
na tu r a l examples , the fundamental difficulties assoc ia ted with this p rob lem a r e 
revea led ; neve r the l e s s r e m a r k a b l y s t rong gene ra l local and global t heo rems a r e 
subsequent ly obtained, m o s t of which a r e published he re for the f i r s t t i m e . This 
is followed by a shor t chapter on the (global) theory of closed ex t r ema l s and 
per iod ic va r i a t iona l p r o b l e m s , which r e p r e s e n t s an extension of the work of 
P o i n c a r é and H a d a m a r d . The final chapter is concerned with the p rob lem of 
Lagrange which r e s u l t s f rom the imposi t ion of c o n s t r a i n t s . F i r s t l y , it is shown 
that the usua l formulat ion of such p rob l ems is ent i re ly unsa t i s fac tory owing to 
the fact that cons t ra in t s often r e n d e r the var ia t ion of admis s ib l e curves of 
.comparison imposs ib le ; thus a new formulat ion is devised, again in t e r m s of the 
method of equivalent in t eg ra l s , which is t reated once m o r e by means of an 
appropr ia t e canonical f o r m a l i s m . Secondly, a descr ip t ion of the au tho r ' s i n t r i c a t e 
and conceptually difficult theory of what he cal ls the ' c l a s s ' of a p rob lem of 
Lagrange is given : this is concerned (roughly) with the de te rmina t ion of the 
d imensional i ty of dist inguished fields of ex t r ema l s of such p r o b l e m s , 

Although 33 yea r s have elapsed since the f i r s t appearance of t h i s book, there 
is no doubt that there is no single m o d e r n work which can c la im to have superseded 
this m a s t e r p i e c e of Cara théodory . A g rea t deal of new work has resu l ted from the 
book, but even so the lat ter has not yet been fully exploited. It is to be expected 
that the new, competent t r ans la t ion under review will s e rve to s t imula te fur ther 
ac t iv i t ies in this d i rec t ion . 

H. Rund, Univers i ty of the Witwatersrand 

Linear and quas i - l i nea r el l iptic equat ions, by O. Ladyzhenskaya and 
N. U r a l ' t s e v a . Academic P r e s s , New York, 1968. xvii i + 495 pages . U . S . $24 . 

The 19th p rob l em of Hi lber t asked whether every solution of an ell iptic 
equation with smooth ( e . g . analytic) coefficients was itself smooth (analytic); the 
20th p rob lem was to prove that va r i a t iona l p rob lems (and their associa ted Euler 
equations) always have solut ions, provided that "solut ion" is understood in a 
sufficiently g e n e r a l s e n s e . (In p a r t i c u l a r , "solut ion" should p r e sumab ly have the 
s a m e meaning for both p r o b l e m s . ) These two re la ted p rob lems have de termined 
much of the subsequent r e s e a r c h in pa r t i a l different ial equat ions . Fo r the case 
of l inear equations of a r b i t r a r y order, with continuous coefficients, quest ions 
concerning exis tence and r e g u l a r i t y of general ized solutions were completely 
resolved by I960 (at the la tes t ) ; for a good survey see P a r t i a l Differential 
Equat ions , by L. B e r s , F . John and M. Schechter , In te r sc ience , New York (1964). 
Fo r equations with discontinuous coefficients, and especia l ly for non- l inear 
equat ions, we have only p a r t i a l so lu t ions . Second o rde r equations in two space 
va r i ab l e s can be t rea ted , for example , by the techniques of quas i -conformai 
mapp ings ; cf. Genera l ized Analytic Func t ions , by I .N . Vekua, P e r g a m o n 
P r e s s , London (1962). 

The book under review is concerned with linear and quas i - l i nea r equations 
of second o rde r in n va r i ab l e s , having discontinuous coeff icients . As is well 
known, the shape of the theory m u s t depend s t rongly on whether the equation is 
in "d ive rgence" fo rm 

Lu = 2 D (a..(x, u. u )D u) + . . . = f 
i ij x i 

or "non -d ive rgence" form 
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Lu = S a (x, u, u )D D.u + . . . = f . 
ij x i j 

Hence the re a r e e s sen t i a l l y four s e p a r a t e (but r e l a t ed ) t heo r i e s d i s cus sed in this 
book. (There a r e a lso c h a p t e r s on el l ipt ic s y s t e m s , and on v a r i a t i o n a l p r o b l e m s 
per s e . ) 

Let W (Œ ) denote the Sobolev space of r e a l - v a l u e d functions on Q having 

s q u a r e - s u m m a b l e genera l i zed de r iva t ives of al l o rders < k . Call a subspace W 
1 

of W (Q ) " a d m i s s i b l e " for a given c l a s s of equat ions , if the un iqueness t h e o r e m 

for the D i r i ch l e t p r o b l e m is valid in W "in the sma l l , " i . e . , if solut ions in W 
of Lu(x) = f(x), x e Q! ; u(x) - 0, x e dQ\ a r e unique for s m a l l se t s Q1 CŒ 
The p r i n c i p a l r e s u l t s of the book cons i s t of the de t e rmina t i on of n e c e s s a r y and 
sufficient condit ions (in t e r m s of in tegrabi l i ty p r o p e r t i e s of the coefficients) in 
o r d e r that an a r b i t r a r y a d m i s s i b l e solution to a given c lass of equations p o s s e s s 
s o m e addi t ional r e g u l a r i t y p r o p e r t y , such as boundedness or Holder cont inui ty. 
N e c e s s a r y condit ions a r e der ived (in the Introduction) by s imple cons ide ra t i ons ; 
the ma in p a r t of the book is devoted to proving the i r sufficiency. It is a s sumed 
throughout the book that Q is a bounded se t in n - s p a c e , and that the equat ions 
studied a r e uniformly el l ipt ic on Q . Uniform el l ipt ic i ty is defined as usua l for 
l inear equat ions , w h e r e a s for q u a s i - l i n e a r equat ions , e . g . in d ive rgence form, 
the definition is as fol lows: 

8a.(x, u, p) 

v ( | u | ) ( 1 + | P | ) m - 2 m 2 < 2 - ^ — e . g . 

< n ( | u | ) ( l + | p | ) m " 2 | g | 2 

for al l r e a l n - v e c t o r s £ , where m > 1 is a fixed constant , and where v and 
\i a r e cons tants depending only on | u | . 

The au thors have a t tempted to give a se l f -conta ined and comple te solution 
to the p r o b l e m s posed; many of the r e s u l t s a r e published h e r e for the f i r s t t i m e . 
Granted a few bas i c r e s u l t s of functional ana lys i s , the a r g u m e n t s a r e e l e m e n t a r y . 
Mos t of them a r e a l so difficult - Chapter 3, for example , gives a comple te 
de r iva t ion of the famous a p r i o r i e s t i m a t e s of Schauder , which though frequent ly 
r e f e r r e d to, a r e se ldom proved in tex tbooks . 

No appl ica t ions a r e given, ne i the r to phys i ca l nor m a t h e m a t i c a l top ics . 
F o r f a r - r e a c h i n g m a t h e m a t i c a l appl ica t ions of re la ted r e s u l t s , we r e f e r to 
Mult iple In tegra ls in the Calculus of Var i a t ions , by C . B . M o r r e y , Grund lehren 
der Math. Wis s . Vol. 130, Spr inger , B e r l i n (1966). 

The t r ans l a t ion f rom the 1964 R u s s i a n edit ion was edited by L. E h r e n p r e i s , 
and is comple te ly adequa te . 

Colin Clark, Unive r s i ty of B r i t i s h Columbia 
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