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THE ASYMPTOTIC DISTRIBUTION OF THE EIGENVALUES
OF MULTIPARAMETER STURM-LIOUVILLE SYSTEMS II

by BRYAN P. RYNNE
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In a previous paper we studied the asymptotic distribution of the multiparameter eigenvalues of uniformly
right definite multiparameter Sturm-Liouville eigenvalue problems. In this paper we extend the analysis to
deal with multiparameter Sturm-Liouville problems satisfying uniform left definiteness, and non-uniform left
and right definiteness.

1980 Mathematics subject classification: 341.20, 34B24.

1. Introduction

Consider the k-parameter Sturm-Liouville eigenvalue problem

s=1

k
ulrl(xr) + <qr xr) + Z lsvrs(xr)) ul'(xr) =0’ Oéxré 1’ r= 1’ M 4 k’ (1'1)

u(0)cosa,—u(0)sine, =0, wu(l)cosf,—u,(1)sinf,=0, r=1,...,k, (1.2)

where g,, r=1,...,k, are real valued, continuous functions on the interval U=[0,1], v,,,
r,s=1,...,k, are real valued, twice continuously differentiable (C?) functions on U and
a,, B,€[0,2n]. A k-tuple A=(4,,...,4;) of real numbers is called an eigenvalue of (1.1),
(1,2) if, for each r, there exists a non-trivial solution u, of equation (1.1) satisfying the
boundary conditions (1.2).

For all x=(x,,...,x,) € U* we define the determinant

A(x)= det v,(x,).

1Sr,55k
The multiparameter eigenvalue problem (1.1), (1.2) is said to be uniformly right definite if
A(x)>0 for all xe U*, and is said to be right definite if A(x)>0 for almost all xe U*. If
the system (1.1), (1.2) is right definite then the basic result regarding the existence of

eigenvalues is Klein’s oscillation theorem (see [1] or [9] for the case of uniform right
definiteness, and [4] for right definiteness);

Theorem 1.1. For each multi-index i=(i,,...,i;) where i,,...,i,, are non-negative
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integers, there exists a unique eigenvalue A of (1.1), (1.2) such that, for each r, a
corresponding solution of (1.1), (1.2) has precisely i, zeros in the open interval (0, 1). There
are no other eigenvalues.

In [10] we studied the asymptotic behaviour of the eigenvalues A of (1.1), (1.2), for
large ||i|| (where ||| denotes the Euclidean norm in R*), and we showed that if the
system is uniformly right definite then the eigenvalues have the asymptotic form

& =n?[fil| = @/ilh + olil|**), (13)

where ¢:R% nS,—»R* is Holder continuous and non-zero on R NS,
(R;={xeR: +x>0}, S, ={xeR*||x||=1}). Conditions were also given which made ¥
Lipschitz continuous and reduced the size of the error term in (1.3) to O((fi]]), see
Theorem 3.1 of [10]. In this paper we investigate the asymptotic behaviour of the
eigenvalues under other definiteness conditions and discuss to what extent the behaviour
described by (1.3) is preserved. Specifically, we consider uniform left definiteness and
(non-uniform) right and left definiteness (each of these conditions are sufficient to ensure
that an analogue of Klein’s theorem is valid, see [5]).

The asymptotic behaviour of the eigenvalues has not been considered before under
conditions other than uniform right definiteness. In the case where k=2 and the system
is uniformly right definite this problem has been studied in great detail by Faierman in
the papers [7], [8]. The two parameter case has also been studied recently by Browne
and Sleeman in [6]. In [6] the asymptotic estimates given in [10] are improved for the
case of those eigenvalues which lie in certain cones in the parameter space.

2. Notation and preliminary results

In this section we briefly recall some notation and results from [10]. We begin with a
basic result on the number of zeros of solutions of a Sturm-Liouville type differential
equation which was proved in [10].

