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Abstract
Let S9! denote the unit sphere in Euclidean space R, d >2, equipped with surface measure o;_;. An instance
of our main result concerns the regularity of solutions of the convolution equation

a- (fo'd—l)*(qil)isd—l = f, a.e.on Sd—l7

where a € C*(S9°1), ¢ > 2(d + 1)/(d — 1) is an integer, and the only a priori assumption is f € L2(S9°1).
We prove that any such solution belongs to the class Cc®(s41). In particular, we show that all critical points
associated with the sharp form of the corresponding adjoint Fourier restriction inequality on §4-1 are C®-smooth.
This extends previous work of Christ and Shao [4] to arbitrary dimensions and general even exponents and plays a
key role in the companion paper [24].

1. Introduction

Sharp Fourier restriction theory has attracted a great deal of interest recently. In the particular case
of the unit sphere equipped with surface measure (S?~!, o4_1), a natural starting point is that of the
Tomas-Stein inequality,

|foa-illamay < Tagllflli2say, (1.1)

which is known to hold [28, 29] with T4 , < co provided thatd > 2 and g > g4 := 2%; see (1.3) for

the precise definition of the Fourier extension operator. Here T4 , denotes the optimal constant given by

Il foa-illLaray

up (1.2)
0+f €L? ||f||L2(Sd-‘)

Taq =

By a maximiser of (1.1) we mean a nonzero, complex-valued function f € L*(S*') for which
Il foai ”Lq(Rd) = Td,q||f||L2(Sd-1)~

The existence of maximisers for the Tomas-Stein inequality (1.1) has been investigated in the works
[3, 9, 13, 25], but the explicit form of the maximisers is only known in very few, special cases [1, 11].
Once maximisers are known to exist, it is natural to investigate their properties with methods from the
calculus of variations. In the present article, we study the associated Euler-Lagrange equation and show
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that the corresponding critical points are C*-smooth whenever the exponent g is an even integer. Our
motivation is twofold. On the one hand, our main result is used in the companion paper [24] to establish
that constant functions are the unique real-valued maximisers for a number of new sharp instances of
inequality (1.1) and to fully characterise all complex-valued maximisers. On the other hand, we extend
the main results of Christ and Shao [4] to arbitrary dimensions and general even exponents.

Letd > 2 and g > g4 be given. Consider the Fourier extension operator &(f) = fo,_;, acting on
functions f : S47! — C via

fa'd—l(x) = /S(H flw)e ™ doy_i (w). (1.3)

The operator & is bounded from L?(S~!) to L (R¢) in light of (1.1). Its adjoint equals the restriction
operator E'(g) = g”|sa-1 and is bounded from L7 (RY) to L2(S471); here, ¢’ = q/(q — 1) denotes the
conjugate Lebesgue exponent of g. Suppose that f maximises the functional ®4 , associated to (1.1),

e q
”fo-d—l ||Lq (R4)

Quq(f) = ) (1.4)

”f”LZ(Sd 1)

and further assume f to be L?-normalised, || f]| r2(sa-1y = 1. We can then estimate the operator norm of
the extension operator as follows:

17> = NEWNINT g ) = (IENIT2E(S), E()) = (E IENNTPE), Flra(say
< IE NN EN L2 (saty < NE a2 NENNE) I (ra)
= 1€ e HLzIIS(f)IILq(RL,) (151 (1.5)

where (-,-) denotes the L9 — L9 pairing in R¢, and (-, -) £2(sa-1y denotes the L? pairing in $97!. In
addition to easy algebraic manipulations, the first inequality in (1.5) amounts to an application of the
Cauchy-Schwarz inequality, and the second inequality in (1.5) holds because the adjoint operator &*
is bounded from L4 to L2. In the last identity, we also used the fact that the operator norms of &, &*
coincide, ||E]|;214 = 18|14’ 2. Because the first and last terms in the chain of inequalities (1.5)
coincide, all inequalities are forced to be equalities. In particular, equality holds in the application of
the Cauchy-Schwarz inequality, which in turn implies the existence of a constant u, for which

EENITE(S)) = uf

holds outside a set of zero 04— -measure. Thus, we see that a maximiser of (1.1) necessarily satisfies

—_— p— \%
(1l 2F @) |, = AN o Tar-ae.on 591, (1.6)
for some A € C. This is the Euler-Lagrange equation associated with the variational problem (1.2); see
[2] for a more general statement. To determine the parameter 4 € C, one simply multiplies both sides
of (1.6) by f and integrates with respect to surface measure to check that 1 = @4 ,(f). In particular, f
is a maximiser of inequality (1.1) if and only if (1.6) holds with A = Tq

General nonzero solutions of the Euler-Lagrange equation (1.6) are called critical points of the
functional ® ,. As noted in [2], it follows at once that constant functions satisfy (1.6) for some 4 > 0,
simply because |o74_1|¢ ~2G4_ is a radial function, the inverse Fourier transform of any radial function
is radial and the restriction of any radial function on R to S¢~! is constant.
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If ¢ = 2n is an even integer, n € N, then the Tomas-Stein inequality (1.1) can be equivalently stated
in convolution form via Plancherel’s theorem as

I(fTa-) "I} gay < 1) T, 175 i) (1.7
where the n-fold convolution measure ( fo,-1)*" is recursively defined for integral values of n > 2 via

(foa-1)? = foa * foat, and (foa_1)""™D = (fou1)™ * foa-. (1.8)

The functional @4 >, can then be rewritten as

4 ||(f0'd71)*"||22(Rd)

CDd,Zn(f) = (2n) ”f”Zn P (1.9
12 (Sd—l)
and the Euler-Lagrange equation (1.6) translates to
((Foa™ s (oamy D) = @O AFIZE L f oamracon s (110)

where f, denotes the conjugate reflection of f around the origin, defined via
fa(w) = f(~w), forallwe s

A function f : 471 — C is said to be antipodally symmetric if f = f, in which case basic properties
of the Fourier transform imply that fo ,_, is real valued.

The convolution structure of equation (1.10) induces some extra regularity on its solutions, a phe-
nomenon that turns out to hold in greater generality. To describe it precisely, consider the multilinear
operator M: L>(S4-1ym+l 5 [2(s471),

M(fi,..., fme1) = (f1Oa-1 % -+ * frua10a-1) (1.11)

gd-1’
which is well defined for integral values of m > 4if d =2 and m > 2 if d > 3 in view of the
chain of inequalities (1.5); see also [2, Prop. 2.4]. Further consider the conjugate reflection operator
R: L2(S471) — L2(S?"!), R(f) = f«. Given an integer k € Ny, the powers R* are defined in the usual
way via composition, with the understanding that R® = Id. We are interested in solutions of the general
equation

a-M(R¥(f),...,Rk"(f)) = Af, og4_1-a.e.onS% (1.12)

where (ki,...,kme1) € {0,1}™1, a € C®(S? ') and A € C. The additional factor a € C®(S41)
brings no further complications to the analysis but can be used to address the smoothness of critical
points for weighted measures on S?~! and, by an additional scaling argument, on ellipsoids.

Our main result concerns regularity properties of generic solutions of equation (1.12).

Theorem 1.1. Let d > 2, and let m be an integer satisfying m > 4 ifd =2 and m > 2 if d > 3. Let
(kiy... kmer) € {0,1Y™ a e C°(S? ) and A € C\ {0}. If f € L>(S?Y) is a complex-valued
solution of equation (1.12), then f € C*(S47 ).

The special case (d, m) = (3,2) of Theorem 1.1 implies [4, Theorem 1.1]. Thus, Theorem 1.1 extends [4,
Theorem 1.1] to arbitrary dimensions and general even exponents. Interestingly, our proof of Theorem
1.1 bypasses the Banach fixed point argument from [4] and, as such, could be considered more elementary
and of independent value. Moreover, the case (d,m) = (2,4) of Theorem 1.1 completes the proof of
the main result in [26], where the following issue was detected: In [26, Proof of Prop. 3.6], the first
(unnumbered) displayed equation on page 9 seems to be incorrect. We further believe that the argument
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in [26] cannot be repaired without studying the regularity of the fourfold convolution 0';‘4, such as a

Holder-type estimate of the kind established in Subsection 4.3. The following result is an immediate
consequence of Theorem 1.1 and is used in a crucial manner in the companion paper [24].

Corollary 1.2. Let d > 2 and q > 2% be an even integer. If f € L*(S?™1) is a critical point of the
Sunctional ®g4 4, then f € C ® (8971, In particular, maximisers of D4 4 are C*-smooth.

1.1. Outline

In Section 2 we recall some useful facts about the special orthogonal group and define the appropriate
smoothness spaces on S¢~! on which our estimates will be based. In Section 3 we collect some simple
properties of the multilinear operator M, defined in (1.11). A fundamental distinction arises, depending
on whether or not the parameters (d, m) from Theorem 1.1 lie on the ‘boundary’ of the set of admissible
values. In the latter case, there is an automatic uniform gain in the initial regularity, which leads to a quick
proof of the smoothing property of M in the ‘non-boundary’ case; see Lemma 3.4. This is not possible
if (d, m) lies on the boundary, because in that case the corresponding functional is essentially scale
invariant. The analysis is then more delicate and relies on Holder-type estimates for certain convolution
operators, which are the subject of Section 4. In turn, these estimates are used in Section 5 to find a
suitable replacement for Lemma 3.4 in the boundary case; see Lemma 5.2. The final section, Section 0,
is devoted to the proof of Theorem 1.1. We proceed in two steps: firstly, we establish an initial ‘kick’ in
the regularity of any solution of equation (1.12); secondly, we use a bootstrapping procedure to promote
the initial gain in regularity to C*-smoothness.

1.2. Notation

The set of natural numbers is N = {1,2,3,...}, and Ny = N U {0}. Given aset E C R4, its indicator
function is denoted by 1 g, its Lebesgue measure by |E| and its complement by E C =pd \E.Givenr > 0,
we let B(x,r) c R denote the closed ball of radius r centered at x € R? and abbreviate B, = B(0, r).
We will continue to denote by ( foy_1)** the k-fold convolution measure, recursively defined in (1.8).
We denote 1 : S?~! — R the function 1(w) = 1 and the zero function by 0 : S4~! — R, 0(w) = 0. We
use X <Y,Y 2 X or X = O(Y) to denote the estimate | X| < CY for an absolute constant C and X =~ Y
to denote the estimates X <Y < X. We will often require the implied constant C in the above notation
to depend on additional parameters, which we will indicate by subscripts (unless explicitly omitted);
thus, for instance, X <; Y denotes an estimate of the form |X| < C;Y for some C; depending on j.

2. Function spaces

The special orthogonal group SO(d) consists of all d X d orthogonal matrices of unit determinant
and acts transitively on the unit sphere S¢~! in the natural way. This action extends to actions on
functions f : S9! — Cby ©f = f 0@ for ® € SO(d) and on finite Borel measures u on R by
O(u)(E) = u(®(E)) for E C R?. This extension interacts well with convolutions, in the sense that
O(u *v) =0(u) * O(v). In particular, for any ® € SO(d),

O(fioa-1 %+ * froa-1) = (Of1)og-1 %+ * (O fi)oa-1. 2.1

For further information on the special orthogonal group, see [17] and references therein.
Given a € (0, 1), let A, (R) denote the space of Holder continuous functions f : R? — C of order
«, with norm

1/ 1laq ey = I llcoray + sup e = X171 f (%) = f(D]. 2.2

Given | < a ¢ N, write @ = k + 6, with k € N and § € (0, 1). We then say that f € A, (RY) if f is k
times continuously differentiable, f € C¥(R¢) and all of the kth-order partial derivatives of f belong
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to As(R?). An equivalent definition of the space A, (R?) via Littlewood-Paley projections is available,
but we shall delay its precise formulation until the need arises in the proof of Proposition 3.1. Given
a € (0, 1), the space of Holder continuous functions f : S9! — C of order a, denoted A, (S4™"),
is defined in a similar way to (2.2). We further consider the space Lip(S?~!) of Lipschitz continuous
functions f : S4~! — C, equipped with the norm

1A ipgsa-ty = I flleogaty + sup | = o'[7 f(w) = f(@)].
wFW'

By H* = H*(S?!) we mean the usual Sobolev space of functions having s > 0 derivatives in
L? (Sd‘l), defined via spherical harmonic expansions — for example, as in [22, §1.7.3, Remark 7.6] — or
by considering a smooth partition of unity and diffeomorphisms onto the unit ball in R4~! together with
the usual Sobolev norm on R¥~!; we set H® = L>(S471). If s is an integer, then the following norm is
equivalent to any other norm for H S

WAl = 1 Ny + D 1Kl eanns 2.3)

1<i<j<d
where the derivatives are given by

X =0 —xit= 0 x5 = O 2.4)
L,j — MY JYr (991’] i,j 89:’1’ .

and 6; ; denotes the angle in polar coordinates of the (x;,x;)-plane; see, for instance, [6, §4.5], and [8,
Prop. 3.3].

