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Packing problems of this kind are obviously equivalent 
ô the problems of placing k (here 9) points in a unit square 

such that the minimum distance between any two of them be as 
Large as possible. The solutions of these problems a re known 
for 2 < k < 9. The largest possible minimum distances m 

< _ — j £ 

are given in table 1, and the corresponding "best" configurations 
shown in figure 1. 
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(NT6 - \T2) / 2 

1/2 

Table 1 

2? 

s* 

= 

2»£ 

74 

« 

« 
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F i g u r e 1 

The c a s e s k = 2 , 3 , 4 , and 5 a r e solved e a s i l y . F o r 
k = 6 R . L . G r a h a m obta ined the solu t ion r e c e n t l y . The c a s e 
k = 8 is t r e a t e d in a s e p a r a t e p a p e r [ l ] . A proof for k = 7 h a s 
a l s o been found by the a u t h o r ; a l though us ing e s s e n t i a l l y the 
s a m e m e t h o d s it i s m u c h m o r e c o m p l i c a t e d . The c a s e i s 
i n t e r e s t i n g b e c a u s e the b e s t conf igura t ion i s not un ique , one 
point be ing f ree to be p laced a n y w h e r e in the shaded a r e a . 

F o r k = 9, which we sha l l so lve h e r e , the b e s t conf igura ­
t ion is e a s i l y g u e s s e d , and the c o n j e c t u r e indeed not difficult to 
p r o v e . We have to show tha t , for any nine po in t s P . (1 < i < 9) 
of a c lo sed unit s q u a r e , 

m in d ( P . , P . ) < -
K K j < 9 

and tha t equa l i ty ho lds only for the c o n j e c t u r e d conf igura t ion . 
(d (P , P ) deno te s the d i s t a n c e be tween P . and P . . ) 

i j x J 

Let S be any se t of n ine po in t s P . (1 < i < 9) of a c l o s e d 

unit s q u a r e wi th 
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(1) min d { P . , P . ) > -
Ki<j<9 J 

We shall show that there is just one such set; namely the 
conjectured one, for which in (1) obviously equality holds. 

(1) The unit square may be covered by 9 c losed squares 
1 

Q n . (1 < i < 9) of side s n =-
\f2 1 

Their diameter i s —- < •— , 
3 2 Oi * - - ' 0 3 

so by (1) in each of them there can be at most one point of S. 
Since there are as many points P. as squares Qn.> in each 

of the squares there must lie exactly one point of S: P. € Q. 

(1 < i < 9). 

(2) We shall now indicate a procedure by which the loca­
tion of the points P may be res tr ic ted to squares Q C Q 

i . l i Oi 
with side s < s . Iterating the p r o c e s s , every P. i s 

s u c c e s s i v e l y confined to squares Q . of s ides s (n = 0 , 1 , 2 , . . 
ni n i 

(s_. > s > s o > . .. ). In every stage the square Q . i s in 
0 1 Z ni 

perspect ive to the unit square with respect to the conjectured 
posit ion of P.. 

i 

In every step the same method is applied. Every square 
Q can be reduced by i ts c l o s e s t neighbour squares in the 

n i 
following way (see figure 2). Consider a rectangle , of side s 

Figure 2 

and diagonal —, which contains the neighbour square Q and 2 nj 
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as much as possible of the square Q . to be reduced. Excluding 
n i 

the side which lies in Q ., by (1) the rectangle can contain at 
ni 

the r eg ion m o s t one point of S. Since it con ta in s P . € Q 3 
J nj 

in the r e c t a n g l e (shaded) can be exc luded f r o m Q . a s p o s s i b l e 
n i 

loca t ion of P . . 

(3) By t h i s m e t h o d the four " c o r n e r " s q u a r e s (i. e. the s q u a r e s 
Q . which conta in the v e r t i c e s of the unit s q u a r e ) a r e r e d u c e d 

m 
l e a s t , b e c a u s e they have only two c l o s e s t n e i g h b o u r s . F o r sake 
of s impl i c i ty we sha l l a l s o r e d u c e the five o the r s q u a r e s only a s 
m u c h a s the c o r n e r s q u a r e s , in o r d e r to obta in aga in nine s q u a r e s 
Q j . of equal s i z e . T h u s it i s sufficient to i nves t i ga t e the 

n + 1 , i 

effect of the r e d u c i n g p r o c e s s on a c o r n e r s q u a r e , 

found by (see f igure 3) 

2 

s i s 
n+1 

2 4 1 
s + (— + ~ s 9 9~ S . J = fy 

2 2 n n+1 2 

and t h e r e f o r e 
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F i g u r e 3 
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(4) We sha l l now show that s -> 0 a s n -> oo . A s a 
n 

consequence the points P . m u s t lie at the con j ec tu red p o s i t i o n s . 

In fact 

2 2 
J (1 + s ) - (1 - 4s ) 
I n n 

and 

1 + s + N/1 - 4s 
n n 

s 2 + 5 s 
n+1 n 
s / 2 
n 2 + 2s + 2 \ / l - 4s 

Since s < s n 4 we have 
n - 0 3 

s 2 + 2s + 1 9 + 6s 
n+1 n n 

- 2 + 2s + 2N/1 - 4 / 9 6 + 6s + 2\TS 
n n 

9 + 6 S A A 

n_ 1 _1_ 
< 10+ 6s 1 " 10 + 6s - 12 ' 

n n 

and the proof i s c o m p l e t e . 
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