Hypothesis F. Suppose that the function f: U—R is C* and the set {xe U: f(x)>0} can
be decomposed into the union of a finite number of disjoint, open intervals I,=(a},a?),
i=1,...,n, together with any of the end points al, which are not zeros of f, and there exists
a constant K > 1 such that on each interval I; either:

(i) (e=a) ') e =@ SN iy @2.1)
fx) =77 f(x) - e

(ii) there is an increasing function f; such that,

K™ f(x) < f(x) SK Jix); (22

or (i) holds with a! replaced by a?, and (ii) holds with [ decreasing.
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Hypothesis UF. Suppose that the function f:U x X >R is such that for each £€ X the
Sunction f(-,&):U—R satisfies hypothesis F, and let n(¢), K(&) denote the number of
intervals and the constant in hypothesis F. Then f is said to satisfy hypothesis UF if n(&)
and K(§) are uniformly bounded for E€ X, i.e. there exist constants n>0, K >0, such that

nd)=n, K=K, leX.

For any function f:U-R, let ||f]|=sup{|f(x):xeU} and let [f]. denote the
function x—max {f(x),0}, xe U.

Lemma 2.1. Consider the differential equation
wi(x)+p(x)w(x)+pf(x,w(x)=0, xeU, {eX, (2.3)

where p is a real-valued, continuous function in U and f satisfies hypothesis UF. Then for
all u>0, and £ € X, the number of zeros v(w) of any solution w of (2.3) in the interval (0, 1)
satisfies

V(W)=ft"u”2} [f(x, OI¥dx+0(1), 24
0

where [0(1)| £2(n+ 1)(n~!||p||"/* + (K2 +||p|) K2 +5).

To show that a significant class of functions f satisfy hypothesis UF, the following
lemma was proved in [10].

Lemma 2.2. Suppose that X is a compact topological space and A is a complex
domain containing U, and suppose that f: A x X -»C" is continuous on A x X and, for each
Ee X, the function f(-,&)#£0 is analytic on A. Also suppose that f 'Ux x (the restriction of
f to U x X) is real-valued. Then f |ux x satisfies hypothesis UF.

We now introduce some further notation. For any set A, we let 4, 84, int A denote
the closure, boundary and interior of A respectively. Constants c¢;, i=1,2,...,will be
strictly positive and may depend on k and the functions p,, v,,, but will not depend on
A, or on any other variables. For any two quantities g, b, possibly depending on other
variables, we will use the notation axb if there exist constants c,, ¢,, such that

A
IIA

¢y Cy.

a
b
For aeR*, we write a>0 (respectively a=0) if, and only if, a, >0 (respectively a,=0), for
all r=1,...,k. For any real (or vector) valued function f, we use the notation f>0 (or

f>0) to mean f(x)>0 (or f(x)>0) for all x in the domain of f; the meaning of the
notation 20 (f20), f #0 (f #0), etc. is defined similarly.

https://doi.org/10.1017/50013091500006088 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006088

304 BRYAN P. RYNNE

For each r=1,...,k, we let T,: D(T,) = LYU)— L*(U) denote the self-adjoint differential
operator on L%(U) associated with the differential expression on the left-hand side of
(1.1), with 4=0, together with the boundary conditions (1.2). Also, for r=1,...,k, we
define the functions

k
V,(X,) =(v,1(x,), LS Urk(xr))’ A vr(xr) = Z lsvrs(xr)’ X, € U, A € Rka
s=1

¢,U-)=lj; [A-v,(x)1¥%dx,, d(A)=($,(d),...,¢u), 1eR:

Clearly, the function ¢: R*—>R" is continuous and ¢(4) = 0. Also, for any real c=0,

P(ch)=c'"¢(A). (2.5)

Let Q denote the set of points A for which ¢(4) > 0. It follows from (2.5) that the sets Q
and Q are cones (a set AcR* is said to be a cone if, for any ae 4, cae A for all ¢>0).

Throughout the paper we will assume that the functions (x, 4) —4-v,(x), (x,A)e U x Q,
r=1,...,k, satisfy hypothesis UF, so that the result of Lemma 2.1 holds for the
differential equations (1.1).

3. Radial behaviour of A'

The estimate (1.3) shows that if the multiparameter system (1.1), (1.2) is uniformly
right definite, then ||4{|~||i||* for large ||i|| In this section we consider whether this
behaviour holds in general.