We find it convenient to work with the function spaces H* = H°(S?"!), which for d = 3 were
introduced in [4]. To extend the definition to general dimensions d > 2, recall (2.4), where we introduced
the derivatives X; ; = 0/86; ;. We can equivalently view X; ; as the C®-vector field on S?~! that
generates rotations about the (x;,x;)-plane for each 1 < i < j < d. In this way, for each v =
V1,...,vq) € 8971, exp(tX;, j)(v) is obtained by rotating the vector (v;, v;) by ¢ radians. We note that
{X;,j : 1 <i < j < d} forms a basis for s0(d), the Lie algebra of SO(d).

Observe that the following quantity defines an equivalent norm on the space A, (S¢!), provided
a€(0,1):

fllco(ga-1) + | max = sup sup ||| f (4 (w)) = f ().

<J<d , esd-1 teR

Given s € (0, 1), the space # is defined as the set of all functions f € L>(S4!) for which the norm

1/ llres = 11Nz ga-1) + Z sup |1|7*||f 0 X0 — fll2(sa) 2.5)

1<[<]<d |t|<1

is finite. We further set H° = L2(S4"'). Similar to the case of Euclidean space, the notion of weak
differentiability of a function with respect to the vector field X; ; is made precise by the use of identity
[24, Eq. (5.4)], which states that, for any complex-valued functions f,g € C'(S471),

./sd-l (Xijf)gdog-1 = - ./sd-l f(Xijg) dog-1. (2.6)

In this way, we say that f € L?(S?°!) is weakly differentiable with respect to the vector field
X;,; if there exists a function, denoted X; ;f, that belongs to Ll(Sd‘l) and satisfies (2.6) for all
g € C®(s47.
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If s = k+, with k € Nand o € (0, 1), then the space H* consists of all functions f € L?(S"!) for
which the norm

1l = 2oy + 3 > sup =Y F 0 €™ = ¥ fll 2 sany @.7)

Y l<i<j<dltIs<]

is finite, where Y ranges over the finite set of all compositions X;, j, 0 X;, j, 0---0 X, j, with0 < £ < k
factors, and f itself is viewed as Y f where Y has zero factors. We implicitly assume the function f to
be weakly differentiable with respect to the vector fields {X; ;}1<i<j<a as many times as required by the
definition of the norm.

The next result explores the relationship between the function spaces H* and the usual Sobolev
spaces H'.

Lemma 2.1. For every 0 <t < s, s ¢ N, H° is contained in the Sobolev space H', and

If e < Cls, D1 f llges (2.8)

forall f € H° and some constant C(s,t) < .

Estimate (2.8) was noted in [4, Lemma 2.1] in the three-dimensional case d = 3 when s < 1. From
Lemma 2.1 it follows at once that, given s € (1,0) \ N, f € H and X € {X; ; : 1 <i < j <d}, then
1X fllz2(sa-1)y S I fllge and therefore X f € !, This observation will be useful in the sequel.

As a preliminary step towards the proof of Lemma 2.1, we recall the Euclidean Sobolev spaces
H’(R4) and define the spaces H° (R¢) in analogy to the spherical ones, H*. Given f : R — R and
s =k +a with k € Ny and a € (0, 1), we consider the norms

70 e = [ (1 41EPY PO @9)
1/l ety == N2 (raty + Z |51|1P |7 D  f o 7x = D fll 2 ey (2.10)

¢ lx <1
where the sum in (2.10) runs over all multi-indices £ = (£1,...,€;) € N satisfying 0 < || < k,
D¢ = §lt] / Bxf;’ - -c')xf‘ denotes the partial derivative, 7y : R4 — RY, y — x + y denotes translation
by x = (x1,...,xq) € R4 and f itself is viewed as Dof. For 1 < i < d, let ¢; denote the ith canonical

vector ¢; = (0,...,0,1,0,...,0), with the 1 in the ith position. For every s = k+a, k € Ny, @ € (0, 1),
the following is an equivalent norm for * (R%), perhaps more reminiscent to that for S¢~! in (2.7) :

2y + >, > sup 17D f o Ty, = DY fllz2ray. 2.11)

0<|0]<k 1<i<d I1I<1

It is also worth observing that, by the triangle inequality and the translation invariance of the Lebesgue
measure in R?, an equivalent norm to that in (2.10) or (2.11) is obtained by replacing sup|,j<1 by supj, <,
for any £ > 0. Likewise, by the triangle inequality and the SO(d)-invariance of the measure oy_; in
§9-1, an equivalent norm for H* is obtained from (2.7) by replacing supy,|<; by supy|c. for any & > 0.

Proof of Lemma 2.1. We discuss the analogous Euclidean statement for the case of the sphere then
follows by working in local coordinates. In fact, as already mentioned, the H'-norm on S4-1 can be
defined by considering a smooth partition of unity and diffeomorphisms onto the unit ball in R4
together with the usual Sobolev norm on R4 asin (2.9). In order to handle the H*-norm on s4-1 we
observe that it is likewise amenable to the use of local coordinates: Given a smooth partition of unity
{¢pi}icicv on 971, f € Hifandonly if ¢; f € H forevery 1 <i < N,and || fllgr = Zicien l19if llze-
Let O; denote the support of ¢;, which we may take to be connected and of small diameter if necessary,
and let {(Q;,¥;)}1<i<ny denote a system of local coordinates for S¢~! subordinate to {O;}<i<n; that
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is, Q; is open and connected, ¥; : Q; — int(B) is a diffeomorphism onto the open unit ball in
R4 and O; € Q; is compactly contained in ;. If & > 0 is small enough, it then follows that

lei fll2(sa-1y = ll@i fllr2(q,) and, for every || < &,
1Y (i f) 0 e™ ! =¥ (@i f)llr2(sa-1y = 1Y (@i f) 0 "Xkt — Y (@i 20,06 %k (0))

for every Y and (k, 1) as in (2.10). In this way, in order to show that ||@; f |l = || (@i f) © l/’,-_l llges a1y
one may appeal to the theory of differentiability along noncommuting vector fields, as developed in [20,
§41; see, in particular, Lemmas 4.1, 4.2 and Theorem 4.3 in [20].

In light of the previous paragraph, we can assume that in the Euclidean case the relevant supports are
contained in the unit ball of R. This will be useful later on in the argument. More precisely, the task is
now to show that there exists C(s, ) < oo such that for every f € H*(R%) whose support is contained
in the unit ball of R, it holds that

£ lee ey < CCs O fllges (matys (2.12)

whenever 0 <7 < s ¢ N.

We start by considering the case 0 < ¢ < s < 1 (the case t = 0 being trivial) and recalling
the equivalent formulation of Sobolev spaces in terms of the Riesz potential. Fix ¢ € (0, 1), and let
f: RY — Rbe given. From Plancherel’s theorem, we have that

et - P e o
-/(Rd)z |x|d+2t dXdy_'/R:d /Rd le L7 f()] d§—|x|d+2t (2.13)

= Ara /R eI @R dé, (2.14)

where we used the fact that the integral

_ |eix-§ _ 1|2
Ira(§) = ./Rd de

satisfies I; 4(A¢) = /lz’lt,d(f) for every A > 0. The constant A, 4 in (2.14) satisfies A; 4 = I; 4(w) for
any w € S9! and is finite as long as 7 € (0, 1). In turn, because ¢ € (0, 1), we have that

(L+1EP)" < T+ 167 <201+ 6P,
for every ¢ € R?. In particular, the following two-sided estimate holds:

Ifx+y) - FOIP

|x|d+2t

2 N 2
Lyt et 11 + /( N dx dy. @.15)

Given s € (t, 1), we use Holder’s inequality to estimate

/ e = FOP
(R9)?

|x|d+2t

_ [f(r+y) = fFO)P If(x+y) = FO)P
- v/|x|<1 /Rd |x[d+2 dydr+ ./|x|>1 ./Rd | |d+2t dy dx

| +y) = fFO)P )/ dx
< | su d
(|x|£1 /Rd |x|%s Y x|<1 |x|d=2(s=D)
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lf e+ )P+ 1f WD)
+2‘/|x|>1‘/Rd dy dx

|x|d+2t

$a (5= 07 1 g gy + 6 11 -

In light of (2.15), this establishes (2.12) in the particular case when 0 < < s < 1.

We now consider the case when s = k + @, with k € N and @ € (0,1). No generality is lost in
assuming that ¢ € (k, s) and specialising to the case k = 1, so that the desired conclusion would follow
from the estimate ||D’ f|lge-1(gay < || fllge ray for every |£] < 1. In this case, the previous argument
applies to DY f provided that D¢ f € L>(R?) for any |£| = 1, with appropriately bounded L?(R%)-norm,
which we now verify in the special case when the support of f is contained in the unit ball of R?. As
discussed above, this will suffice for our application to S~

Fix a multi-index £ € N9, |£| = 1, and write D := D’. Let g € C(‘)”(Rd) be such that supp(g) C Bj.
Then (Dg)(y — t£) = —%(g(y —tf)) = D(g(- — t£))(y). By Fubini’s theorem and the definition of
weak derivative of f, it follows that

2 0 -
0=[2 /Rd (Dg)(y—ff)f(y)dydt=—[2 ‘/Rdg(y)(Df)(yH{’)dydt.

Asa consequence,

2
[oraoar=5 [ [ 070 -pro+i)zo ave

By adding and subtracting appropriate terms, the triangle and Cauchy-Schwarz inequalities and the
invariance of the Lebesgue measure in R¢ with respect to translations together imply

1 2
< 1/2 ”DfoTt[ _DfOT%[“L2(R4)”g”LZ(Rd) dr

' / DF()T() dy
Rd
1 2
#3 [ IDF ot = D fllzea sl 0
1
< /O UDS o 76 = D fll2 gy d Nl 2 uer

1
< ( / r“dr) 1 lygeo e g2 - 2.16)

Consequently, D f € L*>(R%) and || D f|| 12rd) S || fllge (ay- This concludes the proof of the lemma. O

Remark 2.2. For our purposes later on, it will suffice to invoke the following simpler consequence of
Lemma 2.1: For any 0 < s ¢ N, there is a continuous embedding H* < H!*1. We now provide a short
proof of this fact that is intrinsic to the sphere. The case s € (0, 1) is clear because then H5) = L2(S41).
Fors > 1, s ¢ Nand f € H° it suffices to show that 1 X fllg2ga-1)y < [Ifllge, where X ranges over the
finite set of all compositions X;, j, 0 X;, j, 0---0X;, j, with 1 < € < |s] factors.! As noted in the course
of the proof of Lemma 2.1, we may specialise to the case £ = 1 because the general case follows in the
same way. We then simply note that, for any g € C*(S47!), X € {Xij:1<i<j<djandw e sé-1,
it holds that (Xg)(e'*w) = (X(g o ¢'X))(w) = 4 (g(e'*w)), so that joz”(Xg)(etXw) dt = 0, and the
desired estimate,

"/sd—l Xf(w)g(w) dog-1(w)| < I f llge llgllz2 (sa1ys

1As stated in (2.3) and explained in the references thereafter, it suffices to consider the case € = |s].
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follows in the same way as (2.16). See also [5, Cor. 7] for a discussion of this embedding using an
equivalent definition? of H°.

3. Preliminary inequalities

We establish some linear and multilinear inequalities that will be used to analyse the solutions of equation
(1.12). Our first result translates into a modest amount of control over the regularity of convolution
measures in a number of situations of interest.
Proposition 3.1. Given integers d,m > 2, set @ = %(d - 1)(m—-=2)—1. Let {fj};”:l c C¥(S4h. If
a >0, then fiog_1 %+ % froq-1 € Ag(RY).

The proof of Proposition 3.1 is based on the classical Littlewood-Paley characterisation of the Holder
spaces Ao (R9); see [14, §6.3] and [28, Ch. VI, §5].

Proof of Proposition 3.1. Consider a smooth partition of unity in R?. More precisely, fix 7 > 0, a
nonnegative, decreasing and radial C*-function of compact support, defined on R¢, with the properties
that n(x) = 1 for |x|] < 1 and n(x) = O for |x| > 2. Together with 5, define another function ¢ by
d(x) = n(x) = n(2x) > 0. For each integer j > 1, consider the function ¢; := §(277+), which is
supported on the spherical shell {x € R?: 2/7! < |x| < 2/*'}, and let ¢y = 7, so that

Z @j(x) =1, foreveryx e RY.
j=0

For > 0, a function G : R — C belongs to A, (R¢) if and only if

sup 27N(G ;)" o (gaty < 0. (3.1
J €Ny

Moreover, the expression on the left-hand side of (3.1) produces a norm that is equivalent to any other
norm for A, (R?); see [14, Theorem 6.3.7]. The Hausdorff-Young inequality implies that estimate (3.1)
is fulfilled if

/Rd IG(x)g,;(x)|dx 277, j=0,1,2,...,

for some implicit constant that does not depend on ;. Now, the Fourier transform of F := fi0og—y - - *
fmOa-1 is given by F = [T}, fxo 4_;, which leads to the analysis of the integrals

/Bﬁb?k_}dq(x)\dx’ /B ﬁ\ﬁ;d_l(xﬂdx, j=12,...

