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INTRODUCTION 

I t i s an a s sumpt ion of t r a d i t i o n a l s t e l l a r dynamics t h a t 
L i o u v i l l e ' s e q u a t i o n g o v e r n s t h e t ime e v o l u t i o n of s t e l l a r 
s y s t e m s . An i n e v i t a b l e consequence of such a p r emi se i s t h a t 
( a ) a t l e a s t some modes of i n s t a b i l i t y of s t e l l a r sys tems may 
be t h o s e of L i o u v i l l e ' s e q u a t i o n ; and ( b ) s t e l l a r sys tems 
might undergo p e r i o d i c c h a n g e s of d e f i n i t e p a t t e r n s in c o n f i ­
g u r a t i o n and v e l o c i t y s p a c e s . Fo r , L i o u v i l l e ' s e q u a t i o n e x h i ­
b i t s e igenmodes of o s c i l l a t i o n . While i t i s not f e a s i b l e to 
o b s e r v e t h e a s t r o n o m i c a l l y long p e r i o d s of o s c i l l a t i o n s , t h e 
p a t t e r n s of c h a n g e s , i . e . t h e e i g e n f u n c t i o n s , may be amenable 
to o b s e r v a t i o n by a n a l y z i n g t h e COD r e c o r d s of b r i g h t n e s s and 
v e l o c i t y d i s t r i b u t i o n s on t h e v i s i b l e d i s k s of g a l a x i e s and 
g l o b u l a r c l u s t e r s . T h i s i s ou r m o t i v a t i o n fo r s c r u t i n i z i n g 
L i o u v i l l e ' s e q u a t i o n , i f not fo r i t s own m e r i t s . The work i s 
a c o n t i n u a t i o n of a s e r i e s of p a p e r s on t h e symmetr ies of 
L i o u v i l l e ' s e q u a t i o n (Sobout i 1989a, b, Sobout i and Samimi 
1 9 8 9 ) . 

SYMMETRY TRANSFORMATION 

L i o u v i l l e ' s e q u a t i o n may be w r i t t e n a s f o l l o w s : 

Lf = i I f ; L = i ( p . 2 ML- I ) , ( 1 ) 
9t v * i a q j 8 q i 8 P i '' v ' 

where ( q , p ) i s t h e c o l l e c t i o n of c o n f i g u r a t i o n and momentum 
c o o r d i n a t e s , r e s p e c t i v e l y , U(q) i s t h e p o t e n t i a l , L i s L i o u ­
v i l l e ' s o p e r a t o r , and f ( q , p , t ) i s in g e n e r a l a complex v a l u ­
ed f u n c t i o n of ( q , p , t ) . The l a t t e r i s a member of a f u n c t i o n 
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space, a Hilbert space H, in which the inner product i s d e f i ­
ned a s (f ,g)=/f*gdqdp; f ,g e H. The reason for introducing 
the imaginary number i i s to render L hermitian in the sense 
(Lf,g) = ( f ,Lg); f ,g z H. For a systematic study of the sym­

metry of Eq . ( l ) we follow a procedure p a r a l l e l to t ha t of 
Kil l ing to ob ta in the i sometr ies of curved space t imes . We 
look for those in f in i t e s ima l t ransformat ions of (q ,p) to 
(Ql' iP ' )that leave L form inva r i an t , hence l e t 

q i = q i " ^ i C l ' . P ' ) . ( 2 a ) 

p i = p i " e T l i ( q , ' p , ) ' ( 2 b ) 

where e i s an in f in i t e s imal parameter. The symmetry r e q u i r e ­
ment i s 

L ' ( q » , p ' ) = L ( q ' , p ' ) , (3) 

where L ' C q ' . p ' ) i s t h e transformed L i o u v i l l e ' s ope ra to r . By 
straightforward c a l c u l a t i o n Eq.(3) l eads to the following d i ­
f f e r e n t i a l equation for £. and n . : 

LK± + i n i = 0, (4a) 

L"i - «J -3iT¥q7 * °- <4b> 

Upon e l iminat ion of n , one o b t a i n s 

L2C, - 5< a A „ = 0. (4c) ' i * j SqjBqjL 

It i s worthwhile to note tha t a l l t ransformations generated 
by so lu t ions of Eqs. (4 ) a re canonical , in the sense tha t they 
leave the Poisson brackets" i [H , f ] = Lf form i n v a r i a n t . As a 
consequence of the in f in i t es imal t ransformat ions , a phase 
space function changes as f ( q ' , p ' ) = f ( q , p ) + exf (q ,p) ; f £ H, 
where the generator x i s given by 

* = ?i Ii7 + *! br (5) 

One may r e a d i l y ve r i fy tha t 

|L,xl = 0. (6) 

So much for g e n e r a l i t i e s . Further progress r e q u i r e s specif ic 
assumptions with regard the po ten t i a l U{ q } . Sobouti (1989a, b) 

234 

https://doi.org/10.1017/S0252921100066124 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100066124


has shown tha t for sphe r i ca l ly symmetric p o t e n t i a l s the re 
are t h r e e genera tors tha t obey the angular momentum algebra 
and concludes t h a t t he symmetry group of L i s So(3). He also 
gives some symmetry ope ra to r s for quadrat ic p o t e n t i a l s , b u t 
not a l l . Here,we study the l a t t e r case in d e t a i l and provide 
the fu l l symmetry group. 

