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ON THE SUPERPOSTITION OF FUNCTIONS
IN CARLEMAN CLASSES

MOSTEFA IDER

In this paper we deal with classes of infinitely differentiable functions known in the litera-
ture as Carleman classes. Our main result is a characterisation of those Carleman classes
that are closed under superposition. This result enables us to give a complete solution to
a problem that has been considered by Gevrey, Cartan and Bang.

Let M = {Mn} be a sequence of positive numbers and let CM(I) denote the
Carleman class of functions / € C°°(I) which satisfy the following inequalities

where J is a linear interval.
A class CM{I) is said to be stable under superposition if for every g € CM{J) and

/ G CM(I) , where / D g{J), the composite function / o g is also in the class CM-
The problem of finding conditions on M in order that the class CM t>e stable under
superposition was first considered by Gevrey [3] for the particular Carleman classes
CM where M = {(n\)a}(a > 1). For the general Carleman classes Cartan [2] showed
that if the sequence A = {An} where An — {(Mn/n\) '"} is increasing then C'M is
stable under superposition. The question as to whether the converse of this result is true
remains unsolved. However if we suppose that the class CM is differentiable, in the sense
that / € CM implies / ' G CM > we are able to give a complete solution to this problem
by showing that in this case a condition weaker than that of Cartan is both necessary and
sufficient. We recall that the class CM{I) is inverse-closed if for every / £ CM{I) such
that f(x) y£ 0, f~x € CM{I)- It was Malliavin [4] who first gave a sufficient condition
in order that CM{I) be inverse-closed, by showing that if the sequence A is almost
increasing, that is (3A' > 0, s.t Vn < ro, An <k KAm), then the class CM is inverse-
closed. Rudin [6] proved that if CM is a non-quasianalytic class of 27r-periodic functions
then the converse of Malliavin's result is also true. To avoid the trivial cases we will
suppose that lim M« = oo and hence the class C'M{R) = CM'{R) where {logM£}

n—>oo

is the largest convex minorant of {logM.J (see Madelbrojt [5]). If lim M^n — 0,
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472 M. Ider [2]

then G'M(R) is reduced to the class of constant functions (see Madelbrojt [5]) which

is obviously inverse-closed and if lim Mn < +oo, then C M ( R ) = C{i}(R) which is

not inverse-closed, since if f(x) — sin x, / £ C^1y(R) but / o / £ C'{j}(R) (see Bang
[1]). Without loss of generality we will therefore suppose that M — Mc. Using the
techniques developed in [7] we are now in the position to prove the following

THEOREM 1. The following assertions are equivalent

(i) the sequence A is almost increasing;

(ii) if f € C'M(R) and f is analytic in a domain containing the closure of the

range of g then f o g £ CM(R);

(iii) CW(R) is inverse-closed.

PROOF: That (i) implies (ii) follows directly from the formula of Faa Di Bruno,

namely

where the summation is over all the n-tuples (fcj, k2, • • •, kn) such that fcj + k2 + . . . +
kn = k and k\ -f- 2k? + ... + nkn = n.

Trivially (ii) implies (iii). We now show that (iii) implies (i). Let

(2)
SI 2" TM{K)

where (see Madelbrojt [5])

rn
Tn.i(r) = sup — -

n>0 Mn

and
r n

Mn = SUp ———-.
r>0 TM\r)

It can be easily seen that

V.-c G R g{n){x) < Afn, 7J. ^ 0,

and that

j ( n ) (0) = i"sn

where
1
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Choose f(x) = 1/(A — x), where A > Mo . Since A - g G C M ( R ) and CM{R) is inverse
closed, it follows that ( / o g) = (A — g)~ € C'M(R) • Now choosing k, = k, kj = 0 for
j zfz s, n — ks in the formula (1) apphed to the composite function / o g at the point
x = 0 we get

If n is not a multiple of s, let sra < n < s(m + 1) and so using the fact that {Mn }
is increasing we obtain

M n
/
 > M,U > M.ln sm > \M,'

n s{m -\- 1) am 5(771 + 1) 2 3

Thus for s < n

where K is independent of 5 and n, that is A is almost increasing. I

As remarked earlier Cartan [2] has shown that if A is increasing then the class C'M
is stable under superposition. We now show that this result remains true if we suppose
more generally that the sequence A' = {(JWn/n!) } is almost increasing. In fact

we have the following

THEOREM 2. If the sequence A' is almost increasing then the class G'M(I) is
stable under superposition.