2 k=1 2t \Byj1 =]

A well-known stationary phase argument applied to each f; € C*(S¢!) yields the following decay
estimate:

1Feo g ()] < (1+]x])"“T, for every x € R?,

where the implicit constant depends only on the dimension d and the function f; see [28, Chapter VIII,
§3.1]. Using polar coordinates, it is then direct to check that

mn j - . m
/ [ [1Feoras (] dr s 274272457 = gmstt@nez=n-n,
Byj+1\Byj-1 f=]

2We comment on various equivalent definitions of the space H* in Subsection 6.2.
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for every j € N. The desired conclusion follows from this and from the observation that F defines a
continuous function on R? and is thus bounded on the ball B, c R4. O

Remark 3.2. We find it convenient to consider the ‘universe’ of admissible parameters
U={(dm)eN*:d=2andm >4, ord >3 andm > 2},

together with its ‘boundary’

U ={(2,4),3,3)}u{(d,2): d > 3}. (3.2)
Note that the set 2 encapsulates the hypotheses on d, m imposed by Theorem 1.1. On the other hand,
with the exception of (d,m) = (3, 3), the set U contains precisely those values (d, m) for which m
is the smallest even integer such that T4 .2 < oo, and therefore the corresponding inequality (1.1)
holds. As the upcoming sections will reveal, the analysis simplifies considerably if (d,m) € U \ U,
which is the reason for treating the boundary set OU separately. As a first instance of this phenomenon,
note that, given (d, m) € U, we have that (d, m) ¢ OU if and only if %(d —1)(m—-2) -1 > 0. These

are precisely the cases covered by Proposition 3.1. See also the comments following Lemma 3.4 and
Remark 6.4.

Recall the operator M: L?(S4 1)1 — [2(S9~1), which was defined in (1.11) as

M(fisooo fne) = (fi0a-1 % fns10a-1)| -

Lemma 3.3. The operator M defined in (1.11) satisfies the following properties:

(i) M is an (m + 1)-linear operator.
(ii) M is symmetric in the sense that, given any permutation v of {1,2,...,m + 1},

M(f1,- s fme1) = M(fr(1)s -+ o5 fr(men))- (3.3)
(iii) For any © € SO(d), the following identities hold:
M(fi s fons1) 0O = M(fi 0O, ..., frs1 ©©). (3.4)
(@ = DM(fi, .-\ fns1) =ni:lM(fl,...,fj_l,(®—I)fj,®fj+1,...,®fm+1) (3.5)
=IJ\/I((®—I)f1,®f2,...,@fm+1)
+M(f1,(®=Dfo,....,0fm1)
+M(f1,f2, ce s (O =1) frns1)-

(iv) Forany s > 0, there exists A; < oo such that zf~{fj]~;”:+11 C H®, then

m+l

IMfis o fons) s < As [ ] 17 lms. (3.6)
j=1
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) If X = X; j° for some 1 < i < dand {fk}m+1 H', then
m+1
XM(fi, .. fmt1) = ZM(flw-wfk—l,ka’kaw'-7fm+l)' 3.7
k=1

(vi) Forany0 < s ¢ Z, there exists Cs < oo such that, if { f;}" mtl C H, then

m+1

IM(fis s fone )l < Co [ ]l (3.8)
j=1

We record the basic L2-estimate, which coincides with the case s = 0 of (3.6):

m+1

IM(fis - s fmr) 2 (ga1y S l—[ 1fill2(sa1y- (3.9
j=l

Proof of Lemma 3.3. We prove estimate (3.8) only, the rest being direct from the definitions or simple
to verify; in particular, the proof of (iv) is analogous to that of [4, Lemma 2.2]. Let us first assume that
s € (0,1). Given {fi}y € H°, set g := M(fi,... fms1)- Let ® = €'X € SO(d), where X = X; ; for
some 1 <i < j < d.Inlight of (3.5), we then have that

m+1

Og-8= > M(fi, -, firt, (O = 1) fi, Ofcsr ., Ofmer). (3.10)
k=1
By (3.9), the first summand on the right-hand side of (3.10) satisfies
m+1
IM((® = D) fi, fa. - - - ) L2 sa-1) S 1101 = fill 2 sa) l_[ I fellz2(sa-1)»
=2
and similarly for the other m summands. It follows that
m+1
sup [t]*llg 0 e — gllp2(ga-1) < Z sup |17l fi = fillp2(ga-r) l_[ l fellz2 sa-1y
lr]<1 k=1 lt1<1 L0k
m+1 m+1
< Y Wfillge [ ] Whellzaggamy < [ ellges-
k=1 £k k=1

Because this holds whenever X is any of the vector fields {X; ;}i<i<j<a, estimate (3.8) as follows,
settling (vi) in the special case when s € (0, 1). Now suppose that s = k + @, with k € Nand a € (0, 1).
Let 1 < ¢ < k and consider a composition Y with £ factors as in (2.7). Remark 2.2 and estimate (3.6)
imply that g € H*. In light of (3.7), we then see that Yg can be written as a sum of terms of the
form M(Y1 fi, ..., Yins1 fins1), Where Y1, ..., Y,y are compositions of i1, ..., imns1 vector fields X; ;,
and m_+11 ij=". Note that Y; f; € H® for all such vector fields, and ||Y; f; ||71" I| ;ll#+ . Expanding
(®- I)Yg as in (3.10), we find in the same way as before that

m+1
sup ™ I¥g o ¢ ~Yglpaqca < <[ sl
tl<1
j=1
This implies the desired 9°-bound for the function g and concludes the proof of the lemma. O

3Recall the definition (2.4) of X; j = %
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The following result details a sense in which M can be viewed as a smoothing operator but requires
(d,m) ¢ oU.

Lemma 3.4. Given (d,m) € W\ oW, set wg,, = %(d —1(m=2)-1. If @ € (0,1) is such that
a < Qam, {t,Dj}T:] c C®(S4Y) and g € L*(S?), then M(¢1,...,¢0m,8) € H®. Moreover, the
following estimate holds:

IM(@1s - @m» &)l

m
< (H l@jlleeay +llgroa-r * - * gmaa-illa,, @) |lIgl2(sary.  GB.11)

Jj=1
It is natural to wonder whether a similar gain in regularity holds in the case when (d,m) € 0U. The

(affirmative) answer is more subtle, and we postpone the discussion until Section 5; see Lemma 5.2.

Proof of Lemma 3.4. Recall that @y, > 0 because (d,m) € U\ oW. It then follows from Proposition
3.1 that 10g—1 * -+ * @Ta-1 € Nay,, (Rd). For notational convenience, we shall only consider the
special case when ¢; = ¢, for all j. Given ® € SO(d) and w € S4-1, estimate

|M(¢’ e ,gp,g)o@(w) _M(<P7 e ,QO,g)((U)l

S /Sd_l |(Wd—1)*m(®w -1 = (poa-1)"" (= n)|lg(M|doa-1(n).

If a € (0, 1) is such that & < &g, then (9oy_1)™™ € A, (R¥) and, consequently,

IM(ep,....0,8) 0B(w) —M(gp, ... 8 ()]
<|(® = Dol *[(¢aa-1)" I, ra) gLt sa-1
<10 =171 (paa-1)" I, &) 182 (sd-1)-

Letting ® = ¢'X for some X € {X;, j}i<i<j<a and integrating the square of both sides of the latter
estimate, we obtain

sup [¢|"*[[M(gp,....,0,8) 0@ -M(p,...,¢,8)lL2@sa)

[t]<1

—a| X
< sup 17" = 11*|[(@oa-1) " lla, ey llgllL2(ga-1y -
|t]<1

In turn, this and the basic L>-estimate (3.9) together imply
IM(g, ... @, @)l < (llell gamry + 1(0a-1)" lIa, ma))l18llL2 (1)

To obtain (3.11), simply rerun the argument with the ¢;s in place of ¢. This completes the proof of the
lemma. o

4. Holder regularity

In this section, we prove Holder-type estimates for certain convolution measures, which will pave the
way towards finding a suitable replacement for Lemma 3.4 in the case when (d, m) € oU.
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4.1. Twofold convolutions

The purpose of this subsection is to generalise [4, Lemma 2.3] to arbitrary dimensions d > 2. Though for
the most part the analysis follows similar lines to those of [4], we include it for the sake of completeness.
Start by recalling that the twofold convolution oy_1 * 04—1 defines a measure supported on the ball
B, c R4, which is absolutely continuous with respect to the Lebesgue measure on B,, and whose
Radon-Nikodym derivative equals

_wg— 1 2,452
(0a-1 % 0a-1)(x) = %m@— ), * @.1)

Here, wg—» = 04-2(S972) = ZH%F(%)‘I denotes the surface area of S92, y, := max{0, y} for
y € R, and

d-3 d-3
2 2 .

(4-1x).7 = (E-|xPs) 7

see, for instance, [1, Lemma 5].

Let hy, hy € Lip(S?~!). From [12, Appendix A.2], we know that the function u, defined by the
relation (hyog_1 * hpog_1)(x) = up(x)(0g-1*0g-1)(x) for 0 < |x| < 2and u;p(x) = 0 for [x| > 2 can
be expressed as

Ui (x) = fr I () ha(x = v) dory (), @2)

where I'y = S9! 0 (x + S97"), and # denotes the averaged integral on the (d — 2)-dimensional sphere
I'y; see also [3] for a careful discussion of the case d = 3.

The case d = 2 merits some further remarks. In this case, if 0 < |x| < 2, then I'y consists of two
points, which we identify with S°. Let x* be the 90°-counterclockwise rotation of x, so that x* - x = 0
and |x*| = |x|. Given x € B, \ {0} ¢ R?, there exist unique-up-to-permutation x1, x> € S!, such that
X = x1 +x3. The vectors x1, x are explicitly given by

1 1
x [x]?\2 xt x_( Ix|?)\2 xt
X1 == -] =, x=z-(1-—7] —.
72 4 W T2 4| Ix|

Given hy, hy € Lip(S"), the convolution 07y * hyor can be written in the following way: If 0 < |x| < 2,
then
hy(x1)ha(x2) + by (x2) ho(x1)

lxlv4 = |x|?

and for |x| > 2 one obviously has that (ko * hpop)(x) = 0. In this case, identity (4.2) is then seen to
reduce to

(hio1 * haop)(x) =2

1200 = 50 (e hae2) + B () (), 0 < ] <2,

Lemma 4.1. Let d > 2 and x,x’ € B> \ {0} ¢ R¥. Then

X X

lui2(x) —u2(x")] < C||h1||Lip(sd-1)||h2||Lip(sd—1)(|x -+ R )

for some universal constant C < oo.

Proof. The integral (4.2) defining u, can be equivalently written as

up(x) = “):11—2 ‘/SLH hi(5 +p(x)w)ha (5 — p(x)w) dog2(w),
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where the function p > 0 satisfies p(x)? + (|x|/2)% = 1, and the unit sphere ij‘z is contained in the
(d—1)-dimensional subspace of R¢ orthogonal to x and is therefore parallel to the hyperplane containing
I,. It is elementary to check that [p(x) — p(x")| < ||x| = |x’[]'/? for every x, x” € B, \ {0}.

Let us start by considering the case x” = Ax for some A > 0. We then have that $47! = Sii I, and so

’

(5 +p@0) - (5 +p010)| < §|x — X+ lp(x) = p(¥)] S lx - x

/|1/2
) .

In a similar way,

4

[ A R

Denote x| = 3 + p(X)w,x2 = 7 — p(x)w and @(x) = hi(x1)ha(x2). Because hy, hy are Lipschitz
functions, we have that

@ (x) —a(x")| = |hi (x1)ha(x2) = by (x]) ha (x5)]
< Tha(x2) 1Ay (x1) = By (XD + R (2D [h2(x2) = ha(x5)]
< lh2ll= N lluipler = x{] + [Tl ThzllLiplrz = x5]

< I liuipliBallipbe = xI'72.

It then follows by integration over S¢~2 that
lu12(x) = w2 (x")] < [An lipll A2 lliplx — x7['/2.
We now consider the case |x| = |x’| € (0,2]. We then have that p(x) = p(x’). Let ® € SO(d) denote

a rotation that fixes the space (span{x,x’})* and sends x/|x| to x’/|x’|. It is not difficult to see that
|® —I| < |x/|x] = x"/|x’]|. We can then write

o) = oty [ +p000)( = p(x)0w) dera(w),

so that, for € € {—1, 1},

‘()—C + ep(x)a)) - (%/ + 6p(x’)®w)) < l|x X'+ p()|(O - |

2 2
1 X x’
<zl —x+p(x)|—= - —
<5l [+p(x) MR
|x]\| x x’ X x’
=p(x)+—)—— S |—= - —|
( 20l T T ]
Reasoning as before, we conclude that
, X x’
lur2(x) = ur2(x)| < NhrlleipllhzllLip| — = — |-
Il ]

For general x,x” € B, \ {0} we proceed as follows. Let y = |x|x’/|x’], so that |y| = |x| and x" = Ay for
A =1x’|/]x| > 0. Then

lui2(x) = u12(x")] < [ura(x) —u2(y)| + lui2(y) — uia(x”)]

, y X
< I lluipll 2|l (|x —y|1/2+)———
plTkp Iyl

|
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x’ X
= ||h1||Lip||h2||Lip(||x| — |||+ ——)
el lx]
X x'
< ||h1||Lip||h2||Lip(|x —x = - = )
Il I
This completes the proof of the lemma. O

The following consequence of Lemma 4.1 will be useful in the forthcoming analysis.

