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INTRODUCTION

It is an assumption of traditional stellar dynamics that
Liouville's equation governs the time evolution of stellar
systems. An inevitahble consequence of such a premise is that
(a) at least some modes of instability of stellar systems may
be those of Liouville's equation; and (b) stellar systems
might undergo periodic changes of definite patterns in confi-
guration and velocity spaces. For, Liouville's equation exhi-
bits eigemmodes of oscillation. While it is not feasible to
observe the astronomically long periods of oscillations, the
patterns of changes, i.e. the eigenfunctions, may be amenable
to observation by analyzing the COD records of brightness and
velocity distributions on the visible disks of galaxies and
globular clusters. This is our motivation for scrutinizing
Liouville's equation, if not for its own merits. The work is
a continuation of a series of papers on the symmetries of
Liouville's equation (Sobouti 1989a,b, Sobouti and Samimi
1989).

SYMMETRY TRANSFORMATION

,

Liouville's equation may be written as follows:
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where (q,p) is the collection of configuration and momentum
coordinates, respectively, U(q) is the potential, L is Liou-
ville's operator, and f(q,p,t) is in general a complex valu-
ed function of (q,p,t). The latter is a member of a function
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space, a Hilbert space H, in which the inner product is defi-
ned. as (f,g)=sf*gdqgdp; f,g € H. The reason for introducing
the imaginary number i is to render L hermitian in the sense
(Lf,g) = (f,Lg); f,g ¢ H, For a systematic study of the sym-
metry of Eq.(1) we follow a procedure parallel to that of
Killing to obtain the isometries of curved space times. We
look for those infinitesimal transformations of (q,p) to
(a',p')tmt leave L form invariant, hence let

a; = qj - €€ (a',p"), (22)
py = pj - eny(a',p'), (2b)

where € is an infinitesimal parameter. The symmetry require-
ment is

L'(q',p') = L(a',p"), 3)

where L'(q',p') is the transformed Liouville's operator. By
straightforward calculation Eq.(3) leads to the following di-
fferential equation for gi and n;:

LE, + in, = 0, (4a)

Ln, - if 9 U

. m——— = 0, (4b)
1 J aqjaqi

Upon elimination of n, one obtains

2
2 3 U
LE. - &, —— = 0. (4c)
i J aqjaqi

It is worthwhile to note that all transformations generated
by solutions of Eqs.(4) are canonical, in the sense that they
leave the Poisson brackets’ il H,fl = Lf form invariant. As a
consequence of the infinitesimal transformations, a phase
space function changes as f(q',p') = f(q,p) + exféq,p);f € H,
where the generator X is given by

9
X = g. —— n (5)
i qu i :)pi
One may readily verify that
jL,x{ = o. (6)

S much for generalities. Further progress requires specific
assumptions with regard the potential U{q}. Sobouti (1989a,Db)
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has shown that for spherically symmetric potentials there
are three generators that obey the angular momentum algebra
and concludes that the symmetry group of L is So(3). He also
gives some symmetry operators for quadratic potentials, but
not all. Here,we study the latter case in detail and provide
the full symmetry group.

MAX IMALLY SYMMETRIC QUADRATIC POTENTIALS

The case to be studied, as any other aspect of quadratic
potentials is exactly and analytically solvable., It unravels
many of the idiosyncrasies of questions and answers that ar-
ise in the course of analysis. Apart from their academic me-
rits, however, quadratic potentials do find important appli-
cations. The central regions of extended stellar systems,the
de Sitter and anti de Sitter spacetimes are examples.Further-
more, the complete eigensolutions of Liouville's equation for
quadratic potentials can be used either as a basis for the
function space H or as approximate solutions for less symme-
tric potentials.

For U = % qiqj, solutions of Egqs.(4) are

£, =a..q

. . . 7
i i35 + blij’ (7a)

il

—bi.q. + ai.p., (7b)

Ni 3 Rl |

where aij and bij are eighteen real constants. The generators
of Eq.(5) become

X 9 9 9
Xg = -ila . =— + p. =— )+ b, . — =-q, — )} 8
where oo = 1,2,...,18, correspond to eighteen independent cho-
ices of aij and bij' Straightforward calculations show that
Xq's obey a Lie algebra. That is, one finds
[ x|=cYX ;i o,B,y =1,2 18 (92)
a* B o Xy ? s B, 3y ey

where C;B's are real structure constants and, as a conseque-

nce of Jacobi identity for commutator brackets satisfy the
following (see e.g. Wybourne,1974),

8 op $ ~p S cp. =
CaBCYG + CBYCG6 + CYGCBG 0. (9b)
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This eighteen parameter Lie group is GL(3,C) which is neither
simple mor semisimple. There are certain notable subgroups
to it, discussed in the next section.

CLASSIFICATION OF THE SWYMMETRIES

For each 3x3 matrix aij and bij we choose one unit mat-

rix, three anisymmetric matrices and five traceless symmetric
matrices. For aij = 0 and bij = dij the generator y turns out

to be Liouville's operator itself. The following subalgebras
are identified.
Rotational invariance group, SO(3)

The transformations for which ajk = -ajk - eijk,lev1
civita symbol,and b‘j = 0 are rotations in p-p and g-q planes.
They leave q2 and p< invariant. The three generators are
3 )

ja_p)';+q"_)t (loa)

Iy = - e 3 aay

with the angular momentum algebra

[Ji'Jj] = ieijk Jk (10b)

The corresponding Cassimir operatoxz‘, that is the operator
which commutes with all Ji's is J¢. Sobouti (1989a,b) has

shown that this S0(3) symmetry holds true for any spherically
symmetric potential. Sobouti and Samimi (1989) have demonst-
rated the same for the linearized Liouville's equation of
spherically smmetric stellar systems and utilized in the com-
putations of normal modes of oscillations.