MAXIMALLY SYMMETRIC QUADRATIC POTENTIALS 
The case to be studied, a s any o ther aspect of quadrat ic 

p o t e n t i a l s i s exact ly and a n a l y t i c a l l y so lvable . It unravels 
many of the id iosyncras i e s of ques t ions and answers t ha t a r ­
i s e in the course of a n a l y s i s . Apart from t h e i r academic me­
r i t s , however, quadrat ic p o t e n t i a l s do find important a p p l i ­
c a t i o n s . The cen t ra l reg ions of extended s t e l l a r systems,the 
de S i t t e r and a n t i de S i t t e r spacetimes a re examples.Further­
more, the complete e igensolu t ions of L i o u v i l l e ' s equation for 
quadrat ic p o t e n t i a l s can be used e i t he r a s a bas i s for the 
function space H or a s approximate so lu t ions for l e s s symme­
t r i c p o t e n t i a l s . 

For U = =• q .q . , so lu t ions of Eqs. (4 ) a re 
^ i j 

C i = a i j q j + b i J P J ' ( 7 a ) 

n i " - b i j q j + a i j p j ' ( 7 b > 

where a . j and b. . a re eighteen r ea l cons t an t s . The genera tors 
of Eq.(5) become 

x° • - i { a jk«j f ^ + pj t ^ ) + V ' j k; -«< ^ ) } « ( 8 ) 

where a. = 1 , 2 , . . . , 1 8 , correspond to eighteen independent cho­
ices of a. . and b . . Straightforward c a l c u l a t i o n s show tha t 
Xa' s obey a Lie a lgebra . That i s , one f inds 

l X a . x e l = c a 6 Xy ; o.B.Y = 1 , 2 , . . . , 1 8 (9a) 

v 
where C g ' s a re r e a l s t r u c t u r e cons tan t s and, a s a conseque­
nce of Jacobi i d e n t i t y for commutator brackets s a t i s fy the 
following (see e .g . Wybourne,1974). 

C a V ? 6 + C6Y
C*P6 + CyaCl6 = °- <9b> 
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This eighteen parameter Lie group i s GL(3,C) which i s ne i ther 
simple nor semisimple. There a re c e r t a i n notable subgroups 
to i t , discussed in t h e next sec t ion . 

CLASSIFICATION OF THE SYMMETRIES 

For each 3*3 matrix a. . and b. . we choose one u n i t mat­
r i x , t h r e e anisymmetric mat r i ces and f ive t r a c e l e s s symmetric 
ma t r i ce s . For a . . = 0 and b . . = 6 . . t he generator x t u r n s out 

XJ XJ XJ 
to be Liouvi l l e*s operator i t s e l f . The following subalgebras 
are i d e n t i f i e d . 

Rotational invariance group, S0(3) 
The t ransformations for which a . . = -a . . - E. .. , l e v i 

J K J K 1 J K 

c i v i t a symbol,and b . . = 0 a r e r o t a t i o n s in p-p and q-q planes. 
2 r 

They leave q and p^ i n v a r i a n t . The th ree genera tors a re 

j i = - i e i jk
( pj b r q j k ) ( (10a) 

with the angular momentum algebra 

C J i ' V = i e i j k J k ( 1 0 b ) 

The corresponding Cassimir opera tor , t h a t i s the operator 
which commutes with a l l J . ' s i s J 2 . Sobouti (1989a,b) has 
shown tha t t h i s 30(3) symmetry holds t r ue for any spher i ca l ly 
symmetric p o t e n t i a l . Sobouti and Samimi (1989) have demonst­
ra ted the same for the l i nea r i zed L i o u v i l l e ' s equation of 
spher i ca l ly smmetric s t e l l a r systems and u t i l i z e d in the com­
pu ta t ions of normal modes of o s c i l l a t i o n s . 

Invariance group of Lagrangian 30(3,1) 
The t ransformat ions with b . . = E . . . a re Lorentz boosts 

J K 1 J K 

in p-q p lanes . Together with a. , = e. ., , they leave the Lag-
1 2 2 ^ 1JK 

rangian, g- (p -q ), form i n v a r i a n t . The corresponding genera­
t o r s in a d d i t i J . ' s a r e 

l 
TI - - ieijk(pj 4 • QJ 4 ) : f o r b J k = " J k ( l l a ) 

One r e a d i l y v e r i f i e s t h a t t h e act ( J . , , ! , ) has the closed Lie 
algebra of S 0 ( 2 , l ) . That i s in addi t ion to Eq.(lOb). 
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C I i - V - - i £ i j k J
k • < l l c > 

2 2 The two Casimir ope ra to r s of t h i s subalgebra a re J - I and 
J . I . 