Suppose that, for some multi-index i, the eigenvalue A’ exists. By definition, for each
r=1,...,k, there is a solution of the differential equation (1.1) with i, zeros in (0, 1).
Thus, by Lemma 2.1,

i=n"1p(4)+0(1), 3.1)

where the term O(1) is bounded by a constant (given in Lemma 2.1) depending on the
functions p,, v,,, but not on 4. Next, we observe that from the definition of ¢,

[ <ecsflall, AeR™
Hence, if [|i| is sufficiently large,
[ill* < ca[|47l

ie. for any multiparameter problem of the form (1.1), (1.2), the eigenvalues 4 cannot
grow more slowly than |i||>.
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Example. Consider the system
ui(x, )+ A uy(x,)— A,xTu,(x,) =0, (3.2)
u'3(x3)+ A, u5(x5) =0, (3.3)
(where n is any positive integer) with the boundary conditions
(0)=0, u(1)=0, r=1,2. 34)

For this system the determinant A(x)=x’], so the system is right definite, but is not
uniformly right definite.

We now study the behaviour of the eigenvalues A**™ as m—oo. For a solution of
(3.3) to have exactly m interior zeros it is necessary that 1, ~m?2. For a solution of (3.2)
to have exactly 1 interior zero it is necessary that ¢,(4)~1. Now,

(A1/Az)t/m 1
d,(4)= j (ll_lzx';)”z dxl=,‘.(ll—'112")1/2(2'1/)‘2)1/"‘12
0

0

A2+ 1n
== [(1-z""2dz

e

(substituting x, =(4,/4,)""z). Therefore we must have 1, ~AY>**~m"*2, and so [|A"™)||
zmn+2.

This example shows that if we weaken uniform right definiteness to right definiteness
then the eigenvalues 4 can grow faster than [lil|°, for any positive «. We will now
describe a simple condition which ensures that ||4]| ~|li|>.

For each r=1,...,k, let

N,={4:4-v,20}, P,={A:d-v,20}.

The sets N, are cones and, for each r, 0e N, and 0€dN, unless N,=R¥ which only
happens if v,,=0 for all s.

Lemma 3.1. Suppose that the cones N, satisfy
_ k
0n () aN,={0}. (3.5
r=1

Then there exist constants cs, cg>0, such that for all A€Q,

os|12l| | g@]|* <<l (3.6)

Proof. We know that the second inequality holds in general, so we must prove the
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first inequality. Let m (1) =max {4-v/(x,): x,e U}. If i Q, then for each r, m,(4)>0. Now
suppose that there exists a sequence of unit vectors A"€Q, n=1,2,..., such that
m,(A")—0, for all r=1,...,k. By taking a subsequence, if necessary, we may suppose that
A"—»i*eQ, A*#0. Also, for each r we have m,(i")>0, n=1,2,..., but m(i*)=0 (by
continuity), so A*edN,, which, since 4*#0, contradicts (3.5). Thus there exists c;>0
such that for any unit vector A€ Q there is an r for which m(4)>c,. Hence, since the
functions v,, are C?, it follows that for any A€, there is an r, and an interval U,cU of
length |U,| 2 ¢g, such that

A V,(x,) g Cg”l”, X, € U

1’
and so the result follows from the definition of ¢.

We observe that in the above example A=(0,1)eQndN, NON,, which is the
direction of rapid growth of the eigenvalues A**™,

Corollary 3.2. If (3.5) holds, then there exists a constant c,,>0 such that if the
eigenvalue Al exists and A'e Q, then

12 eollll* (37)

We necessarily have A'e( if, for instance, the operators, T, are negative definite
(which is assumed in the left definite case, see Section 4). Thus, in this case (3.5) implies
(3.7). Similarly, (3.5) implies (3.7) if the operators T, can be made negative definite by an
eigenvalue transformation (as is the case under uniform right definiteness, for example).