Corollary 4.2. Let d > 3 and x,x’ € B> \ {0} c R%. Then

Ix[(hioa-1 * haog-1)(x) = [X'|(h1o a1 * haog-1)(x")

’
X X
12 |

el a7

|

< CllhllLipesa-n A2 llLipsa-1) (|X - x|

for some universal constant C < oo.

Proof. From (4.1) and (4.2), for |x| < 2 we have that
d-3
lxl(h1oaz1 * haoa—1)(x) = 27wy (4 = [x[1) T ura(x).

The function (4 — |X|2)%]132 (x) belongs to Al/z(Rd) if d > 4 and to Ay/2(B>) if d = 3. The desired
conclusion follows easily from this and Lemma 4.1. O

4.2. The case (d,n) = (3,3)

In the course of this subsection only, we shall simplify the notation by writing do- = do. Our goal is to
establish a Holder estimate for the threefold convolution hy0 * hoo * h3o, where {h; };:1 are Lipschitz
functions on the unit sphere S2.

Proposition 4.3. Given hi, hy, h3 € Lip(Sz), let H = hyo % hoo * hyo. Then there exists a universal
constant C < oo such that, for every x,x’ € R3,

3
H(x) = H()| < C [ gl e - 2112
J=1

Proof. By homogeneity, we may assume ||/;lLip = 1, 1 < j < 3. Because the function H is compactly
supported, it is enough to consider x, x” € R? for which* |x —x’| < 1. From (4.1) and (4.2), the function
ur2(x) := (27) x| (hyo * haor)(x) is given by

Ui (x) = fr I ha(x = v) dory (), 3)

where I'y = S2 N (x + S?). We further have that

]l|x—w\<2(w)

(e = @) () do(w)

H(x) = Lz(hlﬂ * hyo)(x — w)h3(w) do(w) =27 ./SZ

4We will write |x — x”| < 1 to mean that the quantity |x — x’| is sufficiently small for the purposes of the corresponding proof.
For instance, in the course of the proof of Proposition 4.3, we can and will assume that |x — x’| < 1007!.

https://doi.org/10.1017/fms.2021.7 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.7

16 Diogo Oliveira e Silva and René Quilodrdn

and so
1 X' —wl|<
(27) " (H(x) - H(x')) = / Lr-oi2(@) (- ) — i@ - ) (@) dor(@)
@2 X -ol
Lx-wl< Liyv-wi<
A )

We denote the integrals on the right-hand side of the latter identity by I and I/, respectively. We start
by estimating the first integral.

Estimating /. The first step is to restrict the domain of integration to the region where x —w, x’ —w €
B3, plus a remainder, which is O (|x — x’|). With this purpose in mind, decompose S2=UUU’UVUW,
where

U={weS: X -w <2< |r-wl}, U ={wes k-0l <2< ] -}, 4.4
Vis{weS?  x-—w|xX —w <2}, W ={weS*:2< |x' - o, |x - |}

The integrand of / vanishes on the region U’ U W, and so we are left to analyse the integrals over U
and V. We claim that o-(U) = O(|x — x’|). Indeed, if w € U, then |[x’ — w| < 2 < |x — w|, so that as
|x' —w| 2 |x —w| - |x —x’| 22— |x —x’| we obtain

UC{weS: 2—|x—x|<|x —w| <2} (4.5)

This shows that the region U is contained in the intersection of S with a spherical shell of thickness
|x — x’| centred at x’. The claim follows. The contribution of U to the integral I can then be bounded in
the following way:

/ ]l|x'—w|<2(0))|u12(x/_w)h3(w)| do(w) </ Md@((u)
U U

[x" — w| |x’ — w|

If w e U, then |x’ —w| > 2 — |x —x’| > 1 because |x — x| < 1. As a consequence, the latter integral
can be crudely bounded as follows:

/ d7(@) ) < -], (4.6)
U X = ol

To handle the contribution of the region V, note that Lemma 4.1 implies the pointwise estimate

X—w X' —w
12 (x = @) —unn(x’ - w)| < x-x'["*+ - : @.7)
x —w| |x - w|
The contribution of the region
X—w X' —w
R:= {weV: ol ol |x—x'|l/2} 4.8)

to the integral [ is easy to estimate. In view of (4.7) and (4.8),
Ljy-wi<2(w) )
| [ st 0) - i - 0) ha(w) do (o)
R X -w

|

1,_ w

< /Mda—(w) Ix—x'll/zslx—x’ll/z.
R X -ol
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In the second estimate, we used the elementary fact that there exists a universal constant C < oo such that

/]lx'—w|<2(w) dcr(w)é/ do(w) <C <o,
R S

[x" — w| 2 |x’ — wl

forall x’ € R3. If w € V \ R, then

X—w X' —w <2|)c—a)||)c—x’|

Ix —x'|'? < 4.9)

k-l -0l k-0l -l

from which we obtain |x” — w| < 2|x — x’|'/2. The contribution of this region can then be estimated as
follows:

]llx’—w|<2(w) ,
|/ — 1 (un(x-w) —upi’ - w)) h(w) dU(w)|
V\R X' — wl|
]1|x’—w|<2(“))
SLW K —w

1x-wi<2(w)
sU' 2=l o)) sl
SAB(x 2x-x|12) ¥ — ]

< e =x'|V-.

X—w x’

h3(w) do(w)

-w
x—w| |x" - ow|

From the third line to the fourth line, we used the fact that

p(x’) = /S do(w) (4.10)

2NB(x’, &) |)C' - U-)I

defines a radial function of x’ that satisfies
o) < (2N B, e)* < .
This concludes the verification of the bound |1] < |x — x’|'/2.

Estimating /1. The integral /] is bounded by

/ ]llx—w|<2(w) _ ]llx’—w|<2(w) do-(w).
2 |x — w| |x" — w|
By symmetry, it is enough to consider
1,- w 1,- w
/ ( [x w|<2( ) _ |x /u)|<2( )) do-(a)), @.11)
T\ |r-ol ' - w

where the integral is taken over the region

T := {0_) c SZ . ]l|x_w\<2(w) S ]lx’—a)|<2(w)}.

Ix — wl |x" = wl
Decompose T'= U” U V", where

U'={weT:|x-w| <2< |x -w|},

V'={weT:|x-w|<|x —w| <2}
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We have that U” = U’ N T, and therefore o-(U"’) = O(]x — x’|). Moreover,

/ (1l|x_w|<z(w) _ ]1|x'—w|<2(w)) dor () :/ d7(@) e
. = -l ’

|x — w| |x" — w| lx —

where the last inequality follows as in (4.6). The contribution of the region V"’ to the integral in (4.11) is

slightly more delicate to estimate. We consider two cases as before. Outside the ball |x"—w| > |x—x'|'/3,

we use the estimate |x — w| > |x” — w| — |x — x’| 2 |x —x’|'/3, which implies
1 1 | -l = x - wl |x" — x|
x-—w WW-o|| | k-l - | |x-oll -

< |X _x1|—2/3|x_x/| — |X _xl|l/3'

Inside the ball [x’ — w| < |x —x’|'/3, we also have |x — w| < |x —x’|'/3, as w € V”. The contribution of

this region to the integral in (4.11) is at most two times the integral

o= [ S

12 9’
2nB(x,5) X' —

where 6 = |x — x’|'/3. Proceeding as in (4.10), one is led to the bound ¢(x’) < &, whence the term in
question is O (|x — x”|'/3). This establishes the bound |71| < |x — x’|'/3. The proof of the proposition is
now complete. O

Remark 4.4. Proposition 4.3 implies that if n > 4, then G, := hyjo * -+ x h,o € A3 (R3) whenever
{h; }?zl c Lip(S?) and {h j};.’:4 C L'(S?). This can be improved under the additional assumption
{h; };.’:1 c Lip(S?), in which case we have, for instance, that G¢ € Aos3 (R3). In dimensions d > 4,
;4 C Lip(S91), then
hiog-1 % hoog 1 * h3og_1 € Ag(R?) for some @ > 0. Consequently, if n > 3 and {h}7_, © Lip(S471),

a similar argument to that in the proof of Proposition 4.3 shows that, if {/; }3
then hyog_y % - -+ % hyog_1 € Aq(R?) for some a > 0.

4.3. The case (d,n) = (2,4)

In the course of this subsection only, we shall simplify the notation by writing do- = dor;. Our goal is to
establish a Holder-type estimate for the fourfold convolution /10 * hoo * h3o * hao, where {h; }jzl are

Lipschitz functions on the unit circle S'. We start with some preparatory work. As in Subsection 4.1, let

up(x) = %(hl (x1)h2(x2) + hi(x2) A2 (x1)) 1, (x), 4.12)

34(3) = 3 (s () (32) + s (e2) g (o) s ), @13)
both of which satisfy the conclusion of Lemma 4.1. For brevity, we write

F(x) = (0% o) (x) = 4lx| ™ (4 = )71, (x), (4.14)

as in (4.1), with d = 2. We will make repeated use of the upper bound

1 _\/4—|x|2+ I
x4 — x| 4lx] a2 Xl 2y
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together with the estimate
o™ (x) < (1+]log |x|D1p,(x), forall x € RZ. (4.16)
Inequality (4.16) follows from [24, Eq. (3.21)] and, in particular, implies that
|- Bo** € L™ (R?), for every B > 0. (4.17)

Setting H,(x) = |x|”((u12F) * (u34F))(x), we then have that H, € L*(R?), for any y > 0 and
{h; }§:1 C L*®(S"). This will be used in Proposition 4.6. The following preparatory result quantifies the

smallness of the function (1g (o * o)) * (o * o) for certain sets E C R? of small Lebesgue measure.

Lemma 4.5. Set F = o + 0. Let x € By C R%. Then, for every y € (0,1] and s € (0, WYH)), there
exists a constant C, s < oo such that, for all & € (0, 1),

x| / F(y)F(x—y)dy < C%ngi“{%’z(yyfn ““}, (4.18)
A(x,&)

|ﬂ7/' F(y)F(x = y)dy < Cy gem{3:77s}, (4.19)
B)NB(x,¢&)

where A(x,g) ={y € By:2—-e < |x—y| <2}

Before embarking on the proof of Lemma 4.5, we discuss a coordinate system that will prove
convenient for the argument. Let x € R?, x # 0 be given. A point y € R? is uniquely determined by the
pair (]y|, |x — y|), up to reflection with respect to the line spanned by x. This gives rise to the so-called
(two-center) bipolar coordinates, defined by (r,s) = (|y|, |x — y|); see [10, §2] and [12, §2.2] for the
use of this coordinate system in a related setting. The map y — (r,s) = (|y[, |x — y|) is a two-to-one
map from R? \ span{x} to the region determined by the relations |r — s| < |x| < r + s, whose Jacobian
is given by

2
dy = dl dr ds. (4.20)

(P - (=)D ((r+9)2 = [x]2)?

After the change of variables a = r — s b = r + s, the Jacobian becomes

(a+Db)(b-a)
dy = 1 i
4(1x12 = a2 (b* - |x]?)?

da db. 421

Proof of Lemma 4.5. From (4.17), it follows that the left-hand sides of (4.18), (4.19) define bounded
functions of x, and therefore £ > 0 can be taken as small as needed in the argument below. We may also
assume that x # 0; otherwise, (4.18) and (4.19) are trivial.

Let us start with (4.18). Note that |A(x,&)| < e and thatif y € A(x, &), then |[x —y| >2—& > 1. As
a consequence, the left-hand side of (4.18) can be bounded as follows:

[ = <l [ &

A(x.2) ¥4 = [y Plx = y[V4 =[x = y[? Alx.e) |ylV4 = [yPy2 =[x -yl

We then use the upper bound (4.15),

for |y| < 2, (4.22)

1 1 1
—— < ot —Y—,
yNA=Tyl2 I y2 =Ty
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and are left to analyse the following integrals:
dy

/ Y e = /
AGx.e) [YV2 = ]x — ] A(x.2) V2 = |yly2 =[x -yl

Analysis of ¢ (x, £). We perform a dyadic decomposition of A(x, &) via

$1(x, ) = |x|”

={yeBy:2-27e<|x—y|<2-2"Ug}, jeN,, (4.23)
so that
dy NP T dy
hitwe) =l [ B Y2 &
Ax.e) [yV2 =[x — y] ]ZO A; 1yl

Further, consider § € (O,%) and decompose.AJ- = Aj1UAj, where Aj1 = {y € A; : |y| >
(277e)'2 %y and Aj, = {y € A; : |yl < (277&)'/*7%} = A; N B(y-j 112-5. Then the contribution of
{Aj 1}jz0to ¢1(x, &) can be bounded as follows:

P > (277e) 2 / 7y D Te) A s Y 2T 02 e k580, (424)
j=0 j=0 j=0

where we used that |A; | < |A;] < 27/&. We now proceed to bound the contribution of the sets A »
with the help of bipolar coordinates. We have

/ dy / sdrds
S Iresi<ixi<res
agz Iyl 0ereiey-o A = (r — s)2\(r +9)2 — [

2-277 g<s<2-2"UtD ¢

da db
= lal<|x|<b
/ 0<ab (27 g)!/20 VIx? = a?yb? — |x|?