Invariance group of Hamiltonian, SU (3) 
This group has been considered by many au thors and main­

ly for quantum mechanical and f i e l d t heo re t i c purposes. Nst-
ab les are the inves t iga t ion of Jauch and Hill (194 0),Fradkin 
(1964), Barut (1965) and Hwa and Niiyts (1966). 

1 2 2 
Invariance of the Hamiltonian, H • =• (p + q ) , i s r e a ­

l ized for antisymmetric a... = £,.,-,, and symmetric b. ' s . The 
J Ji l j K J K 

former i s a l ready d iscussed. The l a t t e r can be chosen as a 
uni t matrix and f ive t r a c e l e s s symmetric m a t r i c e s . The c o r r ­
esponding ope ra to r s a re 

L = -"Pi di" - *i h r > ' f o r bjk = 6
jk <1 2 a> 

M i = - ^ ^ k i ^ h ^ - qj b ^ ) : f o r v - Kjki <i2b> 

p - -"pi tq^ - p
2 t ^ - *i 1 ^ + 1 2 b j >J 

for b . v = diagonal = ( 1 , - 1 , 0 ) , (12c) 

Q = - h (pi h^+ p 2 \ ^ - 2 P 3 h; ~ qi h^_ q2 Ipj 

+ 2q3 j | - ); for b j k = diagonal = ( 1 , 1 , - 2 ) . (12d) 

The set {J. ,M.,P,Q} has the Lie algebra of SO(3). I t i s 
worthwhile to mention tha t a l l of these nine t ransformat ions 
are orthogonal and can be understood as r o t a t i o n in r ea l ph­
ase space. The quadrat ic Casimir operator of t h i s subalgebra 

i s J 2 + M 2 •+ P 2 + Q 2 . 
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A fur ther subalgebra, SJ(2,1) 

All the above sec t ions dea l t with symmetries induced by 
antisymmetric a . . ' s and symmetric and antisymmetric b . . ' s . 
There remains the symmetries belonging to symmetric a . . ' s . 
Again we choose the symmetric matrix a . , a s a un i t matrix 
and f ive t r a c e l e s s symmetric ma t r i ce s . The corresponding g e ­
ne ra to r s a re 

K = "^Pi I57 + «i b ~ > : f o r a i j - 6 i j ' b i j • ° ' ( 1 3 a ) 

Ni • - i | £ i j k i ^ 4 + qj k ) : f o r " k = l e i^> ( l 3 b ) 

R - -i(pi b^ - p
2 b̂

+ % k^ - 2̂ h; ); 

for a.,, = diagonal = ( 1 , - 1 , 0 ) , (13c) 

S = " 73 (P1 b ^ + P2 b j - 2p3 IpJ + ql ^ + q2 IqJ 

- 2q3 | ^ - ); for a j k = diagonal = ( 1 , 1 , - 2 ) . (13d) 

The algebra of the eight genera tors {J . ,N. ,R,S} i s 

SU(2,1). The quadrat ic Casimir operator of t h i s subalgebra 
2 2 2 2 

i s J - N + S - R . The generator K corresponds to a scale 
t ransformation, and commutes with a l l the other o p e r a t o r s . 
Therefore the algebra of the set { K, J ., N.,R, S} i s not sim­
p l e . Furthermore, K i s not hermitian but K' = K-3i (i= / - l ) 
i s hermitian, (g .K ' f ) = (K 'g , f ) ; f ,g e H. The genera tors N. 
corresponds to Lorentz boosts in p-p and q-q p lanes . 
A COMPLETE SET OF MUTUALLY COMMUTING OPERATORS 

The eigenvalue equation, Lfu = u)fu, has highly degenera­
t e e igenvalues . For, in view of the cons tan t s of motion(ener-
gy, angular momentum, say) , any fu mul t ip l i ed by an a r b i t r ­
ary function of these cons tan t s i s again an eigenfunction be­
longing to the same u . A complete set of mutually commuting 
ope ra to r s , wi l l be found useful in c l a s s i fy ing these degene­
r a t e s e t s . For the maximally symmetric case of the six dimen­
sional phase space there should e x i s t s six such opera to r s , 
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including L i t s e l f . Among the eighteen genera tors and the 
Casimir ope ra to r s introduced so far the set { L, J 2 - I 2 J , I, Jg , 
Ig,K'} a re hermit ian, a re l i n e a r l y independent, and commute 
two by two. This se t , however, i s not unique. Khalesi (1990), 
for example, has proposed h i s own set and has obtained a com­
p l e t e set of nondegenerate e igensolu t ions of L. The incomp­
l e t e se t { L , J 2 , J 3 } has a l so been u t i l i z e d by So bout i and 
Samimi, 
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