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1. Introduction

The spinor analysis of Infeld and van der Waerden [1]is particularly well
suited to the transcription of given flat space wave equations into forms
which’ constitute possible generalizations appropriate to Riemann spaces [2].
The basic elements of this calculus are (i) the skew-symmetric spinor y,,,
(ii) the hermitian tensor-spinor ¢**” (generalized Pauli matrices), and (iii)
the curvature spinor P#,,,. When one deals with wave equations in Riemann
spaces V, one is apt to be confronted with expressions of somewhat be-
wildering appearance in so far as they may involve products of a large
number of o-symbols many of the indices of which may be paired in all sorts
of ways either with each other or with the indices of the components of the
curvature spinors. Such expressions are generally capable of great simplifi-
cation, but how the latter may be achieved is often far from obvious. It is
the purpose of this paper to present a number of useful relations between
basic tensors and spinors, commonly known relations being taken for gran-
ted [3], [4], [6]. That some of these new relations appear as more or less
trivial consequences of elementary identities is largely the result of a diligent
search for their simplest derivation, once they had been obtained in more
roundabout ways.

Certain relations take a particularly simple form when the ¥V, is an
Einstein space, and some necessary and sufficient conditions relating to Ein-
stein spaces and to spaces of constant Riemannian curvature are considered
in the last section.

2. Basic Relations and definitions
(a) The defining equations for the ¢**” may be taken to be (reference [4],

p.- 20) ..
2.1) oHroly, = 1org* — Litmno, Mo,
and

369

https://doi.org/10.1017/51446788700026951 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026951

370 H. A. Buchdahl 2]

(2.2) o = A,

the latter expressing the hermiticity of the ‘“Pauli matrices”. In (2.1) é¥m is
a tensor derived from the contravariant alternating tensor density of Levi-
Civita (see reference [2], p. 99, footnote):

(2.3) erFimn = G (—g)t2gkimn,
Then
(24) g = — I,

where the tensor on the right is a generalized Kronecker delta. From (2.1)
it follows that 1)

(2.5) o Megt, = Lasgh.
It is convenient to define the tensor

(2.6) Ny = & [catt] - %"."k Yot
and the tensor-spinor '

2.7 Skis — o["i"a']x,.
Then (2.1) yields

(2'8) Sn’v = '—]fiekutsu’n
or

(2.9) T4eS*, = 0,

where the bar denotes complex conjugation. (2.9) expresses the self-duality
of S**#, (in any fixed spin frame). Notice that S**#” is symmetric in its spinor
indices. (2.9) may also be written

(2.10) SR, = 25K,
From (2.1) and (2.8)
(2.12) SHin, = oHr oty — 1o,

(b) For later use the following known relations need to be quoted.
(212) o, 00y, = FEHoms, + gm %, — gTY, + i a,,)
@13) = (Ggmg" — 7)oy,
from which one gets by transvection with ¢"#

(2.14) o*;, o.:ia o"‘,,,a""’ — ‘}(g"' gn" + gngim — ghmgin 4 jekimn)
(2.15) = fggm — i

1 The symmetrizing and alternating brackets always act on only one kind of indices, i.e.
tensor indices, or undotted spinor indices, or dotted spinor indices.
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From the relations given so far one easily infers the following:

(2.16) S = — &20,%,

(2.17) 040 S™, = 0%,

(2.18) SHEY Sy s = 6B a5, 0,

and from this in particular

(2.19) SERY S, 1ap = 20,60,

Further ‘

(2.20) Sk S, 4 — _ pemg b,

(2.21) Sk“‘vsabpv = 7.

In particular one has from (2.20)

(2.22) S¥Ar S, 5 = 0.

Finally, write simply S* for S*#, S* being regarded as a 2 X 2 matrix,
so that

(2.23) (Sleab)[lv — SklﬁaSGbav.

Then the commutator of S¥ and S° is given by (reference [4], p. 30)
(2.24) [S¥, S90] = 4glklagold],

(c) (i) As regards the Riemann tensor R,,,,, and the curvature spinor
P&, their algebraic properties alone are of interest in the present context
[disregarding section 6(a) for the moment]. The symmetries of the former are

(2'25_29) Rkl(nm) =0, R(kl)mn =0, Rk[lmu] =0, Rklmn - Rﬂmkt =0,
The trace-free part of the Ricci tensor R, will be denoted by E,,, i.e.
(2.30) Ey= Ry — $8uR.

The V, is an Einstein space if

(2-31) Ekl = O,

whilst if it is a space of constant Riemannian curvature

(2.32) Rymn = $8un€miR, (R = const.).

