t,u, u, i) — cu(t).
From (H7) and the definition of U and noting that ||u||2 < /r||u|~ it follows that

[V —evlla <M +k|il|2 +¢l|u]|2
<M + kllii — eul|z + /7 e(1 +b)||ut]| 0o
= [M + /1 e(1 + k)My] + kM,
<M,.

Let

C = {u € W |lullo < No, [litlloo < Ny and |lii — ull2 < Ma}.

Uis asubset of Cand £~ oG maps [0, 1]x U to C. It follows from the complete continuity
of the inclusion W?? C C! that U is weakly open in C with dcU = {u € C;||ul|o =
My, ||it|| o = M, }. By Lemma 3.3, the map L~'0G: [0, 11X U — Cis u. s. c. and compact
in the norm topology of [0, 1] and weak topology of W2 and L? with nonempty closed
convex values. It follows from (H6) that, L~! o G(1, -) is homotopic to L=! o G(0, -) in
Kev (U, O).

On the other hand, using the same argument as that for Lemma 3.3, we can prove that
L7'06(0,+): U — Cis an u.s.c. compact map in the weak topology of W22, and by
assumption (H6), x # AL™! 0 G(0,x) forall A € [0, 1] and x € dcU. From the argument
of Theorem 2.2, we show that L~! o G(0, -) is homotopic to the constant map U — {yo}
in K.y( U, C), where yj is the unique solution of the problem jiy —eyy = 0, yo(0) = ¢(0)
and yo(T) = b.

Therefore, L~ o G(1, -) is homotopic to the constant map U — {yp}. By Theorem 2.1
and Corollary 2.1, L~' 0 G(1, -) is an essential map, and thus it has a fixed point in U.
This completes the proof.

We now illustrate Theorem 4.1 by an example. Consider the following special case
of the problem (3.1):

s € [ p@e+0)do+f (130, [ g@xte+0)db,
@.1) x(1) — /_0 PO)x(t + 0) db, x(1) — /_0 POt + ) d9>

x(0) = ¢(8),0 € [—r,0],

xT)=1>b
where p,q € L*([—r,0]; R") with ||p||/7 < %,f: [0,T] x R* — R! is a multifunction,
with nonempty closed convex values, satifying the following Carathéodory condition:
(EH1) foreach z € R*, the map (-, 2): [0, T] — R! is measurable;
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(EH2) forae. t € [0, T], the map f(z,-): R* — R is u.s.c;
(EH3) for any bounded set W C R*, there exists a function ay € L*([0, T]; R) such that
[f(t,2)] < aw(r) forallz € W.
Clearly, for the above problem, the associated map g: [0, T] x E; — R! is defined as
follows:

2(t, 1, v, w) = /_0 pBywiz+6)do

+f (t, u(r), /f , qg(@u(t+0)do, u(t) — /_0 . p@)u(t+ 0)do, v(r)
- /f PO+ 0) de)

where we tacitly assume that
(u, v, w)(®) = (¢, p, §)() for t € [—r,0].

We now define a new multi-valued map &: [0, 1] x [0, ] X E; — R! as

O £ 1, v, w) = A ]f  pOyw(t+0)df

41 (o, [ q@utt+00d0.u~ X [ pOyutc+0)db,v()
“ /f PO+ 0)db).

Evidently, (H1) is satisfied, and for each fixed ¢ € [0, T], the map ¥,: [0, 1] X E} — R*
defined by

WO 1, v, w) = (u(t), /f G(O)u(t + ) db, u(r)
—A /f pOutt+0)dd, w(n) — X /f POVt +6) da)

is continuous. Therefore by (EH2), the composite map f (t, ‘P,(~)): [0,1] x E; — R'is
u.s.c., so (H2) holds.

It is known (c¢f. [9]) that (EH1) and (EH2) imply that A(), -, 4, v, w) has measurable
single-valued selections for any (A, u, v,w) € [0, 1] X E|, so (H3) is verified.

For any (A, u, v, w), (A, u,v,w) € [0,1] X E;, we have

b /—Or” OYw(-+6)—i(- +0)] dGHz

S/OT[/ip(B)(w(t+9)—W(t+0)) d()]zdt
< /()T/ipz(e)dﬂ/_or[w(t+9) —W(t+0))> df dt

< rlpli3llw — 3.

Thus (H4), (H5) and (H7) are verified.

https://doi.org/10.4153/CJM-1992-061-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-061-5

A TOPOLOGICAL TRANSVERSALITY THEOREM 1011

In order to verify (H6), i.e., to obtain an a priori bound for the following two families

of problems

(1) € A /f P@)ii(t + 0) df + f(t, u(), /_O q(O)u(t + ) do,
4.2) u() — A /f POt + 0)db, ie(t) — \ /f p(®)itt +6)db)

u(0) = ¢(0)

wu(T)=0>b
and

ii(t) € Af(t, u(t), /f G(O)u(r +0) db, u(z), u(z))

“.3) u® =90

u(T) = b,
we assume the following growth conditions on f:
(EH4) there exists a constant N > 0 suc\h[that fort € [0,T] and z = (21,22,23,24) € R*
. 2 dllav/r .
with |z < T 2| < 7z 123 and [z3| > N, it follows that z3w > 0 for
any w € f(t,21,22,23,0).

