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A finitely generated, infinitely related
group with trivial multiplicator

Gilbert Baumslag

We exhibit a 3-generator metabelian group which is not finitely

related but has a trivial multiplicator.

1.

The purpose of this note is to establish the existence of a finitely
generated group which is not finitely related, but whose multiplicator is
finitely generated. This settles negatively a guestion which has been open
for a few years (it was first brought to my attention by Miche!l Kervaire
and Joan Landman Dyer in 1964, but I believe it is somewhat older). The

group is given in the following theorem.
THEOREM. The 3-generator, metabelian group

L

(1) ¢ = <a, b, t; t tat = a, vt ™t = 5%, [a, t7Bt"] = 1

is not finitely related but its multiplicator* M(G) is zero.

The proof of this theorem will be carried out in two parts. First we
prove, in §2, that M(G) = 0 . Then, in 83, we prove (G 1is not finitely
related.
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* That is the second homology group of (G with integral
coefficients.
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2.

Let F be the free group on &, ¥, 2 and let R be the normal
subgroup of F generated by the elements

z-lxzx-h, zyz-lyde, [z, 2"yz"] (£ =0, %1, ...)

Then
m(¢) = ([F, FInR}/[F, R] .
Put
F =F/[F, R]), R = R/[F, R], 2 = x[F, R]l, y = ylF, R], 2 = a[F, R]

Furthermore let N be the normal subgroup of F generated by x and y .
Then N contains R (and hence [F, R] ) We put

N =u/(F, R] .
Our objective is to prove

[F,FlnR=1.

In order to do so we prove first that N is abelian. Clearly N is

a central extension of & by the direct product of two copies of the

additive group of dyadic fractions, that is, the subgroup of the additive

group of rational numbers consisting of rationals of the form -% where r
2

and & are integers. Putting

- _ ==l - _=—i-=f (s
T, =7 X, Yy =E YR z

3 =0, #1, ...),

we see that # is generated by the elements 571’ gz , where here < is

allowed to range over all the integers. Notice that

—-—1- - _ =U- A L - = =
2 = X.r. . =y.s. , . €R
z2 LB =X, [z szJ stJ (rﬁb, sJ € )
for any choice of integers < and J . Hence, remembering £ is central
in P , we find
- =3 _ ==1 - 9= _ |==1= = ==1- =| _ |=h4 ==1=- =| _ =-=1=- =
[xz’ yJ] = E‘z’i: Z/J-JZ = [z 229 yjz] = [x,rl",b, 2 sz:l = [xzs 2 yJZJ
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So

for all ¢ and J . Hence

_____________

Since

(z x2T ) (zyz y € F' only if L=m=20,
it follows that
[F, F1nR=1.

Consequently M(G) is trivial, as required.

3.

We complete the proof of the theorem by showing that G is not
finitely related. Let us suppose the contrary. Then by a theorem of
Neumann [Z] finitely many of the given defining relatioms of G suffice to

define G . Thus we may present (G in the form
_ L _ i
G=<a,b,t;tlat=a,tbtl=b2, [a, t7*pt"] = 1
(=n<i=<n,n>0 a fixed integer)> .

However since tbt_l = b2 the relations

[a, t_ibti] =1 (-n=1=n)

all follow from the single relation
[a, "] =1

(because the elements ¢ bt ° (-n < 2 = n) are powers of tnbt-n ).

Thus, replacing b by ¢'bt ' if necessary, it follows that G can be

presented in the form
(2) ¢ = <a, b, t; £lat = o, tht™ = b2, [a, b] = 1> .

Observe now, as we in fact observed earlier, that if H is the normal
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subgroup of G generated by a and b then H 1is the direct product of
two copies of the dyadic fractions and is therefore abelian (cf. the
presentation (l)). But by the Reidemeister-Schreier method for finding
generators and defining relations for a subgroup of a group given by
generators and defining relations it is easy enough to obtain a
presentation for H from the presentation (2) (see Magnus, Karrass and

Solitar [1], p. 91 sqq). Indeed let us put

a, = ttatt b, = t™7tt (4 =0, *1, ...)

-— . — h
(3) # = <..., Aoy erns wens bi’ serd eees @ = an,

“s ey

2
cees by =B s s e, [ai, bi] =1, >

Notice in the presentation above the subscript < ranges over all the
integers. Our aim is to show that the group presented by (3) is
non-abelian, thereby contradicting the fact that H is indeed an abelian
subgroup of & . This, in turn, contradicts the assumption that G is

finitely related and so completes the proof of our theorem.

The easiest way to prove H (as presented by (3)) is non-abelian is
to represent it as an ascending union of generalised free products. To

this end let

Ai=(~i> and Bi=(5i) (Z =0, t1, ...)

be infinite cyclic groups. Let

Hy = Ag % By
be the direct product of 4y and By . We define mow H; to be the
generalised free product of Hg and A4; x B); identifying &3 with a,
and B, with b3

H, = {Hy * (4,%B)); &g = &, by = 52} .

Observe that H; is non-abelian since

agh; # Biag -

We define similarly (and inductively)
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N Ll _ 2
B = {Hi * (Ai+lei+1)’ 4= 4 By = 5i+l}

and thence

Hm=(a0’ al’ cevs 503 Ela cee3 g T Ay A} T A2y eeey
2 2 ~ ~
Eo = 51, 51 = 52, c ey [ao, 50] =1, [a]_, 51] =1, D

Now we put

and define

N 2 _
K| = {KO * (A_yxB_y)s @y =a_, By = 5_1} .

We define similarly (and inductively)

- P 2 _
Ki+l = {Ki * (A—(i+l)XB-(7:+l))"a—7: = a—(’l:"’l)’ 5_7: = 5-(7:"’1)} .

Finally we put
H(=k)= U K, .

It follows that H is a non-abelian group (since it contains H; ).

Moreover H can clearly be presented in the form

ceey o0y D 5., b ve e

(’-{») ;1 = <.--, a—l’ ?z ~1° 0’ 1°

0* &

~ b 2 "
vy =y e en B =B ey s[5, B] = 1, >

where here the subscript < 1is allowed to range over all possible

integers. A comparison of (3) with (4) immediately shows
HZH

So H 1is non-abelian. This completes the proof of our theoren.

https://doi.org/10.1017/50004972700046955 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046955

136 Gi lbert Baumslag

References

(7] Wilhelm Magnus; Abraham Karrass; Donald Solitar, Combintorial group
theory: Presentations of groups in terms of gemerators and
relations (Interscience [John Wiley & Sons], New York, London,

Sydney, 1966).

[2] B.H. Neumann, "Some remarks on infinite groups", J. London Math. Soec.

12 (1937), 120-127.

Rice University,
Houston,
Texas, USA.

https://doi.org/10.1017/50004972700046955 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046955