The condition (3.5) in Lemma 3.1 does not depend on any particular definiteness
conditions, but various such conditions ensure that it holds. For instance, it follows
easily from Lemma 2.4 of [10] that uniform right definiteness implies (3.5). Also, it will
be shown below that left definiteness (uniform and non-uniform) implies (3.5) (see
Section 4 below for the definition of left definiteness and Sections 4 and 6 for the proof
of this result). The above example shows that right definiteness does not imply (3.5);
however, it will be shown in Section 5 that if the system is right definite and, for each r,
the functions {v,,::s=1,...,k} are linearly independent then (3.5) holds.

4. The uniformly left definite case
Let

v10(xy) .. vglxy)
V(x)= : : , xe U,

V(%) .o vdxi)

The determinant A(x)=det V(x), and we define A, (x) to be the cofactor of v,,(x,) in the
expansion of the determinant A(x).
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Definition. We say that the multiparameter system (1.1), (1.2) is uniformly left definite
if the following two conditions hold:
LD,:each operator T,, r=1,...,k, is strictly negative definite.
LD;:A,(x)>0, for all xe UX, r,s=1,...,k.
We say that the multiparameter system (1.1), (1.2) is left definite if LD, and the following
conditions holds:
LDy A,{(x)>0, for almost all xe UX r,s=1,...,k.

Clearly a uniformly left definite system is left definite. Note that what we are calling
uniform left definiteness has often been called simply left definiteness in the literature.
Note also that conditions LDj is different to the condition used in the definition of
(uniform) left definiteness in, for example, [11]; however, it is shown in [2] that the
definitions are equivalent (after an invertible linear transformation of the eigenvalues, if
necessary).

Suppose that (1.1), (1.2) is left definite. We define the cones @, =@ by

+ ={4eR*3xe U* such that 4-v,(x,)>0,r=1,...,k, and +A(x)>0}.

The cones Q. are the analogues, in the present setting, of the cones C, defined in
section 4.1 of [3] in an abstract setting. For any A€ Q, there are open intervals U,c U
such that 4-v,(x,)>0, x,eU,, r=1,...,k, so, from LD, there is a point x € U* such that

A(x)1,= ‘2 A, (X)0,4(x,) A= i A, (X)Av(x,)>0, I=1,...,k

r,s=1

It follows that A(x)#0, so AeQ_u Q. and the components A, I=1,...,k, of 4 are
non-zero and have the same sign as A(x). Thus, Q=Q_uQ,,and Q. cR%.

In the left definite case we have the following Klein type oscillation theorem, see
Corollary 5.6 of [5].

Theorem 4.1. Suppose that the multiparameter system (1.1), (1.2) is left definite. Then
for each multi-index i, and each non-empty cone Q. there exists a unique eigenvalue
At eQ, of (1.1), (1.2) such that, for each r, a corresponding solution of (1.1), (1.2) has
precisely i, zeros in the open interval (0,1). There are no other eigenvalues.

We remark that Corollary 5.6 of [5] uses a slightly weaker condition than LD,, but
condition LD, is required in the proofs of the main theorems below to ensure that the
eigenvalues lie in the set Q.

Note also that Q, # & <> Ix e U* such that +A(x)>0. To avoid the trivial case of no
eigenvalues we assume that A#0, and hence, by reordering the system if necessary, we
may suppose that A(x)>0 for some x, and so Q, # . We will discuss the distribution
of the eigenvalues 4'* in Q@ ; a similar discussion applies to the '~ eQ_ if Q_ # .

For the remainder of this section we suppose that the system (1.1), (1.2) is uniformly
left definite. The distribution of the eigenvalues in the (non-uniform) left definite case
will be discussed in Section 6.
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We now define the matrices V,(x), r=1,...,k, to be the matrices obtained by replacing
the rth row of V(x) with the vector @=(1,...,1). Condition LDj implies that for each r
and each xe U*, det ¥,(x) >0, so the matrix V,(x) is non-singular. Also, let @' denote the
set {AeR*: 4 - w=0}.