(EHS) for any constant L > 0 there exists a function v: [0,00) — (0, 00) such that
35 € Li%c[0,00), J§° g5 ds = oo and [f(1,2)] < ¥(|z4)) for all z € R* with
lzi| <L,i=1,2,3.

We want to show the existence of a certain a priori bound for solutions of (4.2) re-
quired in (H6) under the assumptions (EH1-EHS)

We first show that if |u(r) — X f°, p(@)u(t + 8)df] < Q for a constant Q@ > ||¢]l0o
and for all ¢ € [0, T1, then ||u||oo < 7 Indeed, if there exists 7 € [0, 7] such that
|u(r)] = max_ |u(s)|, then

sel—r,

lu(r) < 0+ ‘)\ /f POur+6) da]
< @ +|pllav/rlu()]

L.
from which it follows Fhat lu(r)| < _JQ_lfllpllz\/;’ and thus ||ul]e < 7
We next show that if

ll#lloo <

= max {}u(z) - A/ip(e)u(ma){;o <t< T},

w(T) — \ /f pOWT+6) d()‘

then

1 _
‘u(t) — )\/_Orp(O)u(t+9)d0) < 1—_2-“||p—p””22—\/_rr|b] fort € [0, T).

Indeed, in this case, we have ||u|lo < (DA [ pOyucT+)ds| from which it follows that

1-lplly/r

|u(T) — A J°, pO)u(T + ) df)|
1= Ipll2v/r

()= [ pOu(r+0)d8] < D) + lpl2v/7
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and thus
ury—x [ POWT+0)do] < - 2”|‘|” ““*\/[l (D] = 2”@“”2‘[\[1 I
‘We then claim that
ur- [ pOut+0)
o < B = max [N+ ooyl YL bl for 10,7
—2(|pllav/r

which, by the above argument, implies that

e max ; ~ lpllav/7
1—plav/r {N’(1+]|P||2\/_)|I<p||oo, T \/;l |}

Indeed, from the above argument it suffices to verify (4.4) fort € (0, 7). If this is not true,
then we can find * € (0, T) such that [u(r) — A [° ,p@u(t+ 6) d)? attains its maximum
D? > B? att = t*. By the above established result, this implies that |u(f)| < HETT

P, q®ut+6)do) < lﬁp”q . D fort € [0, T]. However, at t = *,

l[ulloo < Mo :=

and consequently,
we have

d? 2
s [u(t) —A /f PO+ 0)db] € 2[r,u), /_0 qOu(r + 6)db, u(r")
Y /f POt + 0),0)] [u(t*) Y f p@u( +6)do).
By (EH4), we obtain d%; [u(®)—X °, p(@)u(t+6) df)? > O att = t*, which is a contradiction
to the choice of *.

By assumption (EHS), we can find a function ¢:[0,00) — (0,00) such that
50" 3ty ds = oo and

Lf(t, u(), [ a(Ou(r+6) dB, u(t) — \ /_O r PO)ult+0)db, ir)
. )\/_Orp(e)it(t+ 9) d())' < w(‘u(t) Y /ip(f))u(t+0) dHD.

Therefore

L= [ pOute+o) o] < 0|0 =2 [ porucr+0)] ).

This implies the existence of a constant #; > 0 such that lia(r) — A I @it +0)do| <
M, fort € [0, T] (¢f- [4]). Repeating the above argument, we obtain [|it]|e < M) :=
max{ || ¢loo, 1= ||p||27r}

Likewise, we can verify (H6) for the family of problems (4.3). Therefore by Theo-
rem 4.1, the problem (4.1) has at least one solution.

To illustrate the above result, let us consider the following simple example:
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EXAMPLE 4.1. Let :R — R be the multifunction with intervals as values defined
as follows
[ {n} if x € (n,n + 1), nis an integer,
e(x) = . . .
[n,n+1] if x = nis an integer.

Clearly, ¢ is an u. s. c. convex valued function with x < e(x) < x+ 1 forall x € R. We
define £: [0, 1] x R* — R as

ft,2) = e(a(t,2) + A + Bg),

where «a(t,z) is any bounded Carathéodory function, A > 0, B is any constant and k
is any nonnegative integer. It is easy to verify that f satisfies the conditions EH1-EHS.
Therefore, the problem (4.1) has a solution u € w22,

As a final remark, we point out that Theorem 4.1 can be applied to a much more gen-
eral neutral equation than the one examined in this section. Also, we leave applications
of the topological transversality theorem, to more general boundary value problems of
neutral equations, for a further investigation.
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