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1. Let 
oo 

(i.i) / (* i ,* )= E a»,», «"V" 
rai ,m2=0 

be an entire function of two complex variables %\ and z2l holomorphic in the 
closed polydisk P {\zj\ < rjy j = 1, 2}. Let 

M(rhr2) = M(rhr2;f) = max |/(si,z2)|, j = 1,2. 

Following S. K. Bose (1, pp. 214-215), ju(ri, r 2 ; / ) denotes the maximum term 
in the double series (1.1) for given values of r± and r2 and v\{m2\ rh r2) or 
v\(ru r2), r2 fixed, *>2(mr, n , r2) or v2(ri, r2), fi fixed and v(rly r2) denote the 
ranks of the maximum term of the double series (1.1). Let us write 

(1.2) lM,r2;f)=j^y2 J o J o l / C n e ^ . r a e ^ ) ! ^ ! ^ 

and 

(1.3) S ^ . ^ ^ i , ^ ; / ) = fei+1 k2+1 J J M8(xu x2;f)x1
klx2

k2dx1dx2 

where <5 > 1 and — 1 < &i, &2 < œ, and 

M 8 ( n , r 2 ; / ) = {/,(n, f2 ; / )}1 / 5 . 

Then JT«(ri, r 2 ; / ) is an increasing function of rx and r2 when one remains fixed 
and the other increases or both increase. The finite order p of an entire function 
f(zh z2) is defined as (1, p. 219) 

/i A\ v / loglogM(ri , r2;f)\ 
(1.4) hm sup \ , ( v — — ( = p . 

n.ra^oT I l og ( f i r 2 ) j 
Similarly, we can define the lower order A of/(ZI, z2) as 

(1.5) l i m î n f j 1 ^ 1 ? ^ 1 ' / 1 ^ } - X-
ri.r2-xx, V l0g( r i f 2 ) ) 

In this paper we have deduced an asymptotic relation between the two mean 
values defined by (1.2) and (1.3) and a number of results connecting M (ri, r2;f) 
and jj(rly r 2 ; / ) and i/(ri, r 2 ; / ) and the coefficients awlW2. 
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52 ARUN KUMAR AGARWAL 

2. T H E O R E M 1. Letf(zh z2) be an entire function of finite non-zero order p and 

lower order X (2A < p) ; then 

(2.1) log 2Ra.*i.*2(ri, r2;f) ~ log Mà(ru r2;f), 

where ô > 1 and — l<ki,k2< °°, and f(0, 0) ^ 0. 

Proof. We have 

(2.2) ms,kuki(r1,r2;f) = t l + 1 t l + 1 Ms(pc1,xt;f)x1
klxi

ttdx1dxt 

Y\ r2 *̂ o *̂ o 
Ms(ri,ri;f) 

^ ( * 1 + 1 ) ( * 2 + 1 ) " 

Fur ther , for 0 < r< < i?* < 21/<"+'Vi (i = 1, 2) , 
-j nRi r*R2 

(2.3) a»t,tl)it,(Jgi,Jg2;/)> „ t l + l p t t + i Jlfa(*i.*2;/)*i*Vd*i<&2 

. Ma(r l tr2;/) (jgx*1+1 - nkl+1) (i?2*
2+1 - r2*+1) 

> (fcl+l)(*2+l) R**1 i ? / 2 + 1 

From (2.2) and (2.3), we get t ha t 

(2.4) m^ffu rt;f) < {kl + w^pfi 

<Tit.kl,ts(Ri,Rf,f) 
7 ? / , + 1 i?2*2+1 

( i? ! t l + 1 - n*1 + 1) (i?2*2+1 - r / 2 + 1 ) 
Since 

ôï?7ôî?; { l o g C R / I + 1 ^ 2 + 1 m , , , , * , ( ; ? ! , i ? 2 ; / ) )} 

= __a_!i?/2 J ' x1
klMs(x1,R2;f)dx1 

9Rl iRxkl+1R^+1ms,kl,ki(RhR2;f)-

_ RpRpMiiRu Ri;f){R*1+1R*l+1mt.ltuin(Ri, &;/)} 

iRitl+1Rs
kl+1mtM.tt(Ri,R*;f)}i 

\Rikl j ' X2k2Ms(R1,x2;f)dx2}\R2k2 J ' xi1Mi{xl,Ri;j)dxl 

{R1
kl+1R2ki+1m,kl,!cARi,R2;f)}2 

Ms(R1,R2-,f) 1 
< 

Wl&.ki.kiiRu Ri',f) R1R2 ' 
we have 

WJ?*^1*?*'-*-1»» C7? 7?-ni<- P P il^(xi,x2;/) <fci<fe2 

log ^ 1 K2 Ws,kl,k2{Rl, R2,})) < I I TO <V v • fï r v 
«.'0 Jo iWCs,ti,*2v îi x 2 , j ; Xi x2 