Lemma 4.2. For any vew*, there exist integers r such that
vy, 2eq|v)

Proof. Choose any unit vector vé w'. Now suppose that for some r, and all r #r,
there exist points x° such that v-v,.(x%)=0. Then letting x°=(xJ,...,x?), with x°=1 say,
we have V,(x%)v=0 (where V,(x°)v denotes the standard matrix product, with v regarded
as a column matrix), which contradicts the non-singularity of the matrix ¥,(x°). Hence,
for each r there is an r'#r such that v-v,#0; therefore, letting R(v) denote the set of
integers r for which v-v,#0, the number of elements of R(v) is at least 2. Now suppose
that v-v,>0, re R(v). By the definition of R(v), there exists a point x € U* such that

v-v(x,)=p, r=1,...,k, 4.1)

where p,>0, re R(v), and p,=0, r¢ R(v). From (4.1) and LD;j we obtain
k k k
A= 3, Ay(%) Y v x)v= Y A(0)p,>0, I=1,....k,
r=1 s=1 r=1

so the numbers v,, r=1,...,k, are all non-zero and have the same sign. However, this
contradicts the hypothesis that v-w=0, and so our supposition that v-v,>0, reR(v),
must be false. Similarly, we cannot have v-v,<0, re R(v). Therefore, letting R ;(v) denote
the set of integers r for which 1-v-v,>0, each set R.(v) must be non-empty for any unit
vector ve o,

Now suppose that there exists a sequence of unit vectors v’ew®, n=1,2,..., such that
for all re R, (v"), min {v"-v,(x,):x,e U} <n~!. By taking a subsequence, if necessary, we
may assume that v'—v® e !, and the sets R, (v"), n=1,2,..., are constant, and equal to
R, say. By continuity, for each re R, the function v*-v, has a zero, so r¢ R, (v®); for
each reR_ the function v*-v,<0, so r¢R.(v®); for each r¢ R, U R_ the function
v®-v, has a zero, so ré¢ R, (v®). However, this contradicts the fact proved above that
R .(v®) must be non-empty. Therefore there exists a constant ¢,,>0 such that for all
unit vectors ve @', we have v-v,2c,,, for some re R,(v). We can obtain a similar result
for the set R_(v), so the lemma follows.

Lemma 4.3. If the system (1.1), (1.2) is uniformly left definite then condition (3.5) holds.

Proof. Suppose that 1#0 and A€ @ n ()=, ON,. Since the set =Q_u @, is a cone
and @, R, there exists a vector vew* such that A+veQ. However, since de ()i,
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ON,, we have 4-v,<0 for all r, and it follows from Lemma 4.2 that v-v,. <0, for some r’,
hence (4+v)-v,. <0, which contradicts A+ve Q and so proves the lemma.

The discussion on Section 3 now yields the following corollary.

Corollary 4.4. If the system (1.1), (1.2) is uniformly left definite then ||A"*||=|[i|]% for
all i. A similar result holds for the eigenvalues A\~ , if they exist.

Lemma 4.5. Suppose that A Q. and ||A||=1. Then for any peR* with ||u||<1 and
A+peQ,, we have:

® |62+ w) — (D) = ¢ 5| m]|% (4.2)
(ii) if, for some &, 0<e< 1, we have ¢(A)=(e,...,¢c) and ¢(A+p) 2 (s, ..., &), then
62+ 1) — ()| 2 ec |- (4.3)

Proof. Since Ae Q. <R% and w=(l,...,1), g can be written in the form g=o0d+v,
where ve w! and «, v are uniquely defined and satisfy

sl <l + M| sc ol (44
We may suppose that a=0 (the case a <0 can be dealt with similarly). Now suppose

that a>c,,||v||'/%, where c,, is sufficiently large (the specific criterion will be given
below). Then, if ¢,(4)=c,; (this is true for some r by Lemmas 3.1 and 4.3), we have

&,(A+ 1) — &,(A) = §,((1 +2)A+v) — §,(d)
2 ¢,((1+ @)2) — d,(A) —cyo| ]| 12
=((1+&)'2—1)$,(A) —cyo| V"'

2020“2021”!‘",
if ¢, is sufficiently large (the first inequality above is obtained from the integral defining
¢ ((1+a)A+v) by applying the general inequality [a+b]Y*=[a]}*—
2|b|*’2,a,beR; the second inequality uses the fact that a<c,).
Now suppose that a<c,,|v|]|'?, (and hence |g|Sc,.|v||"% by (4.4), since
IVl £¢.1||v]|*/?) and suppose that