2-277 e 54 <2-2"U g

/ da db
= la|<|x|<b
v e T = Jalyb — I

2-27 e<b5a 027U ¢

/ da db
- lal<|x| b>|x| I = lalWb = x|
24270 g<a<—2427T g4 (27 g)1/2-6 ¥ —asb<-a+2(27Tg)!/0 el = lal x|

a+4-2"7t g<b<a+d4-27 &
s max{(27e)'2, (277) 02 min{ (277 )12, (277 ) /4012
— (2_j8)1/2(2_j8)1/4_5/2,

where we used that in the domain of integration |a| ~ b =~ 1, so that /b + |x| ~ 1 and +/|x| + |a| =~ 1.
Therefore, the contribution of {A; >} >0 to ¢1(x, £) can be bounded as follows:

(@it [N i) e (2 e o
=0 Aja |yl

j>0
— Z(z—j8)1/4—6/2 = 81/4_6/2. (4.25)
j>0
Taking 6 = 7, we conclude from (4.24) and (4.25) that ¢ (x,&) < £!/%, which is an acceptable

contribution, 1n the sense that it is smaller than a multiple of the right-hand side of (4.18).
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Analysis of ¢, (x, £). The contribution of the region A’ := {y € A(x,&) : v/2 - |y| > %} to ¢1(x, &)
can be estimated as follows:

dy

A 2= y2 - |x—y| / V2- |x— /A<x €) Ix yl2
s 2 r 1_s
=& drdf < e27°. (4.26)
/0 -/2‘—8 V4—}’2

Ifye A” := A(x,e) \ A’, then 2 — £2% < |y| < 2and 2 — & < |x — y| < 2. Therefore, A” is contained
in the intersection of two annuli of small thlckness and located at distance comparable to 2 from the
origin. We may further assume that |x| > &%, because otherwise, given any s € (0, y),

$r(x,€) < () x| (x) <5 779, 4.27)

so that ¢, (x,&) = O4(e®) for every a € (0,y5). We now apply the same dyadic decomposition of
A(x, €) as in (4.23) together with a similar one on the second annulus,

Di={yeBy:2-2FK? < |y <2-2" D28} | e Ny,
sothat A” = U x>0A; N Dy. This yields

1 1 .
lx|” dy 5 [e[7e7/270 )" 2214, 0 Dy (4.28)

A2 =yl §2 = 1x -yl S50

We now use bipolar coordinates to bound |A; N Dg|. First consider the case where, in addition to
|x| > &%, we have |x| < 4 — &9, so that A j and Dy intersect transversely; the intersection consists of
two connected components that are symmetric with respect to the line spanned by x. Using bipolar

coordinates, we have that

1A Dyl / rsdr
J Kkl = [r—s|<|x|<r+s
-0k 520 <p -t 26 AJ|x|2 = (r = 5)2/(r +5)2 = |x|?
2-277 g<s<2-2"U*D

da db
~ / la|<|x|<b . (4.29)
2k gogath o g-teeh) 26 |x[2 — a24/b? — |x?

2277 e<bza<2-2"UD g

Given (a, b) in the domain of integration from (4.29), it holds that 0 < 4 — b < &2 and |a| < %9, so
that under the working assumptlon |x| > €%, we have |x| — |a| 25 |x| and |x| + |a| |x|. If, in addition,
lx] < S then b — |x| 25 €%, and therefore (4.29) yields

|A; N Dyl <5 K760 (27 8) (2746%0) = x| 7127,
and (4.28) can be bounded as follows:

Il 1 Ly <o 70 Y 2 U ¢ oo 430)

A7 N2 = |y 2 =[x =yl 7 k>0

In the complementary case when 4 — £ < |x| < 4, we have |x| — |a| ~ 1 and b + |x| ~ 1 in the domain
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of integration from (4.29), so that

da db
|Aj N Dl = / lal<|x|<b W
2

3 20 £ a3t 3 gt 20 b — ]

227 e<bza 02U ¢

1
=/ b>|x| / lal<|x| da———db
b>4-27T g2k 20 Jy_gk g26cath < ook 526 b— x|

b<4-2"UtD gp=kell g26 5 o o bar p-U+D) g
4_2—(j+l) 8_2—(k+]) 826 db
< min{27/ g, 2_k82‘5} / —
max {4-2-/ £-2-k £26 |x|} /b — |x|
< min{27 /g, 2_kez‘5} max{(2_]s)1/2, 2_k/286}

=2~ UrR 21246 in (277 2g1/2 27k/2 g0}

In this way, (4.28) is bounded as follows:

1 1 .
[x]” dy < |x|” Z min{27//2g!/?2 27k/2g%}
A" N2 =y 2 =[x =yl S50

< Y (27824 (2778) 2 log(27 ! 20))|
j=0 j>0

<s Z(z—jg)l/Z + 285(2—j8]—26)1/2—s
j>0 j>0

< e, 4.31)

for any s € (0, %). In the passage from the first line to the second line above, we split the sum in k ac-
cording to the partition Ny = {k € Ny : k > |log,(277&!72%)|} U {k € Ny : k < |log,(27/&!72%)|} =
E| U E,, respectively, where log, () denotes the base 2 logarithm. On E|, the sum is a convergent geo-
metric series whose value is proportional to the first term; hence it is < (2‘j £) 12 On E>, the summands
are constant, and the contribution to the sum equals (277 £)'/2|E,| =~ (277&)'/?|log(27/£!~2%)|. As are-
sult of (4.26), (4.27), (4.30) and (4.31), we conclude the upper bound ¢, (x, &) <s.s max{e2~%, g7~}

for every 6 € (0, %) and s € (0, y). Optimising in &, we are thus led to the estimate ¢, (x, &) < R

for every s > 0. This concludes the verification of (4.18).

To handle (4.19), start by noting that

x| / F()F(x - y)dy = 16}x]”
B,NB(x,¢)

1 1
dy.
/BzﬂB<xss> [yIV4 =1y Ix = yIv4 =[x = yP?

Because & < 1, we may remove the term /4 — |x — y|? from the latter integrand at the expense of a
universal constant. After an application of (4.22), we are then left to study the following integrals:

d d
$3(x,8) = |x]” / — = gu(x,e) = k] / — = @3
BanB(x.e) IYIIx =l BnB(x,€) /2 — |y||x — y|

Analysis of ¢3(x, £). Decompose the region of integration B, N B(x, &) = A} U A, where

Al =B(x,e)N{y € By:|y| > &'?},
Ay :=B(x,e)N{y € By : |y| <&'?}.
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On the region A, we may simply estimate

d d
|x|7/ _ Y < |x|78‘1/2/ _dy = 2lx[Te e < &2,
A Iyllx =yl B(x,e) X — I

We further split A, = Aé U Aé’, with
A=Ay {y: |yl > |x—yl}, and A) == Ay N {y : [y| < |x - y[}.

If y € A, then |y| > %le, and therefore

d d
|x|7’/ —y S‘/ 1_—}’
ay Iyl =y ™ Jay IyI'=71x =yl

Now, |y|~U="1p, € LP(R?) forevery 1 < p < %, and |y — x| '1p, € L9(R?) forevery 1 < g < 2.
Taking2 < p < %, its conjugate satisfies % < p’ <2, and so by Holder’s inequality we have that

/ dy (/ dy ),‘(/ dy )%'
A, Iy x =yl B, ly[PU=7 B(x,e) X = Y|P’
2 ;:/

pU+y)-2
= 27 —& 2

Q=p(1-y)) P 2-p) 7’

Note that (p(1+vy) —2)/(2p) strictly increases to y as p increases to 2/(1 — ). In this way, we obtain

o [ s e,
a, [yllx =yl

for every s € (0,y). If y € A, then |x — y| > %|x| and |y| < |x —y| < &; in particular, A) C B..
Therefore, if 2 < p < %, then

|x|7/ d s/ dy <(/ —dy,)’:'(/ b )’L’
ay Iyl =y1 ™ Jag Iyllx =y~ B. IyI? B(x,e) [x = y[PU)

2-p’ 2-p(i-y)
<er g » =g,

We conclude that ¢3(x, &) <s e™27=5} for every s € (0,7).

Analysis of ¢4(x, ). Proceeding as before, we decompose the region of integration B, N B(x, &) =
D U Dj, where

D) :=B(x,e)N{yeBr:y2 |yl > g2y,
Dy :=B(x,e)N{y € Bo: \2 - |y| < &'/?}.
On the region D, we may simply estimate

dy RV

d
9@y < |x|78_1/2/ PV
Dy 2 — |y||x - yl B(x,e) X =Y

|x[”

Ify e Dy, then2 — e < |y| < 2,and so 2 — 2¢ < |x| < 2 +&. We may apply a dyadic decomposition,

Vi ={y e Dy: 2-UH g < lx —y| < 2_js}, Jj € Np,
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so that, letting P(V;) denote the image of V; under the polar coordinate map, and further writing
P(V;)={(r,0): 6 € ®,r € R(9)} for some © C [0,27) and R(6) < [0, o), we have that

drdg
o [ e Y2t S Yt [
Dy 2 Iylx—yl = Vi V4 —| N = P(Vj) V4 —r2
< |x|722fe*1/|R(9)|1/2d95 |x|7Z(szg)*l(szs)'/z(sza) <&
J=0 © =0

In the second-to-last inequality, we used the fact that the length of the intersection of any line with
the annulus V; is O(2 /&) (so that |[R(6)|'/? < (27/&)'/?), whereas the angular span © has measure
O(27/¢) giventhat |x| > 1and V; € B(x,27/&). We conclude that ¢4(x, &) < £'/2, and therefore (4.19)
is verified. This finishes the proof of the lemma. O

Proposition 4.6. Given y > 0 and {hj}j=1 c Lip(Sh), let Hy, =|-|"(hio * hyo * h3o * hyo). Then

there exist T > 0 and C < oo such that, for every x,x’ € RZ,
|Hy (x) = Hy(x")] < Clx = x|, (4.33)
where C < Cy Hf}:l 2 jllLip(st) for some constant Cy < oo depending only on y.

The proof of Proposition 4.6 will reveal that one can take any 7 < min{ﬁ, m}. To a large extent,
the proof follows similar lines to those of Proposition 4.3, and so at times we shall be brief. The main
difference is that now the extra singularity of (o * 0-)(x) along the boundary circle |x| = 2 also needs
to be accounted for.

Proof of Proposition 4.6. Because the case y > 1 follows from that of y € (0, 1], the latter condition
will be assumed throughout the proof. By homogeneity, we may assume that |4, = 1, 1 < j < 4.
Because H,, is compactly supported, it is enough to consider x, x” € R? satisfying |x—x’| < 1; we further
assume |x| < min{4, |x’|}. With the notation introduced above (recall (4.12)—(4.14)), we have that

[ () = Hy ()] = [lel? (u1F = usaF) () = W17 (1 F = usaF) ()|

< |x|7|(u12F *u3sF)(x) - +|x[” = |x’|7||(u12F *uzF)(x")|.  (4.34)

The second summand in (4.34) satisfies the upper bound

el = WP o F g ) ()] < 1l = W1 () sy 11l = W17 ()
< |x _x1|x|xl|'y—so_*4(xi)
<

Y,s |x - x,|sa

for any s € (0, 7y), where in the third inequality we used |x| < |x’| to obtain ||x| — [x’|| < |x’| and in
the last inequality we invoked (4.17). The first summand in (4.34) can be rewritten as the sum of two
integrals,

l? (12 34 F) () = (raF % usy F) ()
=0 [ )P OIFG =) (s =) = s’ =)

N /B () (F(x = y) = F(x' = ) uza(x — y) dy.
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We denote the integrals on the right-hand side of the latter identity by I and /1, respectively, and
proceed to estimate them separately.

Estimating /. The first step is to restrict the domain of integration to the region where x —y, x" —y € By,
plus a O(]x — x’|%) remainder, for some @ > 0 to be determined. With this purpose in mind, decompose
B, =UUU UV UW, where

U={yeBy:|x'—y| <2< x-yl}L, U ={yeBy: |x—y| <2< |x" -y|}, (4.35)
Vi={yeBy:|x—y|,|x -yl <2}, W:={yeBy:2< |x" = y|,|x - y|}.

