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SEPARATING SINGULARITIES OF HOLOMORPHIC FUNCTIONS

JURGEN MULLER AND JOCHEN WENGENROTH

ABSTRACT. We present ashort proof for aclassical result on separating singularities
of holomorphic functions. The proof is based on the open mapping theorem and the
fusion lemma of Roth, which is a basic tool in complex approximation theory. The
same method yields similar separation results for other classes of functions.

1. Separating singularitiesin open sets. There are various elementary results in
function theory concerning the separation of singularities. Simple examples are the
Laurent decomposition of holomorphic functionsin aring domain or the partial fractions
decomposition of rational functions. A general result of thistypeisdueto Aronszajn[1].
It can be viewed as a special case of the Cousin-I-problem (seee.g. [7, Theorem 1.4.5]).

THEOREM 1. Let Q;.Q, be open in the extended complex plane C = C U {oo}.
Every holomorphic function f on Q = Q; N Q, can bewritten asf = f1|q — fa|q With
holomorphicin Q;.

The usual modern proof [7, Theorem 1.4.5] usesthe surjectivity of the 4 -operator and
apartition of unity. We give a different proof based on the

FusioN LEMMA (ROTH [10]). For every pair K;, K, of disoint compact sets in ¢
there exists a constant o = a(K, Kz) such that for every compact K C c, everye >0
and every pair of rational functionsry, rp with||r; — ||k < e thereisarational function
R with

[R—rjllkuk <ae forj=1,2
(wherethroughout || f||a = sup| f(2)]).
zeA

PROOF OF THEOREM 1. For anopenset G C € we endow the space
H(G) = {f: G — € holomorphic, f(c0) = 0if 00 € G}

with its usual Fréchet space topology of uniform convergence on compact subsets of G.
Since we may assumef € H(Q), we have to show that the continuouslinear operator

T: H(Ql) X H(Qz) — H(Q), T(fl.fz) = f1|Q — f2|Q

is surjective, which is—by a version of the open mapping theorem which is stated e.g.
in [8, p. 9]—equivalent to T being amost open, i.e., the closure of T(U; x Uy) is a
neighbourhood of 0 in H(Q) for all 0-neighbourhoods U; in H(Q;), j = 1. 2.
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Let U; be O-neighbourhoodsin H(Q;) which can be assumed to be of the form
={f e HQ) : || fllk <e}

for somee > O and compact setsK; C Q;. LetM C Q;UQ, becompact with K{UK> C M
and such that each component of M€ contains a point of (Q U Qz)C Choosing an open
setU DM \Qlwnh U c Qy, andlettlng Ki=KyUM \ U)and K, = KZU(MOU) we
haveK;  K; ¢ Qj and Ky UKz = M. Let now K C Q be compact with K; N K, € K°,

setLj =K; \ K° and choose @ = (L, L) according to the fusion lemma. Then we have

£ —_
= {f EHQ) : || fllk < 2—} C T(U; x Uy).
(04
Indeed, by Runge’s theorem it is enough to decompose rational functions R € V as
R=T(f1, ) withf; € U; forj = 1, 2. Clearly, wecanwriteR= Ry — Ry with R, € H(Q)).
Hence, by the fusion lemma, there exists arational function Swith

IS— RIHKUK, < 0‘2 =e/2.

Applying again Runge’stheorem, wefind afunction S € H(Q1UQ5) W|th HS—S| Ry, <
¢ /2. Finally, thefunctionsf; = Ry — Ssatisfy f; € U; with T(f1,f,) = .

REMARKS. 1. The kernel of the operator T in the previous proof is isomorphic to
H(Q1UQy). Inparticular, if Q;UQ, = C,thenT isinjectiveand H(Q) = H(Q1) ® H(Qy)
is the topological direct sum of the spaces H(Q;). In this case the unique decomposition
f =f1|qo — f2|q dependsin a continuouslinear way on f.

2. Let P(D) be a homogeneous polynomial eliptic partial differential operator with
constant coefficients on R" and call a C>-function on an open set P-holomorphic if it
belongs to the kernel of P(D) (9-holomorphic functions are holomorphic in the usual
sense and A-holomorphic functions are harmonic if A denotes the Laplace-operator).
Since there are “elliptic analogues’ of the tools used in the proof above, namely an
eliptic fusion lemma [2] and an elliptic Runge theorem [3], we can extend Theorem 1
to P-holomorphic functions. The harmonic caseis already included in [1].

THEOREM 2. For each pair Q;, Q, of open subsets of R", every P-holomorphic
function f on Q = Q1 N Q, can bewritten asf = f1|o — f2|o where the functions f; are
P-holomorphic on Q.