PROOF: Let g G CM(J) and / £ C'M(I), where / D 9(J) > then applying formula
(1) we get

But, since A' is almost increasing, we have

(fc2+2*3+-+(n-l)fcn)/(n-l)

(f) -($
and

n!

And so from (3) it follows that

g){n)(x)\ ^ B1X
nMn J 2 k l

k ' \ k r
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Now using the identity

y
we obtain

We now prove that the converse of Theorem 2 is true if the class CM(R) is differ-

entiable. In face we prove the following

THEOREM 3. The following assertions are equivalent

(i) the sequence A is almost increasing;
(ii) the class C*Af(R) is stable under superposition, (

provided that A is not bounded.

PROOF: (i) implies (ii). If A is almost increasing, then

Vs < n

and so

But since the class Cw/(R) is differentiable, we have

and so the sequence {(Mn/n\) 'n~ } is almost increasing. Now by Theorem 2, we
get that C M ( R ) is stable under superposition. Thus (i) implies (ii). Conversely, if
G'jvjr(R) is stable under superposition and A is not bounded, then Cjvf(R) is stable
under composition with analytic functions and so it is inverse-closed. It follows by
Theorem 1 that the sequence {{Mn/nl)1'"} is almost increasing. Thus (ii) implied (i).
Now, someone may ask if it is possible to find a Carleman class for which our restdt
applies but Cartan's does not, and the answer is positive. Let M = {Mn} be the
following sequence

Then it is clear that M is log-convex, the class CM(R) is differentiate, the associated

sequence A = (Mn/n\) ' " is almost increasing but not increasing. |

We now show that if the sequence A is bounded, then, in general, C M ( R ) is not
stable under superposition. In fact we have the following result.
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THEOREM 4. If the sequence A is decreasing to 0 , tAen there exist two functions

9 6 CM{R) and f £ CM(J) where J D g{R) such that fog <£ CM •

PROOF: Since the sequence A is decreasing to 0, this enables us to construct a
function / belonging to CM(R) such that /*n^(0) = Mn, for all n ^ 0. In fact since
A is decreasing, then there exists a constant K such that

(4) Vs < n

Puting s = 0 in (4) we get

n\ si

Mn € Kn+1n\

and so it follows that the series

fl.)-•£%'"
n = 0

converges for |a;| < l/K, and hence f^k\0) = Mk • We have also

i>=0

xn-kMn
(n-k)

n = 0

But since 2n we have

A\kMk.

Thus / belongs to CM(R) in a neighbourhood of the origin. But since CM(R) is
analytic, / e Cjvf(R). Choose now

(*) = £
We have already shown that g 6 C"M(R) and that

<?<n)(0) = insn

where

Suppose now that the coinposite function / o g 6 CM(R) - Then applying formula (1)
to fog at the point x = 0 and Vj ^ a, choosing ks = k, kj = 0 where n = ks we
have

2»ifc! V s\
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Thus

Now, using the fact that the sequence A is decreasing, and taking the n t h root of both
sides, we get

(M \1/f

(f)
If now we let k t end to infinity we have

M, = 0, Vs ^ 0

t h a t is the class Cjv/(FJ) is trivial, which is not the case and so fog £ CM{R). If n

is not a multiple of s we proceed as in Theorem 1 and the proof of the Theorem is

complete . |
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