The conformal curvature tensor of the V, is defined as [6]

(2°33) Churm = Rklmn "' 2g[k[n (Rm]l] - %gm]t]R)’

and it is entirely trace-free, i.e. if a, b is any pair of indices selected from
amongst &, I, m, n, then

https://doi.org/10.1017/51446788700026951 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026951

372 H. A. Buchdahl (4]
(2-34) g‘bchm” = 0.

(i) Taking the imaginary part of the contraction I'},, of the linear spinor
connection to be zero one has (reference [5], p. 726)

(2.35) Pry = %S“ ", Rimn

so that incidentally

(2.36) Py = 0.

(2.35) may be inverted by means of (2.21) and gives
(2.37) 7R oomn = — 25", P ? pnn s

which may be resolved into its real and imaginary parts. In a space of con-
stant Riemannian curvature (2.32) and (2.35) imply

(2'38) Pty = —'Tl'zsu’vR-

3. Tensor identities involving R,,..

(a) Consider the tensor é¥*%e, ., R,;,*. Use (2.4), write the generalized
Kronecker delta as a determinant of simple Kronecker deltas, and expand
this determinant. Then the tensor under consideration evidently becomes a
linear sum of the components of the Riemann tensor and its contractions.
In this way one is immediately led to the identity

(3_1) gkiad gmnod R peqg = — 4R¥imn 4 lﬁg[k[u Em™Y
From this it follows that
(3.2) gmned REL L gklod Rma - gokled 3lm ol

(b) Next, contemplate the tensor %°%,7%,,, Ry.qs. Using (2.6) and multi-
plying the two first factors out explicitly one obtains just terms of the form
of the left hand members of (3.1) and (3.2). Hence finally

(33) nabklﬁ“mchbed = 4ﬂhl¢[mE n]a'

(c) It may be noted in passing that the cyclic identity (2.27) may be
reexpressed trivially but usefully in the form

(3.4) 7" Rypog + R* = 0.

4. Relations not involving P+,

(a) By transvection of (2.12) with oy, . One obtains relations which differ
from the former only trivially but whose explicit availability is often useful.
One has at once
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(4.1)  0%,50%; = 3(0%s0%, + °420%5 + 8 VagVas — 1% 0osp 0u3p).

From this there follow at once the relations

(4.2) “‘"aw“b)m = i'g“ b?’&)")’ph
and
(43) 0["&’0»]7‘ = — %1:3“»“0'0&‘047’-

(4.3) is remarkable in that it is a stronger form of (2.8). A similar remark
applies to the ccmparison of (4.2) with (2.5), though the situation is more
trivial in this case for the following reason. If the elementary identity
[reference [56], p. 717)

(4.4) y[/ﬂ'yp]v =0

be transvected with any spinor #;;-  of arbitr: valence one gets
y P ary g

(4.5) tl:'l.u:]-.. — %-y‘vt,\'}::'.

(4.5) in conjunction with (2.5) then givés (4.2) at once. Note that (4.3) may
also be written as

(4.86—7) ol 005, = 31%%a 0%, 0%sg, 0% 0" Ve = 371640, %25
If (4.3) be transvected with o,,, one gets

(4.8) o agVay¥Vve — o 78 Vpa¥Vvp = — ie"m%ﬁvo'cuaaw,

and from this in turn one infers that

(4.9). ie“"“%&,a”wa oty Oape = VapYap¥VvpVe — YiaV3pVva?¥po-

(b) Some useful identities arise when one considers the product of one
n-symbol and one S-symbol with only one index from each paired. Thus,
suppressing the spinor indices of S**#, whenever convenient, one has because

of (2.6)
”I:lca Sbo = ga[kSl]b — %ie"““ Sbo-
Now
eree St = — %—i&"““e"m,S’”", by (2.8),

= 318" 8 emaS™ by (2.4),

= —3ig O3k, 5™ = — i(gRS™ + IS 4 g SM).
Hence
(4.10) PreSd — 2g[k[a Sbll %g'ab Skt

Restoring spinor superscripts p, » and transvecting with S,,,,, one obtains
in view of (2.21) the following useful relation involving the #-tensor alone:
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(4.11) piie ppe = 2glklayeld 4 %gabnkl"m.
In particular,

(4.12) L %gabnklmw

In exactly the same way one gets

(4.13) qkicaSe, — — gglitagnll | loab Gkt
and

(4_14) ﬁklacnbcm” — 2g[k(aﬂb)l]"m _ %gabnktmm

(see also eq. (4.18)).

