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THE OSTROWSKI INTEGRAL INEQUALITY FOR MAPPINGS OF
BOUNDED VARIATION

S.S. DRAGOMIR

A generalisation of the Ostrowski integral inequality for mappings of bounded varia-
tion and applications for general quadrature formulae are given.

1. INTRODUCTION

In 1938, Ostrowski proved the following integral inequality [7, p.468]

THEOREM 1. Let f:[a,b] = R be continuous on [a, b] and differentiable on (a,b)
with derivative f' : (a,b) — R is bounded on (a,b), that is, ||f'||., == sup |f’ ()] < co.
te(a,b)

2
R z_a+b
/f(t) dt| < %'F—(—# (b=a)llf'll o

Then the inequality

1
b—a

f(z) -

hold for all z € [a,b]. The constant 1/4 is the best possible.

For some generalisations and related results see the book [7, p.468-484].
In [3], Dragomir and Wang obtained the inequality

. JC_a+b'
1 1 2 ,
fa@) - 5= [ 10 d < |3+ =2 i,

for all z € [a,b], provided f is continuous on [a,b] and differentiable on (a,b) with
derivative f' € L (a, b).

Note that this result can also be obtained from Fink’s theorem [7, Theorem 1, p.471}
for n = 1 and appropriate computations.

Some applications of the above results in numerical integration and for special means
have been given in [3, 4, 5, 6].

In the recent paper [7], Dragomir pointed out the following natural generalisation
of the above result for the class of mappings of bounded variation.
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496 S.S. Dragomir i2]

THEOREM 2. Let f: [a,b] & R be a mapping of bounded variation on [a,b] and
V() its total variation on [a,b]. Then the inequality

a

R ﬂE_aH—b'
1 1 2
f(I)—b_a/f(t)dt< R V()

holds for all z € [a,b]. The constant 1/2 is the best possible.

In this paper we point out a new generalisation of Ostrowski’s inequality for map-
pings of bounded variation and apply it for quadrature formulae in numerical analysis.
Some connections with the rectangle, the midpoint and Simpson’s rule are also estab-
lished.

2. SOME INTEGRAL INEQUALITIES
We start with the following theorem.

THEOREM 3. Let I :a =29 < 21 < ... < Ty_1 < Zr = b be a division of
the interval [a,b] and o; (1 =0, ...,k + 1) be k + 2 points so that oy = a, a; € [Ty, Zi
(i=1,..,k) and agyy = b. If f : [a,b] = R is of bounded variation on [a,b], then we
have the inequality:

]

k
CRV Y FIETEED SICRERSPLEN

i=0

i T ,i=0,...,k—l}] vA(f)

where v (h) := max{h; | i = 0,....,k — 1}, b := 2341 —z; (i =0,...,k— 1) and V2(f) is
the total variation of f on the interval {a,}].

PROOF: Define the mapping K : [a,b] — R by (see also [1])
(t—al, t €[a,z,)

t—ay, tE€([z),T2)

t—ak-1, tE[Tk_2,Tx1)

[t — ax, t € [zk-1,8].
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Integrating by parts using the Riemann-Stieltjes integral, we have successively

b k—1 Ti+t k—1 Tt
/K(t)df(t)=z/K(t)df(t)=2/(t—af+1)df(t)
2 =0 z; =0 i

k-1 zisr Tit1
-3 [(t- ) f0)| - [ 10 dt]
=0 T3 z;

_Z[a.+1 (@) + @1 — usr) £ ()] - / i

i=
k-2

= (o1 —a)f(a)+ Z (i1 — =) f (z:) + Z (@is1 — @iz) f (zi41)

=0
+(b— ) /f
k-1
(a1 —a) f(a) + Z (a.+1 - a:, (:E.) + (z; ;) f (-"71)
i=1
+(b—an) f(b /f (t) d
k-1 b
(e = @) £ (@) + 3 (s — ) £ 52) + B =) F ) = [ 10t

k ]
= Z (ai+1 - ai) f (Zi+]) - /f (t) dt

=0

and then we have the integral equality which is of interest in itself too:

b k b
2.2 f@®)dt=) (a1 —a)f(z:)— [ K(t)df (2)
(22) / ) d=3 (0w~ /
On the other hand, we have
k-1 Tt k-1 | Tt
/K @) df ()] = Z/Kt)df )l < Z K(t df (1) =
z; =0
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But
Ti+1
/ (t—oip) f(t) dt] < sup |t — ain| V' (f)
, tG[I,’,xi.H]
= max {a,‘+1 ~Ti, Tiqy — ai+1} szii-}-l(f)
1 z; +x; ]
= (3= 20 + o - 2 [z
Then
k-lrg ot
J i+1 ;
1 T +T k!
i 141 .
1 R
< [EV (h) + max{ iyt ~ T +21'z+1 =0, k- 1}] V) = V.
Now, as
T; + I; 1
a”'l - = 2 i g ihia
then
ma.x{ Qi) — T; +2zi+1 i=0,...,k— 1} < éu(h)
and consequently,
V <v() V()

The theorem is completely proved. 0

Now, if we assume that the points of the division I; are given, then the best inequality
we can obtain from Theorem 3 is embodied in the following corollary:

COROLLARY 1. Let f and Iy be as above. Then we have the inequality:

b k-1
(2.3) /f (z)dz - ';' l:(zl —a) (@) + D (Tir1 — Tic1) F (i) + (b — zen) £ (B)

a =1

< 3 ()Y VAD).