J ' n (,r2 Ms(xi,Xj;f) dxidx2 

0 J o S0?8,*i.*2(*
;l. #2!/) #1 X2 

+ [ f1 P + P P + P P ~ l Af«(«i.«8;/) <fri<**» 
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or 

^ fi ^ r 2 2Wa.ti,*2(^i»^2î/) 

<r r p + p r+ p pi (̂*i.*«;/) 
I_ «7 0 •/ r2 «̂  r\ *J 0 «/ r i J r 2 J 3Jî«,*i,*2(^l» ^2Î j 

& i dx2 

; / ) * i ^ 2 

= J i + J2 + J"s, say. 
For any positive number e, from (2), we have 

(2.6) M M ^ ^ +% 

for sufficiently large rx and r2. Also 

(2.7) t s ( & ) . k , ( i + ^ ) < ^ , „ r , = l . 2 . 

Let us choose Rt such that 

(2.8) (Rt - rx)lri = rr^ for i = 1, 2. 

Then 

*= r r^^Lû7v-i-<^(-) r^M-»-
Jo Jr2 VJUtkl,k2{xi1X2;f) XI x2 \r2/ Jo xi 

from (2.6) &r < «*• 

< 2 " 

<P + <) 

(P + «) ' 
since rt <Rt < 21/('+eVi for i = 1, 2. Similarly, 

J2 <2r 2 "+«/(p+ e) , 

and 

fBl rB 2 M>(a;i,X2;/) dXldXi 

J r\ J T2 jJt8,ki,k2 \Xli %2] J) %1 ^2 

from (2.8) and for r, < R( < 21/<>+eVj (i = 1, 2). Hence (2.5) becomes 

( 2- 9 ) l 0 n r 1 " + V,- + 1 a» l , l . 4 l ( r l l r 1 ; / ) i < ' (P + a) + 2 (p + e) + 4" 

Using (2.9) in (2.4), we get 

log M,(ri, r2 ; /) - log(fex + 1) - log(fe2 + 1) 
1 

< log 
.(i?!*I+1 - ri*1+1)(fl2*,+1 - r2*

2+1) 

r1*>+VJ*'+12R,.tl,itl(r1,r,;/)} 

= (l + oCDJlogaW,.»,.*.^.^;/), 

+ log{r1*1+V,+12K,.*I.t,(ri, r ,;/)} + 2 j^-^-r + 2 / Ç - + 4 
u> + «; (p + <0 
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for large rh r2 and on using (2) 

r /loglog9W*,fci,*2(ri, r2'J)\ 
l im s u p S : -, r ( = p. 
ri,™-*^ V l o g ( r i f 2 ) J 

Taking the limit, we get 

lim log Ms(ru r2\f)/log WlStkltk2(rltr2;f) < 1, 
ri,r2-»oo 

and from (2.4) 

lim log M8(rly r2;f)/log Wl&,kltk2(r1} r2;f) > 1, 
71,r2-»co 

which gives the result. 

3. THEOREM 2. Let f(zi, z2) be an entire function of order zero and suppose that 

(3.1) limSUP 
*.*« inf 

logfe 

loerf T log 
k \akl k2 

A2 

a2 

(3.2) lim ™p{W<*M(rur«f)\_Pt 

inf I loglog(rir2) n ,7-2-400 

then if 1 < A2 < I < » , 

(3.3) P 2 < { ( / + 1)/1}A2 

and a fortiori 

(3.4) £2 < (I + 1) 

where k = ki + k2. 

Proof. We know (1, p. 218) that 

M(rl9 r2) < /x(ri, r2)[3?(2ri, 2r2) + 3]. 

Taking the logarithms of both the sides, we get 

log M(ru r2) < log M(n, r2) + log v(2ru 2r2) + 0(1) 

= log MOI, r2) + log log /j(2ri,2r2) + o(log(ri r2)), 

from (1, (5.1), p. 218 and (5.2), p. 219), for large values of rx and r2. This gives 

log M(rh r2) < log /i(ri, r2) + log log v(2ru 2r2) + ©(log n(ri, r2)); 

hence 

(3.5) log M(rh r2) < (1 + o{\)) log /i(ri, r2). 