(c) The “integrability conditions on the Lorentz group” (2.24) are often
quoted in the literature. It is desirable to consider, more generally, the
matrix product S¥ S from which (2.24) and the anti-commutator [S*¥, %],
may be read off directly. Write

(SHS“)'“V = stkl/‘a(aaﬁzabbv - dbpaaaﬁv)
and apply (2.17) to each term on the right. It then follows directly that
(S"‘ Sab)pv — nklc[ao.b]p,ocﬁlb
= %ﬂku[a(ab]oapv - 2Sb]°p”), by (2'11)’
so that
Sk Qed . %ﬂklab — nklc[usblc.

Drawing upon (4.10) one has therefore the result in the desired form

(4.15) SktQad 2g[k[asb]l] _ éﬂktab.
From this (2.24) may be read off at once. On the other hand
(4.16) [S, Sav], = —qptied,

If (4.14) be transvected with S,,”? the resulting relation may be simplified
by means of (2.6, 8, 18, 19) to give

Skl[/t(a.yﬂ)v] — %ypv Skias,
This, however, is nothing new: on the contrary the stronger relation
Skl[p]ayﬁlv] — %Tpvsklaﬁ

follows at once from (4.5) if one takes ¢#”:-- = S**#*, On the other hand (4.15)
may be transvected with S, in which case one finds

(4.1 lr(S¥ S Sd) = — 2g[k[anb]l]¢d’
from which it follows incidentally that
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(4.18) glttoy®l | — 8 71,

whence (4.11) may be written in a slightly different way.
(d) A useful transformation of the outer product S*# S""“‘, may be
obtained as follows. Transvect with 0%, giving

Sklﬁ"Smnaﬂ o.aﬁﬂ — nmnu:ﬁkt“ o.t,'m

2

by double application of (2.17). Transvecting now with g,;s
(4.19) Sklﬁi‘Smnaﬂ — nmna'ﬁklstoﬁ‘aaﬁﬂ’

where, incidentally, the product of the 7-symbols on the right is of the form
which occurs in eq. (4.14).

5. Relations involving P#

(a) From (2.37) one has directly on transvecting with gi™
(6.1) Ry = S,™ , Pt + S™, Phy .
However, consider eq. (3.4). Using (2.21) to remove the #-tensor it becomes
— R} = S* Sy Ry = 25¥ Popy, by (2.35),
i.e.
(6.2) Ry = 25,™ , P*,,,.

Comparison with (5.1) shows that the validity of the cyclic identity (2.28)
is equivalent to the reality of S,™*, P#,,,,. It is occasionally useful to rewrite
(6.2) by means of (2.18) as

(53) o.mi’ P ’vkm = %am;\v ka

Transvecting (5.2) with g* and then using (4.5) one has as a special case of
the former

(5.4) Skl"a Pva” = - b’,R-

The following point may be noted. The quantity on the left of (5.4) is skew
in x and ¥, and is a scalar for a given spin frame. It therefore follows at once
that it must be a numerical multiple of y#* R. This kind of reasoning some-
times allows the reduction of more or less complicated expressions in an
elegant manner, (cf. section 5(c)).

(b) An important identity follows directly from (2.37) and (3.3), viz.

ﬁcdm”Sklpval‘“ = - 277kla[mEn]a-

Transvecting this with S;,,; one has
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(55) ﬂ-wnm pe ’cd = 2S¢[ma’Eu]¢'

Transvecting this in turn with $™**® and using (2.10) one gets

(6.6) Sedbs pap  — Smnb¢ S el o

Using (2.20) on the right and keeping the symmetries of P*/,; and E,, in
mind one finds
(5.7) S“ﬁépaﬂod = oﬂﬁﬂo,b("ﬂEab’

which is essentially a relation derived elsewhere (reference [2], p. 100).
If, starting with (5.7) therefore, one transvects the latter with S,;,, one gets

(5-8) ﬁ“kxP“ i cd = "[kﬁl"z]w\oﬁ po g ”"E,,,, = flcbus“eaﬂ Eo,

using first (2.12) and then (2.11). This does not look like (5.5). However,
it may immediately be reduced to the latter by means of (4.13), keeping in
mind that E,; is trace-free. Incidentally, (5.5) implies that

(5'9) Skl'w P,umn - smn’w P/wkl = iekla[mEn]a-
(c) The identity
(5.10) iamSy pPA . _ R® _ 1g R

is of interest because of the appearance of the Einstein tensor on the right.
It may be inferred for instance by using (2.35), (2.6), (2.28), (2.4), in this
order. If, however one draws upon an analytical property of the Riemann
tensor, viz. the Bianchi identity