The integrand of  vanishes on U’ U W, and so we are left to analyse the integrals over the regions U
and V. As in (4.5), we have that

Uc{yeBy:2—|x—-x'|<x’"—y| <2} = A, |x = x'|) (4.36)
and, therefore,
ol [ s = DIFOIFGE =) dy < ol [ FO)F( - y) dy
U A(X,|x=x"1)
$'y,s |)C _x/|min{%,2(7%])—s},

for every s € (0, %), where the latter inequality follows from estimate (4.18). We now consider the
integral over the set V. To begin with, note that Lemma 4.1 implies the pointwise estimate

—_— ,_
Jusa (x = y) = s’ = )| < o= | 222 - S22 (4.37)
=yl =yl
provided that x — y,x" — y € B;. The contribution of the region
—_— /_
R:={yeV: Ty X7 < v = x|V? (4.38)
x—yl X =yl

to the integral [ is easy to estimate. In view of (4.37) and (4.38), because |x| < |x’|,
| [0 0IFOIFG =) (il = 3) = s’ =) ]
<V ([ FOIFe =) et
< WP o3t b= X1 sy -2,

where in the latter inequality we invoked (4.17). If y € V \ R, then |x’ — y| < 2|x — x’|'/? as in (4.9).
The contribution of the region V \ R can then be estimated as follows:

] [ uaFOIFG =) st =) =i’ =)
VAR
< / 2 (IF () F (' = y) ’@ - Q‘ dy

< 2l / F(y)F(x' —y) dy
VNB(x',2]|x—x"|1/2)
Sy Ix _x/lmin{%,%—s}’

for every s € (0, X). The latter inequality is a consequence of estimate (4.19).
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Estimating //. The integral /] is bounded in absolute value by
Wl [ FOIFG=3) = PO =) a.
B

Decompose B, = U U U’ UV UW as in (4.35) and note that the integrand of /7 vanishes on W. The
contribution of the region U U U’ can be handled with estimate (4.18) as follows (recall (4.36)):

|x|7/U UIF(y)lF(x—y) F(x' - y)ldy < 2|x|7/ F(y)F(x—y)dy

A(x, |x=x"])

il Y ¢
$y |)C _x/|m1n{6,2(y+l) .s}’

for every s € (0, ﬁ) The estimate on the region V is more delicate, and we split the analysis into

two cases. Inside the ball |x — y| < |x —x’|'/*, we also have that |x’ — y| < |x —x’| +|x = y| < |x —x'|'/4.

In order to bound the corresponding piece of 11, it suffices to consider the integral
plex) =P [ FO)F( =) dy,
VNB(x,|x—x'|1/4)

which by (4.19) satisfies ¢(x,x") <5 |x — x’|41’tmi“{%’“/“"} for every s € (0,7y). We proceed with the
analysis of the complementary region; that is, where |x — y| > |x — x’|'/4. If y € B», then

4 _NA-BE LDyl
lyIvV4 = [y [y Va—y)?

F(y) =

and, as a consequence,

|F(x =) = F(&' = )]
B R e T R ‘ -yl -y
b=l x—yi VAT =yP VA= )P

1
<wa—w' - = '+, 4= =y = 4 = x’ = yP
e =yl Ix—ﬂ lx" =y

1
+h—ﬂ‘ -
VA—lx -y NA-|-yP

1 ’
. b= 1= b =]
VA - =y

Using the triangle inequality and recalling that F(x" — y) =

4
X' =y [V4=|x"=y[?

—x’ 1 1
FGe—y) - F&/ —y) s —2 X1, -
|x — yllx” — y| 2 , 2
Y YolVa—x—y2 a-x -yl
=2 x|
b=l ¢-4w—yﬂ
|x — x'| 1

Tl -yl —)’| Vé - |x y|? \/4 [x" — y|?
+x = x|"PF(x" - y).
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If [x —y| > |x —=x’|'/4 then |x" — y| > |x —y| - |x —x’| = |x —x’|'/*. Then for y € VN B(x, |x—x’|1/4)C
we obtain

1 1
+‘ _
Va—le—yP VA= -yl
+ |x —x’ll/zF(x' -y).

IFx=y) = F(' =) s )k =x""?

It follows that the contribution of this region to the integral /1 is bounded by

'x'y'x'x"m/ F(”d”lxl’lx—x’l”zf F()F(' - y)dy
\4 \%

y 1 1
+ |x| F(y) -
VB (x,|x—x'|1/4)C \/4_ Ix — y|? \/4_ ' — 2

dy

1 1
S Ix—x’ll/2+|x|7/ F(y)‘ -
VOBl E VA= =y A= x = yP?

where we used that |x| < |x/|, |x]|¥ fV F(y)F(x' —y)dy < [x'|7o*(x') < Cy < oo and fv F(y)dy <
o (S1)2. The last integral left to analyse is

dy,

1 1
[ FO) :
VOB E TN = -y VA [x =P

dy. (4.39)

Given 6 € (0, %), we further decompose the domain of integration, V N B(x, |x — x’|'/4)C, into the

subregion where 4 — |x — y|> > |x —x’|% and its complement. If y € V satisfies 4 — |x — y|> > |x —x’|9,
then 4 — |x’ — y|> 2 |x —x’|%, and so

_ (172

' 1 _ 1 < |-x X | s |x_x/|§—§.

N e R T T RN P /R P

Therefore, the contribution of this region to the integral (4.39) is bounded by

x| — /(38 / F(y)dy < Jx x|},
B,

Finally, if 4 — |x — y|?> < |x = x’|%, then 2 — |x — y| < %|x — x’|, so that this region is contained in the
annular domain

Ax,e) ={y€By:2—e< |x—y| <2},

for & = 3]x — x’|°. Because we also have 2 — |x" — y| < |x —x’|% if |x —x’| < 1, the region is also
contained in A(x’, 2¢). The triangle inequality implies that the integral over the latter region is bounded
by (two times) the quantity

@(x,x") := |x|7/ F(y)F(x —y)dy.
A(x,|x-x'|%)

il ¥ _
One last application of estimate (4.18) reveals that @(x,x") <, |x — x’|‘5mm{6’2<y+1> s} for every

s € (0, %). This concludes the proof of the proposition. O

Remark 4.7. More generally, all higher convolutions G, := hyo *--- % hyo, n > 5, are Holder
continuous functions whenever {4 };‘zl c Lip(S"). Indeed, this can be verified for the fifth convolution
Gs = hyo % -+ * hso by writing G5 = (| - |7YH,) * hso for any y € (0, 1), studying the differences
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|Gs(x) — Gs(x")| and using Proposition 4.6 together with the methods employed in its proof. Once it is
known that G5 € A, (R?) for some a > 0, it is immediate that G,, € A, (R?) for every n > 5. This can
be improved, for example, by noting that G1g € A4 (R?).

5. H’-bound for a restricted convolution operator

Consider a function H : R¢ — C supported on the ball Bg ¢ R, for some R > 0, satisfying, for some
a € (0,1) and C < oo,

|H(x) - H(x")| < Clx —x'|*+C |x_| - |x_'| , forevery x,x’ € Bg \ {0}. (5.1)
x| |x
Then H € L*(R%) and is continuous in Bg \ {0}. Given y € [0, 1], let K, =|-|77H and define the

corresponding linear operator %, : CO(s? 1y — L2(s91) via

Ko@) = [ S0y (=) das ). 52)

Lemma5.1. Letd > 3andy € [0,1] ord =2 andy € [0,1). Let R > 0 and K, be the linear operator
defined in (5.2) above. Then there exists 6 = §(d,y, R) > 0 such that K, extends to a bounded operator
from LA(S41) 1o HO (S471).

Proof. Let us start by considering the case y = 1 in dimensions d > 3. Henceforth, K, K| will be
denoted by K, K, respectively. Implicit constants may depend on d, R, as well as on the constant C from
(5.1). Consider the function §(x) as in the proof of Lemma 3.1. Introduce a radial partition of unity on
BRr, {¢;};>0, where ¢; = §(2/R™") is supported where 27/~'R < |x| < 27/*IR, and 2is00(x) =1
for every x € Bg \ {0}. Let K; = K¢, so that |K;||p~ < 2/*1R"1||H|| ., and K; is supported in the
spherical shell

Aj(R) = {x e R: 277'R < |x| < 27/*IR}.
For x,x” € A;(R), we have that

IK;(x) = K; ()] = Il H(x) 6, (x) = 1|7 H (x) g (x)]
<™ = W18 () + I HH () = H(x') 17 (x)
+ 1T H ()16, (x) = ¢5(x)]
1 1

X X
Il |

el ]
2j ’ i rna i1 1 ’
S22V =X+ 2 x =X |+ 2 =+ | e = X
x| [x’]
< 2%x —x'|°. (5.3)

+2x —x'|2+2)

~

If x,x” € Bg, x € supp(K;) but x” ¢ supp(K), then |K;(x) — K;(x")| = |K;(x)| < 2/.

To each K there is a corresponding operator K, so that K = 3} ;.o K. The claimed boundedness
of K is ensured if the operator norms of the %; are summable in j. In turn, the operator K is bounded
on L2(S971), with operator norm [|K;|;2_,;» = 0(27(4=27). Indeed, by Schur’s test, we have that

sup / IK; (- V)| dog_1 (@) = sup / 1K (0 = )| doat (v)
Sd—l Sd—l

vesd-l wesd-1

<2/ sup / Lo-i-1 R<|w-vi<2-+1R) (V) doa-1 ()
wesd-1 J5d-1
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Moreover, K; maps Lz(Sd‘l) to A(,(Sd‘l). To see why this is the case, given w, w’ € §4-1 define the
sets

U(w, ') = {veS" " w-vesupp(K;),w —v ¢&supp(K;)},
U(w',w) = {vesS™: v —vesupp(K;),w—v ¢&supp(K;)},
Vi={ves": w-v,0 —vesupp(K;)}.

Observe that
oa-1(V) < /d 1 L{jw-vi<2-i1ry (V) dog-1(v) < 2-(d=1J,
-
On the other hand, and similar to (4.5), the following inclusion holds:
Ulw,w) C{vesSt 27 R-jw-w|<|w -v|<27'R}
U{r eSS 27/"R - |lw- | < |lw-v| <277*R}.

In particular, og_1(U(w,w’)) < 27@2J|w — w’|. By the same argument, we also have that
Ta-1(U(0', w)) < 27927 |w — w'|. Then we may use (5.3) and estimate

(% ) (w) = (K ()] < / IKj(w=v) = Kj( =v)If(M]dog-1(v)

U(w,w)VU (w',w)UV
<P - | / £ )| dorgor (v) +27 /
A% U

; d-1 - d-4 -
$ 29w = |27 T fllpe + 27T |w = [V £l

< 27w — o PG £l 54)

: |f ()] doa-1(v)

(w, 0’

No generality is lost in assuming that & < % Inequality (5.4) implies that K; maps L? to H® boundedly
and, moreover,
-5

_d=s; _dss
1K fllgee < WK fllz +27 7M1 fllze < 27 7M1 fllge. (5.5)
From the definition of the H*-spaces, one directly checks the following interpolation bounds:

£ llggossa-ore < Cll fllges 1flly%, forall 6 € [0,1], 0 < 5,7 < 1.

Using this to interpolate (5.5) with the FH°-bound 1K fll 2 27(d=2)J|| f||,» reveals that if § > 0 is
chosen sufficiently small depending on d € {3,4,5} and § = « if d > 6, then K; maps L? to H®
boundedly, with operator norm O(27¢/) for some ¢ > 0 that does not depend on j. This implies that
1K 2 _yqps < 00.

We now discuss the case y € [0,1). If d = 2, then the argument above works for the kernel
K, =|-|77H for any y € (0, 1), because the L* — L? operator norm of the corresponding K, is
then 0(2=U=7)7) . If d > 3, then we write K, =]- |'=7K; and see that the Holder estimate for K; easily
yields a corresponding statement for K, for every y € (0, 1); in particular, the above argument also
transfers. The argument for K is similar but simpler (details omitted). The proof of the lemma is now
complete. O

N

We are finally ready to establish a suitable replacement of Lemma 3.4 that handles the cases when
(d,m) € OU.
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Lemma 5.2. Given (d, m) € OU, there exists a > 0 with the following property. If { h; };”:1 c Lip(s471)

and g € L*(S47Y), then M(hy, ..., hy, 8) € H®. Moreover, the following estimate holds:
m
IM(h1, .. Ay @) |l S ﬂ 172 llLip(sa-1) lg Nl L2 (sa-1y -
j=1

Proof. We consider three distinct cases:

Case d > 3, m = 2. From Corollary 4.2, the function G = | - | (hjo4-1 * hpog—1) satisfies
, , X x’
G () = G| < g2l (|x R e R ) .

The conclusion then follows from Lemma 5.1 with y = 1.

Case (d, m) = (3,3). In view of Proposition 4.3, the function /0% * haoos * h3om belongs to Aj/3 (R3).
The conclusion then follows from Lemma 5.1 with y = 0.