V-V, Z gV

(this is true for some r by Lemma 4.2). This inequality is (2.25) in the proof of Lemma
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2.6 of [10] (in the notation used there, we have (1+a)i=4!, (1+a)A+v=4% and
v=24%2—1%), and leads to inequality (2.31) in [10], which in the present case is

$((1+0)A+v) 2 (1 +0)4) + a4 V][>

Similarly, if the hypotheses of part (ii) of the lemma hold, inequality (2.31) in [10] leads
to

(1 +2)A+v) Z $,((1+0)4) + ey
Thus, in the general case we have

¢+ — &A=, ((1+0)A+v)—¢(4)

2((1+ )2 = 1)@,(4) +c,s|]v]|*?

%‘:27”#”3,

and, if the hypotheses of part (ii) of the lemma hold, we have

6,4+ 1) — (2) = d,((1+W)A+v)— (1)
2((1+2)"2 = 1) (2) +ca6t|v]|

2 cyaefe+ |v{) 2 st}
These results prove the lemma.

We now let R* denote the closed set in R* consisting of those vectors 4#0 such that
A/||4|Z(,...,€), together with 0. Also, we let ¢, denote the restriction of ¢ to the set

Q..

Theorem 4.6. The mapping ¢.:0,—>R% is a homeomorphism. Let ¢;':R% -0,
denote the inverse of this homeomorphism. The restriction of ¢3! to R, NS, is Hélder
continuous with exponent 4. The eigenvalues ¥'* of the multiparameter problem satisfy

2+ =m0+ O(il]**) =[lll*® + */ilh + O(il|**),

for all multi-indices i#0. For any & with 0<e<1, the restriction of ¢3! to R*n S, is
Lipschitz continuous with Lipschitz constant c;oe™ !, and for all ieR%,

At =n2¢ 3 i)+ *O(i|) =n?|i||>¢ 3 (i/]fil) + &~ *Oil)-
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Proof. The proof is almost identical to the proof of Theorem 3.1 of [10], using the
results of Lemma 4.5.

We observe that the error estimate O(||i||*/3) is larger than the corresponding estimate
O(|[i||*?) obtained in Theorem 3.1 of [10]. This is due to the fact that we cannot assert
that for all 4#0 there is an r such that 4-v,#0, as we can under uniform right
definiteness (c.f. Lemma 2.4 in [10] and Lemma 4.2 above). Probably both these
estimates are too pessimistic for many multiparameter systems (in particular, see the
third part of Theorem 3.1 of [10]).

5. The right definite case

In this section we suppose that the system (1.1), (1.2) is right definite. Lemma 3.1 gave
a condition which ensures that the radial behaviour of the eigenvalues 4’ is as described
in (1.3) for large ||||| (assuming, in addition, that condition LD, holds; see the discussion
in Section 3). We will now discuss a condition which ensures that the ‘angular’
behaviour of the i’ is as described in (1.3), at least in subcones of @ which lie ‘strictly’
inside Q.

We begin with some constructions which will enable us to deal with the loss of
uniformity compared with the uniform right definite case. For any u=(u,,...,u)€e
@)=, L¥(U), let W(u) denote the kx k matrix with (r,s) element equal to (v,.u,,u,),
where (-,") denotes the inner product in L% (U). It can easily be seen that right
definiteness implies that if u has u, #0, r=1,...,k, then det W(u) #0, i.c. the matrix W(u)
is non-singular.

Lemma 5.1. For any AeR* there exists r such that Ae N, U P,.

Proof. Suppose that there exists 470 such that A¢ N, U P, for all r=1,...,k (i.e. the
functions 4-v, attain both positive and negative values). Then since the rth element of
the matrix product W(u)4 is given by

1
§2-v,00)|udx,)|? dx,,
(4]

we can choose non-zero functions u,e L*(U), r=1,...,k, such that W(u)i=0, which
contradicts right definiteness, and so proves the lemma.