For any positive e, there must exist a sufficiently large positive number k^{A2) 
such that 

(3.6) |atlt,| < exp(-k^A>+*), 
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for every k > k0(A2). Let us suppose that 

(3.7) r1M = exp{fc1^» + *i1/'} 

and 

(3.7a) r2tk2 = exp{fe2
1M» + &21/z}, 

where A2 < I < °° and rlfkl < fi < ri,*1+i, r2)A;2 < r2 < r2lk2+i. Now, for 
ri < rilfcl+i and r2 < r2>*2+i, 

(3.7b) log/x(ri,r2) = log{ k ^ r / V / 2 } 

< log{|a*lfc2|rî^1+1r2?t2+i}» 
where the maximum term /*(fi, r2) has the position (fei, k2) in the square 
representation of the double series (1.1) of f(zh z2). We obtain 

log v(ru r2) < - (k! + k2)
1+1/<A** + H (*i + 1)1/A2 + (*i + l)1"} 

+ ^ 2 Î ( ^ 2 + 1 ) 1 M 2 + ( * 2 + l ) 1 / , } > 

from (3.6), (3.7), and (3.7a). Hence, 

log M(n, r2) < (1 + o(l))(*i + &2)1+1/', 

for fei, &2 sufficiently large and A2 < I. Hence for sufficiently large k\ and k2, 

(3.8) log log /*(rlf r2) < (1 + o(l)) (1 + l//)log *. 

Also for rltkl < r± and r2>A;2 < r2> 

(3.9) log log(ri r2) > log log(riftl r2iJfc2) 

= log{*i1M» + h1/l + k2
1/A> + k2

1/l\ from (3.7) 

and (3.7a) 
~log{(Jfe1 + *2)

1/A»} for 1 <A2 < I 

~A~2
logk' 

Hence from (3.5), (3.8), and (3.9), we have 

g log M(ru r2 

loglog(rir2) 
r , log log M(rhr2;f)\ (l + 1 \ , 
lim supi-*ïznZ„r~.~A ( < \~~ï~)~ 

and a fortiori 
p2< (1+ 1). 

THEOREM 3. Let f(zi, z2) be an entire function of order zero and suppose that 

(3.10) lim s u p / b g ^ x ^ ; / ) ! r 
T1.T2-*» i n f Uoglog(rir2) j rj 
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if 1 < a2 < j8 < °° (a2 as defined in Theorem 2) ; then 

(3.11) 7 < {(£+l ) / /3}a 2 

and 

(3.12) 97 < 03 + 1). 

Proof. For any positive e, there must exist a sufficiently large k^ia^) such that 

(3.13) |a*lfc2| < exp{ -fei+i/(«2-«)} for every k > k0(a2). 

Let us suppose that 

(3.14) r l f t l = expffei^ + ii1^} 

and 

(3.14a) r2,k2 = expfW"» + W } , 

where a2 < 0 < œ and fi,^ < rx < fi,*i+i and r2(/C2 < r2 < r2fJfc2+i. From 

(1, (5.4), p. 220), we have 

(3.14b) log v(rlt r2) < (1 + o(l)) log log M(ru r2), 

for ri and r2 sufficiently large. Using (3.5) in (3.14b), we get 

(3.15) log v(ru r2) < (1 + o(l)) log log m{ru r2). 

Now using (3.13), (3.14) and (3.14a) in (3.7b), we obtain 

log pin, r2) < - ( * i + k2y+^-* + k,{ (*x + l ) i /« + (&x + l)1^} 

+ £2{(&2 + 1)1'°*+ (k2+ 1)™} 

< (1 + 0(1))(*1 + * 2 ) 1 + 1 / ^ 

for 1 < a2 < jS and &i, &2 sufficiently large. Hence 

(3.16) loglogM(ri,r2) < (1 + tf(l))(^-) log k. 

Also, for ri,fcl < rx and r2,*-2 < r2 

(3.17) log log(fi r2) > log log(r1(fcl r2>&2) 

= logf&i1^ + W'V + k2
1/a* + &21//3} from (3.14) 

and (3.14a) 
~ (l/a2)log k for 1 < a2 < p. 

Hence from (3.15), (3.16), and (3.17), we have 

r (log y ( r i , r 2 ; / ) \ . //3 + A 
lim sup") y-—. 7 \ ( < I —-— ) a2, 
n.ra-^oT U o g l o g ( f i r 2 ) ) \ /3 / 

from which the required result follows. 
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