Case (d,m) = (2,4). In view of Proposition 4.6, given y > 0, there exists 7 € (0, 1) such that the
function | - |” (hyoy * hyory * hyoy * haoy) belongs to A; (R?). The conclusion then follows from Lemma
5.1 applied to any y € (0, 1). m]

6. Smoothness of critical points

This section is devoted to the proof of Theorem 1.1. Before starting the proof in earnest, we present two
further results that will simplify the forthcoming analysis.
Given (d,m) € U and smooth functions {¢; };?“: , C C>(S9 1), we define the linear operator

L=L[¢1,...,om]: L*(S4 1) = L2(S9 ) via

L[(,Dl, .. ,‘;Dm](g) = M(QD], o ";Dm’g)-

Lemmas 3.4 and 5.2 together imply the bound ||L(g)|l#e < C||gl|;2, for some constant C that depends
on d, m, and on the functions {¢;}. For our purposes, the precise dependence of the constant C on {¢;}
is not important; however, it is essential that L. defines a bounded operator from Lz(Sd‘l) to H* for
some exponent @ > 0 that is independent of the functions {¢;}. Lemmas 3.4 and 5.2 can be recast in
terms of the operator L as follows.

Corollary 6.1. Let (d,m) € W. There exists @ > 0 suchthat L[, ..., ¢n](g) € H” forany {¢; ;”:1 C

C*®(S% ") and g € L*(S97Y). Moreover, the following estimate holds:

IL{@1s s oml (@)l < CligllL2ga-) (6.1)

where C < oo depends only on d, m, and on the functions {¢; };”: 1

We shall find it necessary to expand the expressions (® — I)M(fi,..., fm+1) and (© —
D>M(fi, ..., fms1), after a suitable decomposition fi=@jo+e;1,1 < j < m+l, hasbeen performed.
A model case for this situation is summarised in the following result. The list of {¢;} with the ith term
removed will be denoted by [¢1,..., @i @mr1] = [Pl o s Cicl> Qitly - - > Prmsl]-

Lemma 6.2. Let (d,m) € U, let £ € (0,1) and let {fj};.":ll c L2(S?7Y). For each j, decompose
fi=wj0+t @i, with|le;oll2sary < €|l fillp2ary and @1 € C®(S47Y). Then, for any ® € SO(d),
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the following estimates hold:

1@ - DM(fi,. .., fr) lr2(sa1)

m+1

< Y MO =DLIg1 1 Bt @mer 11(1.0) 25
i=1

m+1 m+1

+ > el © = Dgiollpgay [ | 1fillzae

i=1 j=lj#i

m+1 m+1

+ 2 1@ =Deiliagan [] Ifillgen, 6.2)
i=1 j=lj#i

and

1(® = D*M(f1, ... fue) L2 (a1

m+1

< Y MO =DLp11. o Bt @mer 11O = Dgi o)l 2501
i=1

m+l1 m+l1
+ > ell© =1 giollaany [ ] Il sa,

i=1 j=Lj#i

m+l1 m+1
+ 2O = Dl || Ifillzaan

i=1 j=1,j#i

m+1

+ Z 1(© = Di g2 (sa-1) (O = D ;|2 (501 l_[ | fiell 2 (sa-1y- (6.3)
I<i<j<m+l k=1,ke¢{i,j}

(&i,67)€{0,1}?

Estimates (6.2) and (6.3) exhibit a certain degree of asymmetry with respect to the role played by the
functions ¢; o and ¢; 1. This is in order to ensure that the less smooth terms [[(® — I)¢; o|l12(se-1y and
[1(® - I)2¢i’0||L2(Sd—l) always carry a mitigating factor of ¢.

Proof of Lemma 6.2. Decompose each f; = ¢; 0+ ¢; 1 as in the statement of the lemma. Substituting
thisinto g := M(fi, ..., fin+1) and using the multilinearity of M together with the permutation symmetry
(3.3), we have that

8= Z M(¢1,£|7'~-’§0m+1,8m+1)
(150> &ma1) €{0, 1}

m+1

=M(@1.15- - Ol 1) + Z L{oi1s @il @me1,11(0i0)
im1

+ Z M(¢l,£l,...,¢m+l’£m+l).

(&1,..Ems1) €{0,1}7H
e+ +Emer Sm—1

The first, second and third summands in the latter expression correspond to those cases in which exactly
none, one or at least two of the g;s are equal to 0, respectively. Therefore,

m+1

(O©-Dg=(0©-DM(¢11,. ., Pm+1,1) + E (@O -DL[e11,- s Gits- > Pme1,1](0i0)
i=1
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¥ > (O = DM(P1.615- > Pt - (6:4)

(&11eeer Emar) €{0, 11741
e+ +EpySMm—1

In order to L*-bound the terms coming from the latter sum in (6.4), we appeal to identity (3.5) for each
summand and obtain a further sum of terms of the form

M(‘Pl,sl, ] Spl'*l,gi_]’ (® - I)‘pi,si’ ®‘Pi+l,gi+1, ] ®‘Pm+l,€m+1)'

The corresponding L?-norms can be bounded via the basic estimate (3.9), yielding

”M(‘Pl,sl, e Qil,gis (® - I)Soi,é‘i’ ®¢i+1,£[+1’ DITIRIRY ®‘10m+1,£m+1)||L2(Sd")

m+1

SO = Dei g llp2(sa1y l_l I, e L2 (sa1)- (6.5)
j=1, j#i

As noted before, the condition &1 + - - - + £,,41 < m — 1 implies the existence of at least two distinct
indices i’ # j such that &; = &> = 0. In this way, (6.5) is bounded by

m+1
el© = Deiollpzgay [ | 1£llza
j=1,j#i
if &; = 0 or even better by
m+1
21O - Deinllpzgay [ | 15l
j=lj#i
if &; = 1. Finally, observe that
m+1 m+1
(® = DM(e115- - @me1, )2 (ga1) < Z 1(® = Dgiillp2 a1 n I fille2(sa-1y-
i=1 j=l,j#i

Adding up all of the contributions, we obtain (6.2). Considering now (6.3), we start from (6.4), apply
® — [ to both sides and obtain

(©-1)2g=(0-D*M(@1,1,- - @ms1,1)

m+1

+ Z(@) —D)>M(@1,1s s Bils e o s Pl 1 Pi0)
i=1

+ > (O =1)’M(@1.c1s -+ s Psl ey (6.6)
(81 ..... 8m+1)6{0,l}m+l

g1+ +Emr1 Sm—1

Using (3.5) twice together with the basic estimate (3.9), the first term on the latter right-hand side can
be bounded as follows:

1(® = D*M(@1.1,- .., @t DIz g

< Z 1(© = Deiill2an1(© = Dpjall2sar) 1—1 Il fiellz2 (sa-1y

I<i<j<m+l k:ke{i,j}
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m+l1
+ 2 1@ =Dl | ] Il gan-
i=1 Jij#

An upper bound similar to the preceding one also applies to each term from the third sum in (6.6), but
this can be refined as follows:

||(®_I)2M(()01,£|5~-'990m+1,8m+1)”L2(Sd*1)
< > MO-Deializenl©-Dejollzeen [ Ml

I<i<j<m+l k:ke{i,j}
m+1

+ > 2O -Deiillagan [ | 1fill2ea

i=1,&=1 Jij#i
m+1

+ > el©=Diollagan | ] Il

i=1,&=0 Jij#l

Lastly, each of the terms coming from the second sum in (6.6) can be bounded as follows:

1(® = D*M(@115- . Birts - - o @met 1, 000 |2 (51
< Z ell(® = Dgjillr2 a1y 1(© = Dk 1llp2(sa-1y l_l I fell2sary

1<j<k<m+1 t¢{j.k}
J#ELk#ED

m+1
£ 3 1® = Derollzcan 1© = Degillizgan || Ifellizee
j=1,j#i ke{i,j}

+1 (@ = DL[@1,15- - s Pists - s P, 1]((O = D 0) |2 (se-1y -

Adding up all of the contributions yields (6.3). This completes the proof of the lemma. O

6.1. Proof of Theorem 1.1

We are now ready to start with the proof of Theorem 1.1 in earnest. As a first step, we establish an initial
regularity kick. Henceforth we assume the parameter A in equation (1.12) to be nonzero, in which case
A can be absorbed into the function a; see the final remark in Subsection 6.3. We are thus interested in
solutions of the equation

a-MRM(f),...,R* (f)) = f, og4_1-a.e.onS4 L 6.7)

Proposition 6.3. Let (d,m) € Wand (ki, ..., kms1) € {0, 1} Assume that a € A (S for some
k € (0,1). Then, given any complex-valued solution f € L*>(S%") of equation (6.7), there exists s > 0
such that f € H°.

Proof. Let f € L*>(S?"") be a complex-valued solution of (6.7), and let & € (0, 1) be a small constant,
to be chosen in the course of the argument. We may decompose f = g + ¢, Where ||gz|lz2 < €l fllz2>
and ¢, € C®. In this way, we have that ||¢z|l;2 < (1 +&)||fllz2 < 2||flz2; it is important that the
latter bound is independent of &. By multilinearity of M, no generality is lost in assuming that f is L>-
normalised, || f||;2 = 1. In (6.7), we further suppose that k; = 0 forevery 1 < i < m+1. This assumption
is made for notational purposes only, because the exact same argument applies in general.®> Substituting

SNote that the operator R is a linear isometry and that [[(@ = I) f [|;2 = [[(® = I) fi ||, 2 for every ® € SO(d).
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f = g¢ + ¢ into the right-hand side of (6.7), we then see that the function g . satisfies the equation

ge=a -M(f,....f) = ¢e.
Given © € SO(d), apply ® — I to both sides of the latter identity, yielding
O®-Nge=0O—-DNa-OM(f,...,f)+a-O-DM(f,....f) - (O -Dp..
Consequently,
1(© - DgellL2ga-1y < (O = Dallpssa-n) IM(f, ..., Oz ga-r) + 10 = Deell2sa)
+llall s ga-n [(© = DM(S, . .., H)llL2(ga-1)-

We estimate the third summand on the right-hand side of the latter inequality with the help of Lemma
6.2, yielding

1(© = Dgellrz a1y  1(0 = Dallpsga-1) + (1 + llallps ga-1) (@ = Deellp2sa-1y
#llallzs g (10 = DLIge -, @el (8)ll2(ean) +&l(O = Dgellza ey
We may now choose € € (0, 1) small enough, depending on d, m and ||a||.~, so that the last term on
the right-hand side can be absorbed into the left-hand side, yielding
1(® = DgellL2(sa-1) < [[(O = Dallpo(ga-1y + (1 + |lall Lo ga-1)[[(O = D@ |lp2(sa-1y
+llallp= a1y [[(@ = DL[¢e, . .., @] (8e) L2 (ga-1)-

Choose s € (0, 1) in such a way that s < k and L[¢g, ..., ¢.] is bounded from L? to H*, as promised
by Corollary 6.1. Such an s can be chosen independent of the function ¢ and therefore does not depend

on ¢ either (but the implicit constant may depend on &, which we now take as fixed). Setting ® = e'Xi.j
for some 1 < i < j < d, multiplying by |¢|~* and taking the supremum over |¢| € [0, 1] yields

sup 1] [(e""

lt]<1

I = D)gellr2(say
< llallp sa-1y + (L + lallposa-n) lesllee + Cellallpe a1 l1gll 2 (sa-1y < o0. (6.8)

Here we are using that the Ag-norm can be controlled by the A,-norm because s < k. Estimate (6.8)
implies that g, € H°® and therefore f € H* as well. The proof of the proposition is now complete. O

Remark 6.4. If (d, m) € W\ U, then there is an automatic gain in the initial regularity of any complex-
valued f € L?(S?"!) solution of equation (6.7). Indeed, we claim that in that case f necessarily
coincides with a continuous function on S¢~!. To see why this must be so, start by considering the case
d,m > 3. Writingm + 1 = (m — 1) + 2, where m — 1 > 2, we see that the convolution product on the
left-hand side of (1.12) can be written as

(RM(f)oamr - % R 1 (f)aamr) * (RM (f)og-y * R (f)oa-r).

Because each of the two functions in the preceding convolution belongs to L*(R¢), their convolution
defines a continuous function of bounded support on R<. It follows that its restriction to the unit sphere
also defines a continuous function on S, as claimed. An analogous argument works for the case d = 2
and m > 5.

The second main step is a bootstrapping procedure that will complete the proof of Theorem 1.1.
Indeed, in light of Remark 2.2, Propositions 6.3 and 6.5 together imply that a solution f of equation (6.7)
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(and therefore of equation (1.12) if 1 # 0) satisfies f € H" for every r > 0. From Sobolev embedding
— see, for example, [18, Theorem 2.7] — it then follows that f € C oo(Sd‘l).

Proposition 6.5. Let (d,m) € W. Let (ky, ..., kps1) € {0,111 € C\ {0} and a € C*(S4™"). Then
there exists « > 0 with the following property. Let f be a solution of equation (6.7) satisfying f € H’
for some s > 0. Then f € H' for everyt € [0, s +min{s — |s],a}] \ Z

Proof. We make a few initial simplifications. Firstly, we consider the special case a = 1 only, because
the general case a € C*®(S?!) brings no additional complications, as shown by the proof of Proposition
6.3. Secondly, we further assume that k; = 0, for every 1 < i < m + 1; this considerably simplifies the
forthcoming notation but changes nothing fundamental in the analysis. Thirdly, we start by supposing
that s € (0, 1). The case s > 1 will be dealt with at a later stage in the proof.

