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1. Introduction

In this paper we investigate some triple equations involving the inverse of
the finite Mellin transform My which is defined by the equation

M[f(x); s]= JR [x*~1+ R¥x ™57 1] f(x)dx. (L.1)
0

This transformation is one of four which were first introduced by D. Naylor in
his paper (1) and some of its properties have been listed by the author in paper
(2), where its relationship to the Mellin transform is discussed in detail.

2. The triple integral equations
In this section we shall consider the equations
Mg [s71A(s); x] =0, 0<x<a
MR '[A(s) cot (ns); x] =f(x), a<x<b
Mg [s7*A(s); x] =0, b<x<R 2.1
where | Re(s) [< 1.
Let

MR s A(s); x] = jb H(x—1)p(t)dt 2.2

then clearly the first and third of the equations (2.1) will be satisfied automati-
cally provided

Jb p()dt = 0. 2.3)

a

From (1.1) and (2.2) we see that

sTLA(s) = Jw (x* 14+ R¥x ™5 Y)dx Jx p(dt

a

and hence that A(s) is given by the formula

A(s) = r p(O[R¥ 1™~ ]d1. (2.4)
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If we now substitute from (2.4) into the second of the equations (2.1) and make
use of the result

) .
MR[ zR _ __'_; s:l =n(R*t™*~1t) cot (ns), |Re(s)|<1
R —xt t—Xx

we find that it too will be satisfied if

;lr _r (D) [RZR_zxt - ﬁc] dt = f(x), a<x<b. 2.5)

Ifwelet T = t/R, « = a/R, B = b/R and then put p = x/R and R/x in turn,
we find that (2.5) implies that

R[* t 1y [P Re), a<p<B
RJP(RT)[I—pr r—p]dT {p"f(Rp“), «t<p<p? @6

-3

and hence that

l]f“_' 20 g = g(p), pe( HuB™! a™h) 2.7
T—p

7!

a

where the bar on the integral sign is used to indicate that the range of integration
excludes the interval (8, $~') and where we have written

_ ) —Rp(R7), a<t<f
h(t) = {Rt_zp(R‘c“l), plcr<a™? 28
and

p Y (Rp), a<p<$B
g(P)'—" {p'-lf(Rp—l)’ ﬂ_1<p<a_l. (29)

The equation (2.7) has been investigated by a number of authors (3), (4) and (5).
In particular Lewin (5) has shown that its solution may be written in the form

ey = SELCB—1=F?) {C +CT_1)[“" A(e, B, Ng(r)dr } 2.10)
Aa, B, 7) O n ] sgn(2Br—1—B3(r—1) '
A, B, ) =[—) ' =) B-0)(B~ ' -]}

and C, and C, are arbitrary constants. In order to determine these constants
we make use of condition (2.3) which clearly implies that

where

J[a_l h(t)dt =0 and r h(z)dt = 0. (2.11)

a @

On applying the first of these conditions and making use of the results (5), we

have
1(*"r"sgn (2ﬁt—1-ﬁ2)dt= 1, n=1
TJa Aa, B, 1) 0, n=0
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and

1 [ sgn (2Bt—1—p%)dr _ L
nJE- A B —r) O TE@AUETL )

we find that C, = 0. Similarly, on applying the second condition, we discover

that
c, jﬂ dv_ _ 1 r dt ][ A, B, Ngdr 5 15
a A(a’ ;B’ T) T Ja A(a’ ﬂ’ t) a sgn (Zﬂr—l—ﬂz)(r—r)

From these results and (2.10) it now follows that /(t) is given by the equation

hry = SN @Pr—1-F(1 ~ap)
Ao, B, 2r(aB)*F
« ][ Ao, B, Ng(r)dr ”(E—t) d¢ 2.13)
« S0 QPr—1-p)r—1) Jo \r—¢/ A, B, &)

where F is the complete elliptic integral of the first kind F[x/2, (8 — «)/(1 —af)].
If we now change back to the original variables we find that p(¢) is given by the

formula
o) = (R?—ab) { J b R2A(x) f (x)dx r z—1)dz
2nFAQ) ), (RP=xDx ), (RT—zx)A(2)
3 Jb A(X)f (x)dx r (z—1)dz } 2.14)
a (x—t)x a (X—Z)A(Z)
with
A@) = [(1—a)(R*—at)(b—1)(R?—=b1) ]}, (2.15)
which together with (2.2) yields A(s).
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