(5'11) Rkl[mn; g = 0,

then one may invoke the reasoning outlined at the end of section 5(a) to
arrive at (5.10) more elegantly.
First, observe that (5.11), upon transvection with S¥#,, at once implies

(6.12) Pt m = 0.
If £%* denote the left hand member of (5.10) then, by inspection,
%, =0,

in view of (5.12). However, the only divergence-free fundamental tensor of a
V. which is a linear homogeneous function of the components of the Riemann
tensor is R® — 1g*R to within a constant factor, ¢, say. Now

£, = — 2S¥P, PA . — _2R,

because of (2.8) and (5.2). It follows that ¢ = 1, which establishes the result
(6.10).
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6. A relation involving the conformal curvature tensor

Finally I consider an identity involving products of the components of the
curvature spinor with the S-tensor-spinor whose indices are wundotted,
(as contrasted with (4.19) for instance). Originally I obtained this identity
by a very clumsy route, requiring many of the preceding relations. It turns
out, however, that the result follows immediately, indeed almost trivially,
by repeated application of (4.5). Consider the symmetrized product

(6.1) S¥ oo PPor = 3(S* o PPy + S¥2,Plosy + S¥ o2 PE ).
The second term on the right is, in view of (4.5),
SHaPlogy = S¥ 0 Pty + ¥oaS* p* Pl
similarly the third term on the right is
SH AP =S¥ Py + v 02 St PPy

Applying (5.4) to the last members of the two preceding equations and
collecting terms, one has

(6.2) S¥ o PPans = S* oo Pagy -+ §8# v nR.
From (2.33)
S¥ o S™™ Cotmn = S* 00 S™ (Rismn — 28kn Rony + $€an&mi R)-
The second term on the right is
25%,,0 S™™ R, = 26™8Y, 6V ,\R,,, by (2.18),
= 48,'#6,”R, by (2.5).

Again, the third term on the right is

—15%,, S R = — %6 6",R, by (2.19).
Rewriting the first term by means of (2.35) one therefore has

SE  STEC, i = 25% ,, PP, - 16 87 R.

Transvecting with p,, and comparing with (6.2) there follows the desired
result

(6'3) Skl(porP”A)kl = %Sklpo'smw‘/\cklmn°

One may replace the conformal curvature tensor on the right by the con-
formal curvature spinor introduced elsewhere [7]. Thus

(6'4) S”(paP”/\)kl = S“po'FFAkl'
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7. Einstein spaces and spaces of constant curvature

Identities relating specifically toan S, i.e. a space of constant Riemannian
curvature, are redundant in the sense that, in view of (2.38), any of the
relations of section 4 which involve at least one S-symbol will at the same
time constitute an identity of the kind contemplated here. However, one
may pose a rather more interesting problem, viz. one may enquire into the
implications of the vanishing of certain expressions involving P#,,,;. I shall
consider two such cases which are of particular interest.

(i) Suppose the V, is such that

(7.1) S pePPum = 0.
Then the right hand member of (6.3) vanishes, and, transvecting it with
Sas?" Seax”s this implies that
(72) nklabnm”cdcklmn = 0.
The vanishing of the real part of the tensor on the left requires
Cavea — i-eklab €™"64 Crimn = 0.

The second term on the right may now be treated exactly along the lines
of section 3(a), since R,,,, and C,,,; have the same symmetries. Keeping
(2.34) in mind, the tensor corresponding to E,; in (3.1) is a zero tensor;
so that

(7'4) euab ™ Cklwm = - 4C¢bod°

Hence (7.3) implies Cy;p,, = 0. This in turn means that (reference [6], p. 92)
the V, is an S,;. Conversely, if the V, is an S, then C,,,,, = 0, and (7.1) is
satisfied. Hence

a necessary and sufficient condition that a V4 be a space of constant Rieman-
nian curvature is that S¥(,,P¥y,, be a zero spinor.

(ii) Suppose now that the V, is an Einstein space, i.e. that (2.31) is satis-
fied. Then (5.5) shows that

(7.5) T mn P = 0.
Thus,

. an Einstein space Py, is a self dual tensor,
(the spin frame being fixed but arbitrary). Contemplating the condition
(7.6) S pay =0,

which is equivalent to (7.5), one sees at once from (5.7) that it implies that
the V, is an Einstein space. Hence
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a necessary and sufficient condition that a V be an Einstein space is that
S¥54 PFryy be a zero spinor.

Evidently (7.6) is a weaker condition than (7.1); a conclusion which
casual inspection of the respective expressions involved would scarcely
suggest.
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