Invariance group of Lagrangian 80(3,1)

The transformations with bjk = are lorentz boosts

€.,

ijk

in p-q planes. Together with Bip = Biike they leave the Lag-
. 1,2 2 ) J 1J

rangian, 7 {(p“-q” ), form invariant. The corresponding genera-

tors in additi Ji's are

9

_ . 9 .
i = leijk(pj qu q ); for b,

I 3 5o kT Eigx (A1)

One readily verifies that the act (Jl, 11) has the closed Lie
algebra of SO0(2,1). That is in addition to Eq.(10b),
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CI5, 151 = I (11Db)

1okl

[Ii,Ij] = -isiijk .. (11lc)

The two Casimir operators of this subalgebra are’ J2-I2 and
J.I,

Invariance group of Hamiltonian, SU(3)

This group has been considered by many authors and main-
1y for quantum mechanical and field theoretic purposes. Not-
ables are the investigation of Jauch and Hill (1940),Fradkin
(1964 ), Barut (1965) and HEwa and Muyts (1966).

Invariance of the Hamiltonian, H = é— (p2 + q2), is rea-

. . N = i 4
lized for antisymmetric ajk Eijk and symmetric bjk s. The

former is already discussed. The latter can be chosen as a
unit matrix and five traceless symmetric matrices. The corr-
esponding operators are

. 3 _ 9 . =
L = -1(pi a———qi Qy a———pi ) ; for bjk ij (12a)
M, = -ile,. |(p, =—-q, >=—); for b,, = |e...| (12b)
“1 1jk'°75 aqy Joap, jk ijk
. 9 ] 3 ]
= - — - ———— — ore—
P i(pq 3qy Py 3q, 4 3Py % 3Py );
for bjk = diagonal = (1,-1,0), (12¢)
i ] ] ) 3 3
= - -—— —— - — - — —
Q 73 (P 55 T P2 3g, T %P3 5q; T % 3p; T % 5,
a - = i = -
+ 2q3 3—1-3; ); for bjk = diagonal (1,1,-2). (124)

The set {Ji,Mi,P,Q} has the Lie algebra of SU(3). It is

worthwhile to mention that all of these nine transformations
are orthogonal and can be understood as rotation in real ph-
ase space. The quadratic Casimir operator of this subalgebra

is J2+ M2A+ pz + Qz,
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A further subalgebra, U (2,1)

All the above sections dealt with symmetries induced by
antisymmetric aij's and symmetric and antisymmetric bij's.
There remains the symmetries belonging to symmetric aij's.
Again we choose the symmetric matrix aij as a unit matrix
and five traceless symmetric matrices. The corresponding ge-
nerators are

-— ] a a__ . - =
K = -1(pi _—api + a; 3‘11 ) ; for aij Gij‘bij 0, (13a)
N, = -ile. . | (P, so— + q, =— ); for a,, = |e...| (13b)
i ijk 3 apk J aqk ’ jk ijk
= - a__ _ 3__ e . 3__ .
R = -i(p op; ~ P2 3p, © % g ~ %2 ig, );
for ajk = diagonal = (1,-1,0), (13¢)
i ] 3 9 ] ]
§=- (P 55—+ Py 557~ 2P3 35—+ 9 55~ % 9 55
/3 ‘A1 ap; 2 3py 3 3pg 1 9q; 2 94,
3 N = i = -
- 2q3 W ); for a;jk = diagonal (1,1,-2). (134d)

The algebra of the eight generators {Ji,Ni,R,S} is

S (2,1). The quadratic Casimir operator of this subalgebra

is J2 - N2+ Sz- R2. The generator K corresponds to a scale

transformation, and commutes with all the other operators.
Therefore the algebra of the set {K,Ji,Ni,R,S} is not sim-

ple. Furthermore, K is not hermitian but K' = K-3i (i= v-1)
is hermitian, (g,K'f) = (K'g,f); f,g € H. The generators Ni
corresponds to lorentz boosts in p-p and gq—q planes.

A COMPLETE SET OF MUTUALLY COMMUTING OPERATORS

The eigenvalue equation, wa = wf,, bas highly degenera-
te eigenvalues. For, in view of the constants of motion(ener-
gy, angular momentum, say), any f;, multiplied by an arbitr-
ary function of these constants is again an eigenfunction be-
longing to the same w. A complete set of mutually commuting
operators, will be found useful in classifying these degene-
rate sets. For the maximally symmetric case of the six dimen-
sional phase space there should exists six such operators,
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including L itself. Among the eighteen generators and the
Casimir operators introduced so far the set {L,Jz—IfJ,I,Js,

IS,K'} are hermitian, are linearly independent, and commute

tw by tw. This set, however, is not unique. Khalesi (1990),
for example, has proposed his own set and has obtained a com-
rlete set of nondegenerate eigensolutions of L. The incomp-
lete set {L,JZ,J3} bas also been utilized by Sobouti and
Smimi.
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