Now, for each r=1,...,k, let
Z,={AeR*:1-v,=0 on a subset of U with positive measure}.
The set Z, need not be a subset of N,uP,, but if Z, intersects N,u P, then

Z,n(N,u P,)cdN,udP, (to see this suppose that AeZ, (N, u P,). Right definiteness
implies that at least one of the functions v,,, s=1,...,k, is non-zero somewhere on the
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interval on which 4-v,=0, so there exist points 4% arbitrarily close to 4 for which
A*¢P,, A" ¢N,).

Lemma 5.2. Suppose that
k

Z N(N,uP)c{0}u |J (intN,uintP), r=1,...,k (5.1

=1

Then, for any ¢ with 0<e< 1, there is a number y(¢) >0 such that for any AR there is an
integer r, for which Aze N, u P, and

|2-v,(x)| Z7(0)]|4]

3 xr ¢ Ur(;"s 8)9
where the set U,(A,e)< U has measure |U,(4,¢)| <e.

Remark. If Z, ={0}, r=1,...,k (e.g. if the functions v,,, s=1,...,k, are analytic and
linearly independent for each r), then condition (5.1) is satisfied.

Proof. Suppose that the assertion of the lemma is false and there exists an ¢>0 and
a sequence of unit vectors 4", n=1,2,..., such that, for those r for which i"eN, U P,,
the sets

Ur={x,eU:|A"-v/(x,)|£1/n}cU

have measure |U',‘| >¢. By taking a subsequence, if necessary, we may assume that
A"—> 4% #0, and that there is a set of integers R such that i"e N,u P,<>reR, for all n.
Letting U =(\#=1 U=~ Us, reR, we have |UP| 2 ¢ (see Q.2 in Exercises 13.2, p. 340 of
[12]), and by continuity, 4*-v(x,)=0, x,e U®. Thus: for re R we have A°eZ,, and so
A®¢int N, vint P, (since Z,n(N,u P,)cdN,udP,); for r¢ R we have A*¢intN,u
int P, (since A"¢ N, P,, n=1,2,...). This contradicts condition (5.1), and so complete
the proof of the lemma.

Lemma 5.3. Suppose that (5.1) holds and that 0<e< 1. There exists a number 6(¢)>0
such that if A'eQ,, |41, ¢(A)2(,...,e), i=1,2, and ||[A2—A}|| is sufficiently small,
then

||¢(4%) — d(a")]| 2 6(e)||4> — 4*||. (5-2)

Proof. Let u=A2—A!'. By definition, for any r,

$(27)—la')= lI} 9,(x,) dx,, (5-3)

where 8,(x,)=[4" v, (x,)+p v (x,)]>—[4'-v,(x,)]¥2. Now, the maximum of the func-
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tions A'-v, in U is greater than &*, and since the functions v,, are C?, it follows that
A'-v,2¢€%/2 on an interval U, of length at least 2c5,2. Also, by Lemma 5.2, there is an r
such that

F'vr(xr)éY(c3lez)”””s xr¢ U:a (54)
where U,c U is an interval with |U}|<c;3,€? or (u-v,(x) < —y(cs,6?)||n|}, xe U;, in which
case we interchange A' and 42 to obtain (5.4)). Thus, the set U, =U,n(U\U,) has
measure |U;|2c;,¢? and

v (x)2y(cs )||af, A'-vix) 2?2, x. €Uy

It follows from these inequalities that

yes )| >
220N+ (p(cs18%)| U=

5.(x,)é(e v(csy&)||mlle™, x,eU?,

if ||u|| is sufficiently small. The inequality (5.2) now follows from this estimate, (5.3) and
the estimate for |Uy|.

Note that d(e) may tend to zero as ¢—0.

Theorem 5.4. If (3.5) and (5.1) hold then the mapping ¢:Q—R¥ is a homeomorphism,
with inverse ¢ ~':R% —Q. Also, for any ¢ with 0<e< 1, the restriction of ¢! to REn S, is
Lipschitz continuous with Lipschitz constant 6(¢)~!. If condition LD, also holds then, for
all ieR%,

A=nr2¢ (i) + ()~ O(||il) = =||il| > ~ *i/|lil]) + &¢e) ~*O[i)-

Proof. The proof is almost identical to the proof of Theorem 3.1 of [10] using
Lemmas 3.1 and 5.3.