2. Separating singularitiesin compact sets. For acompact set K C C we denote

AKK) = {f € C(K) : k- € H(K®), f(oc0) = 0}. One may ask for an analogue result to
Aronszajn’s theorem:
If K = K; N K3 isthe intersection of two compact sets, isit true that every f € A(K) can
be decomposed as f = f;|x — f2|k with fj € A(Kj)? In general, the answer is no, and in
many cases, the decomposability can be characterized by a “fusion property”. Let R(K)
be the spaceof al f € A(K) that can be uniformly approximated by rational functions.
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THEOREM 3. Let K = K1 N K be the intersection of two compact sets K; C c
with R(K) = A(K) and such that every function which is continuous on K; U K, and
holomorphicin K$ U K3 is holomorphic on (K; U Ky)°.

(a) Thefollowing conditions are equivalent:

(1) Everyf € A(K) can bedecomposedasf = f;|x — fa|k with fj € A(K;).
(2) Thereisa constant a > 0 such that for every pair u; € A(K)), j = 1,2, there
existsafunction f € A(K; U K3) with

— Uj |k 1 — U2||k.
If—ullk <allu— wll

(b) If, moreover, A(K; U K3) = R(K1 U K3), then condition (2) is equivalent to:
(3) Thereisa constant b > 0 such that for every e > 0 and every pair ry, r, of
rational functionswith ||r; —rz||x < e thereexistsarational function Rwith

||R— rj||KJ. < be.

PROOF. Assume that condition (1) holds, which means, that the continuous linear
operator
T: A(K]_) X A(Kz) — A(K) T( f]_. f2) = f1|K — f2||(

issurjective (whereweendow A(K;) and A(K) with the Banach spacetopol ogies given by
the sup-norm). By the open mapping theorem, T is open. Given u; € A(Kj) we therefore
can decompose h = ug|k — Uz|k ash = fi|x — 2|k with fj € A(Kj) and || ||k, < al|h|«
for some constant a > 0 depending only on K; and K.

Sincef; —f, = up — uz on K, the function f = u; —f; = up — f; is consistently defined
on Ky UKoy, continuousthere and holomorphicin K U K3 and thus, f € A(K1 U K3) with

1T —ullk =1l <allur — uzfk.

To prove that (2) implies (1), we have to show that the operator T above is surjective
or—equivalently—almost open. Given h € A(K) with ||h||x < 1and ¢ € (0. 1), there
isarationa R € A(K) with |h — R||x < e. Clearly R = Ry — R, with R € A(K;).
Applying (2), wefindf € A(K; U K3) such that

I =Rl = allR— Reflx =af[Rllx < 2a.
Withfj = R — f € A(Kj) we get || fjl|k, < 2aand
[h=T(f1. )|k = [h— Rk <e.

Thisprovesthat T is almost open.

Thesame proof yieldsthat (3) implies(1). To show that (2) implies (3) wefirst exclude
exactly as in [4, p. 247] the case that the r; have poles in K;. Hence we may assume
ri € A(K;). Now, we just approximate the function f given by (2) by arational function
RonK; UK> to obtain

IR=Till, < [R=Fllkuk, + I =il <ae+allrs —raflk < 2ae.

Thuswe may take b = 2a. ]
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REMARKS. 1. For compact setsKi, Ky C € with oo # 0K;, the condition that every
function which is continuous on Ky U Kz and holomorphic in K3 UKS is holomorphicin
(K1 UKy)° issatisfied if and only if a(a KinaKaN (KU Kz)") = 0, where «(E) denotes
the continuous analytic capacity of aset E C C (see[6, Chap. I]). For example, thisis
the caseif d K1 Ma KoM (Ky UKy)° isacountable union of sets of finite one-dimensional
Hausdorff measure [6, Corollary 2.4] and thus, in particular, if K; and K, have smooth
boundary. Sufficient conditions for R(K) = A(K) are well known (see for example [5]).
In particular, A(K) = R(K) holdsif K¢ has only finitely many components.

2. If K =Ky N K3 isinfinite, then the condition (3) is equivalent to:

(3) Thereis aconstant ¢ > 0 such that for every pair r; of rational functions there
existsarational function R with

[R=rjll; <cl[rs—rallk-

3. The question under which condition (3) holds was first investigated by Gauthier
(cf. [4] or [5]), who gave an example where (3) fails (in this example, A(K; U K3) =
R(K1 U K?y) isviolated). Much simpler examples where obtained by Gaier in [4], where
he asked for conditions under which the strong version (3) of the fusion lemmais true.
Several results can be found in [9], [12].

4. The kernel of T in the situation of Theorem 3 is isomorphic to A(Ky U K3). In
particular, if Ky UK, = €, then T isinjective, henceatopological isomorphism, and this
implies A(K) = A(K1) @ A(Ky) if condition (1) holds. For K; ={z€ C: |7 < 1} and
Ko={zeC: |7 > p}U{oo}, wherep < 1, we easily see by Laurent decomposition
that A(K) = A(K1) @ A(K>) holds trueif o < 1. On the other hand, for ¢ = 1, thiswould
imply that the disc algebra A(K3) is complemented in the space of continuous functions
on {|z| = 1} , which is not true [11, Example 5.19]. Hence we have ancther simple
situation where the strong form of the fusion lemma fails.
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