Assume ||f|l;2 = 1, and let £ € (0, 1), to be chosen in the course of the argument. Decompose
f =ge+ s, with o, € C°(S?!) and ||g¢||;2 < &. In particular, ||¢.||;> < 2. Because f € H°, it
follows that g, € H® as well. The equation satisfied by g is

8e =M(f,.... [) = ¢e.
Given © € SO(d), we have that
(©-1D%8s=(O=D’M(f..... ) - (©-D’p,
and, therefore,
1© = Dgelizzzaty < 1O = D*M(F, .o, Pllpaary + 10 = 1 @ellp2(say.
Using Lemma 6.2 to estimate the first term on the right-hand side of the preceding inequality, we obtain
1® = 1)*gellr2sa1) S 1@ = Dallfsgary + 1O = D*@ellp2(sa)
+1(© = D@l 10 = Dgellzgaty + 10 = Dgallfagar,
+1(© = DL[gs, -, 9] (O = Dge)ll2 sty +&ll(® = D)8 ellf o garny -

Now choose € € (0, 1) small enough, depending on d, m, in such a way that the last term on the latter
left-hand side can be absorbed into the right-hand side. With such a choice of &, the following inequality
holds:

1© = 1?gell ety 5 100 = Dpalla gasy + 110 = D2l say
1100 = Dellzp o 100 = Dgallpa ity + 11O = DgellZs gu,

+1© = DLl 0:1((© = Dgollz . (6.9)

Now that & has been fixed, Corollary 6.1 implies that the operator L[ ¢, ..., ¢.] is bounded from L?
to HY, for some a € (0, 1) independent of &.

Set 6 = min{s, a}, where « is as in the previous paragraph. In particular, L[ ¢, ..., ¢.] is bounded

from L? to H°, with operator norm that may depend on &. Henceforth we consider ® = O(r) = ¢'Xk.¢,
1 < k <€ <dand|t] < 1. The following estimate holds:

1(© - DL[gs.....0:]((0 = Dge)llp2(sa)
< 111° sup |717°1(O(7) = DL[ge, - -, 0l ((O(1) = Dge)ll2sa)

|7|<1

<P ILL@es -, 9] ((O1) = Dge) g
< Celtl?l(©® = Dgellp2say
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< Celt]** llgellye-
Multiplying (6.9) by |¢|~+9) yields

17610 = D) gellp2 (o

S 117010 = D@ ellpa a1t 11® = Dl ga-ty + 17 1(O = D¢ ll2 (a1
+117°11(® = D@ ell2ga1) 1117 11(® = Dgell 2 (a1
+1117°1(0 = Dgellro sany 117 1(O = Dgellpagaty + Cellgellye

Now take the supremum over |¢| < 1 and use the facts that ¢, € H forall0 < r ¢ Zand g, € H° N H°
(recall that § < s). Invoking the characterisation of the H°*°-norm by means of second differences as
detailed in Subsection 6.2, which applies because s + ¢ € (0, 2), we obtain that

sup |17 (0 - el ety S 9ellyslleellze + l@ellyprs + leelyelge e

|r]<1

+lIgellyellgellyes + Cellgllyes < oo

In this way, again via second differences, we see that g, € H*° and therefore fe H*° as well.© This
concludes the proof of the proposition in the special case when s € (0, 1).

Repeated applications of the previous step reveal that if f € H° for some s € (0, 1), then f € H'*Y
for some y € (0, 1). We complete the proof of the proposition by induction. In order to treat exponents
s =k+7y,withk € Nandy € (0, 1), we use the product rule (3.7) and differentiate k times identity (6.7)
with respect to X € {X; j: 1 <i < j < d}, thus obtaining an equation for X kf € H”. Decomposing
XKf=go+@e, withg, € C(S4 1) and ||ge|l;2 < &]| X¥ f]l.2, we can use the same method as before
to show that g, € H’ for any ¢ € [s, s + min{y, @}] \ Z. In a similar way, we may analyse the mixed
derivatives Yf =Y, ...Yif, where Y, € {X;; : 1 <i < j <d}, 1 <{ < k. In what follows, we
provide the details.

For simplicity, we only consider powers of the same vector field X but note that the exact same
method would apply to a more general vector field Y as in the previous paragraph. The equation satisfied
by X* f is of the form

Xk f= Z cp M(XM1f, L XEmet f), (6.10)

Ki= (ko) €N
k1+--*+km+1=k

for some constants c; > 0. Note that X kif e H if kj < k. Thus, we are led to splitting the sum in
(6.10) into two parts, one of them containing precisely those summands that carry the term X* f. There
are m + 1 of them, so

XEf= 3 e MM, X ) b (o DML L XE ), 6.11)
lzel(
where (ki,...,km+1) € K ifand only if k; < k, forevery 1 < j <m+1,and ki +-- -+ k41 = k. The

first term on the right-hand side of (6.11) can be easily bounded in H +Y with (3.8), yielding

IRCTLYIC N G| R ey

kek

°If s+ & =1, then 59 is not defined; however, by using any 6’ < & in the reasoning above, the conclusion is that g, € H
for every ¢ < 1 and therefore f € H' forevery t < 1.
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To handle the second term, let £ € (0, 1) and decompose f = @o + @1, XK f = o + ¢, with 1,4 €
C®(S4 Y and ||@oll;2 < &llfll2s IWoll;2 < €l|X* fll;2. Because f € H*, we have that ¢y € H* and
Yo € H”. Now take 6 € (0, 1) satisfying § < min{y, a}; recall that y = s — | s and that @ was chosen
immediately following (6.9). The equation satisfied by ¢ may be derived from (6.11). Applying (@ —1)?
to both sides of that equation and invoking Lemma 6.2, we find that, if € > 0 is small enough, then

1® = D*Wollp2(ga-1y < Z ezl (® = D>M(XH L X5 ) |2 gann)
Kek
+(1(® = )?@oll 2 ga-1) + 100 = D@1 |2 a1 IIXE fll L2 (a1
+(1(® = Dollr2(sa-1y + 1@ = Di ll2(a-1)* 1 XE fll 2 sam1)
+ ([1(® = Deoll 2 (ga-1y + 1O = Deprllp2(sa-1)) (O = Dipoll 2 (ga-1)
+([1(® = Deoll 2 (sa-1y + 1O = Deprllp2(ga-1) (O = D ll 2 (ga1)
+Celt]°11(® = Dpollp2 sa-1y + 1O = D21l 2 ga-1).-

Consequently, by means of second differences, we obtain

sup 117 1(® = 1) ol gary < 00

0<|t]<1

and, as a result, yo € H*°. It follows that X* f € H*° and, because X € {X; ; : | <i < j < d} was
arbitrary,” f € H*° . The proof of the proposition is now complete. O

6.2. Second differences
Given s € (0,2), we define the space Z* = % (S?~!) of all functions f € L?(S?~!), for which the norm

| fllgzs = 1l 2 (ga-1) + Z sup [¢] ¥ I(e"X7 = D)2 fllp2 ga-1y (6.12)
I<i<j<d lt1<]
is finite. We see that
(etXi’j _ I)2f =fo eZtX,;j _2foetXi,j +f

resembles a second difference of f. From the definition, it is immediate that || f||gs < 2|| f|lrs provided
that s € (0,1), so H® € #°. The reverse inclusion also holds. Moreover, if s € (0,2) \ {1}, then
H = %, and the two norms given by (2.7) and (6.12) are equivalent. These assertions have all
appeared in the literature; in what follows, we provide precise references.

Let us discuss the Euclidean case first. Given s € (0, 1), we defined the Holder space Ag(RY) to
contain precisely those functions f : R — C for which the norm

Il gay + sup [t 71 f (x + 1) = fO) Ly ra)

|z]>0

is finite, whereas for s = k +6, 1 < k € N, § € (0, 1), we have that f € A (R?) if f € CK(R?) and
8 f € As(R?), for all multi-indices a € Ng with || = k. Given s € (0, 2), consider the norm (defined
in terms of second differences)

I e ray + sup |67 f (x +20) = 2f (x + 1) + f ()|l Ly (ra)

|]>0

7Again, if s + & € Z, then the conclusion is that f € H" forevery ¢ € [0, 5+ 8] \ Z.
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and the corresponding space of functions for which the latter norm is finite. These two spaces coincide
if s € (0,2) \ {1}, as dictated by the classical equivalence between Holder and Zygmund spaces, the
latter being defined through higher differences; precise references include [27, Ch. V, Prop. 8] and [30,
Ch. 2, §2.6]. More generally, one may consider an LP-norm inx, 1 < p < oo, and possibly an additional
L9-normint, 1 < g < oo0; see [27, Ch. V, Prop. 8’] and [30, Ch. 2, §2.6].

For the case of the unit sphere S?~!, the equivalence between the - and the % *-norms, and therefore
the equality of the two corresponding spaces, can be found in [15, 16]. These works rely on harmonic ex-
tensions, in a similar spirit to the aforementioned chapter in [27]. Of particular relevance are Propositions
4.1 and 4.3 in [15] and Proposition 1.8 in [16]. In the former article [ 15], the function space A(a; p, ) is
defined for @ > 0, 1 < p, g < oo, and shown to be equivalent to a variant thereof using first- and second-
order differences; the special case (p,q) = (2,00) and @ = s € (0, 1) of this equivalence is used to es-
tablish that the spaces H* and # coincide whenever s € (0, 1). In the latter article [16], spaces of index
a = k+vy, k € N, are related to those of index y in a precise way; in turn, this is used to establish the equiv-
alence between the spaces H° and %* whenever s € (1,2). It should be pointed out that the norms in
terms of first and second differences considered in [15] are slightly different from the ones that we are us-
ing to define H* and %% . However, the norms are seen to be equivalent; see [7, Cor. 3.11]. See also [5] and
[23, Theorems 3.1 and 3.3].

We proceed to describe an alternative approach to the equivalence discussed in the previous paragraph
that perhaps requires less effort from the unfamiliar reader.

Firstly, the equivalence between H* and %° when s € (0, 1) follows directly from the combinatorial
proof of [19, Lemma 1.1], stated in [19] for the case of R. For the convenience of the reader, we
provide a brief sketch of the argument. As mentioned already, the estimate || f||gs < 2| fll4s follows
easily from the definitions. For the reverse inequality, consider the following identity, which is valid for
everyte R, X e{X;;:1<i<j<d})andmeN:

m—1
2m(etX _ I) — (62’"1‘X _ I) _ Z 2m—1—i(62‘1X _ 1)2
i=0

Applying this operator to a function f € %%, taking the L>(S%!)-norm on both sides and invoking the
triangle inequality yields

m—1

271X =D fligp gty < "™ = 1) fllp2gay + Z 2" = D2l (gan)-
i=0

Dividing by 2™, using that ||(¢2"™* = I) f|| 2(sa-1) < 2||fllz2(sa-1) < 2[|fll> and letting m — oo, we
then obtain

1o iy, o
X - 2'tX 2
e’ —1>f||Lz(Sd4><5;2 N = D fllz s

Multiplying by [¢|™° and taking the supremum over ¢ € R shows that, when s < 1, the following
holds:

- (S0 i -
sup |7] s”(etx —I)f“LZ(Sd—]) < E(ZQ i(1 s)) sup 7] s”(etX _ 1)2f||L2(Sd—1)
teR i=0 teR

_ 1 -5 tX 2
= 20 =2 §2£|l| (e = D7 fllp2(ga-1y- (6.13)
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On the other hand, by 2x-periodicity of e’X and SO(d)-invariance of o7y_1,

sup |17 [|(e"™ = ¥ fllp2(sary = sup 1117 ll(e™ = DF fll2(say
teR |z]<1

for k € {1,2}. This together with (6.13) yields || fll¢rs < C|| f|lszs for some C < oo.

Secondly, the equivalence between H* and #* when s € (1,2) can be obtained via the techniques in
[8, §3] (especially Theorem 3.6) and [7, §2.3], which rely on the modulus of smoothness and Marchaud-
type inequalities. Indeed, the equivalence of the norms || - ||,W;,a and || - || my+e given by [8, Theorem
3.6] provides the answer after specialising to (£,7 p,a) = (1,1,2,s — 1), because in this case || f|l@s =
ILf llwra + L f llge-1s Lflge = |l fllezs and, as already remarked, || fllys-1 = [|fllss-1 < [ fllas. The
argument is straightforward but lengthy; thus, the reader is directed to the aforementioned references.

6.3. One final remark

Our proof of Theorem 1.1 does not in general handle the case when 4 = 0 in (1.12). An exception
corresponds to the case when m = 2k is an even integer, ke {0, 1)+ satisfies kj + -+ + ks =k — 1
and a > 0 on S¢~! (or, more generally, a = 0 on a set of o;_|-measure zero), which corresponds to the
Euler-Lagrange equation (1.10) with 4 = 0. In this case, by multiplying both sides of (1.12) by f and
integrating over S?!, one concludes that || for ;_ ||m+ vy = 0, which clearly forces f = 0. It remains
unclear whether one should expect general solutions of (1.12) to be smooth when A = 0.
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