We will now give a simple criterion for condition (3.5) to be satisfied when the system
is right definite. :

Lemma 5.5. If, for each r, the functions {v,;s=1,...,k} are linearly independent then
(3.5) holds.

Proof. Suppose that 1#0, AeQ ()=, 0N,, and let 1"€Q, n=1,2,..., be a sequence
of vectors such that "— 4. It follows from Lemma 5.1 that, after taking a subsequence if
necessary, there is an r such that A"e P, for all n. But, by assumption, AedN,, so by
continuity we must have 4-v,=0. However, this contradicts the linear independence of
the functions {v,,:s=1,...,k} and so proves the lemma.
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Remark. The conditions (3.5) and (5.1) are independent of each other in the sense
that either can hold without the other. To see this let

1—2x,

Jolx)= {0

N= O
A IA
IA A

1
Y223 f)=1-x, 0<x<l1,
x=<1,

and consider the 2 x 2 arrays of coefficient functions v,, given by

DAY @ (14
o (7)o (47

It can be verified that both these arrays are right definite, but for (i), (3.5) holds and
(5.1) does not, while for (ii), (3.5) does not hold and (5.1) does.

6. The left definite case

In this section we suppose that the multiparameter system (1.1), (1.2) is left definite as
defined in Section 4. As noted in Section 4, the oscillation theorem, Theorem 4.1, is
valid under this hypothesis. Again we will assume that A(x)>0 for some x, and so
Q. #, and we will discuss the distribution of the eigenvalues Ai* in Q.. A similar
discussion applies to the A~ eQ_ if Q_# .

For any u=(u,,...,u,)ePt-, L}(U) we let W(u), r=1,...,k, denote the matrix
obtained by replacing the rth row of W(u) (defined in Section 5) with the vector
w=(1,...,1). Left definiteness implies that for each r and each u with u,#0, r=1,...,k,
det W,(u)>0, so the matrix W,(u) is non-singular.

Lemma 6.1. For any vew’ there exist integers r, such that
tvevi(x)>0 ae x,.€eU.

Proof. The proof of this lemma is similar to the proof of Lemma 4.2, but using the
matrices W,(u) instead of the matrices V,(x), as in the proof of Lemma 5.1.

Lemma 6.2. If the system (1.1), (1.2) is left definite then condition (3.5) holds.

Proof. The proof of this lemma is similar to the proof of Lemma 4.3, but using
Lemma 6.1, rather than Lemma 4.2.

Corollary 6.3. If the system (1.1), (1.2) is left definite then ||4*| ~||i||?, for all i.

Thus, of all the definiteness conditions considered in this paper, only (non-uniform)
right definiteness allows the eigenvalues to grow faster than [i|>.
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Lemma 6.4. Suppose that
k
Z,n(N,uP)no*c{0}u | (intN,uintP), r=1,... k. (6.1)
=1

Then, for any & with 0<¢< 1, there is a number y(€)>0 such that for any ve ', there are
integers r ., for which

iV'V,(x,t)g'y(E)”V”, Xrt ¢ Uri(v3 8)’

where the sets U,.(v,e)< U have measures |U,i(v, £)| <s&.
Proof. The proof of this lemma is similar to the proof of Lemma 5.2.

Remark. When k=2, it follows from Lemma 6.1 that Z, n @' ={0}, so in this case
condition (6.1) holds automatically.

We can now use Lemma 6.4 to obtain the following theorem on the distribution of
the multiparameter eigenvalues in the left definite case, using similar methods to those
used to obtain Theorems 4.6 and 5.4.

Theorem 6.5. If (6.1) holds then the mapping @ .:Q,—RY is a homeomorphism, with
inverse ¢ ':R% >Q . Also, for any ¢ with 0<&<1, there is a number 5(¢)>0 such that
the restriction of ¢3' to R*n S, is Lipschitz continuous with Lipschitz constant 5(¢)™!
and, for all ieR¥,

At =m2¢ 1 (i) +6(e) " O(|fil) = =|il| e = * (/|[i[) + 5(e) O |-
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