PROOF: We choose in Theorem 3,

a4+ 1T T + 22
@y =a, @ = 2 y Qg = 2 PRI}
_ Tg-2+ Tk _ T+ Ik —b
Op_1 = -——2——, Qg = —2—— and Qg1 = 0.
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In this case we get
k

z (g1 — o) f (24)

- = (a1 — o) f (@) + (@2 — @) f (31) + ... + (@ — @) f (Tomr) + (b — @) £ (D)
= (agxl -—a) fla)+ (%ﬂ - ‘”;Il) f ()
+ot (mk_12+b _ xk—2';'$k..1) £ () + ( Tx +b) (b)
ot [(x‘ —e)f(a)+ ki (Ter1 = @it f (@) + (b= 1) f (b)] .
Now, applying the inequa_lity (2.1), we get (2.3). 0

The following corollary for equidistant partitioning also holds.
COROLLARY 2. Let

Li: o :=a+(b—a)% (i=0,..,k)

be an equidistant partitioning of [a,b]. If f is as above, then we have the inequality:

f k-1 . .
(24) /f(a:)d:z— [%.M;_f(b_)(b_a)+(b;a) [(k—ziaﬂbH

=1

1 b
< 5 (b-a VA,

3. THE CONVERGENCE OF A GENERAL QUADRATURE FORMULA

Let An:a =z < z{ < .. <zl < 2 = b be a sequence of division of [a, b]
and consider the sequence of numerlcal integration formulae

o (f, A, wy) = Zw(ﬂ)f( ("))

() (j =0, ...,n) are the quadrature weights.

where w;
The followmg theorem provides a sufficient condition for the weights w}") so that
b
I, (f, An, w,) approximates the integral [ f (z)dx.
a

THEOREM 4. Let f : [a,b] & R be a mapping of bounded variation on [a,b]. If
the quadrature weights w(") satisfy the condition

(3.1) M —ag Zwﬁ-n) <z —aforalli=0,..,n-1,

https://doi.org/10.1017/50004972700036662 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700036662

500 S.S. Dragomir

then we have the estimate

b
(32) |In(f, Amywa) - / f (z) dz

ORI

i
0t Yl - Tt
j=0

1 n
< [Eu (h™) +max{
v (R™) V2(f)

b
(3.3) lim I, (f,A,,,w,,):/f(:I:)dz

v(h()) =0

uniformly related to the w,.

PRrRoOOF: Define the sequence of real numbers

o = a+Zw(n), i=0,.
=0

Note that

n
&Ql—a+2w§")=a+b—a=b,
j=0

and observe also that o7 € [ ™ ,zgi)l].

(n)

Define o * := a and compute

oM —afY =,

i-1

f:)l E")=a+2w§")—a—2w§")=w§") (i=1,..,n-1),

7=0

n-1
ol —afM=b- (a + Zwﬁ")) =™,

j=0

Then

~( m _ m MY = N 5 () — .
5 oot () = S ot (:0) = 1 12

=0

Applying the inequality (2.1), we get the estimate (3.2).
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a

[6]
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The uniform convergence related to the quadrature weights wﬁ") is obvious by the
last inequality. 0
Now, consider the equidistant partitioning of [a, b] given by
i .
E,: ™ :=a+ - (b—a) (¢=0,..,n)

and define the sequence of numerical quadrature formulae
R W L
I (f, wn) = gow f [a,+ —~( a)] .

The following corollary which can be more useful in practice holds:

COROLLARY 3. Let f be as above. If the quadrature weight w§") satisfy the
condition:

(3.4) AP §i W< o -1
. - — PR ) =4Y.,n—1
n b a,j=0 n

then we have:

b
(35) |In (f,wn) - / f(z)ds

< + max
2n

(b—a)
< _n_Vab(f)'

i :
m 2+1 (b-a)
atd w - =

146

,i=0,...,n—1}

=0

In particular, we have the limit

b
lim I, (f,w,) = /f (z) dzx,
n—o0
uniformly related to the w,.

4. SOME PARTICULAR INTEGRAL INEQUALITIES

The following proposition holds.

PROPOSITION 1. Let f : [a,b] & R be a mapping of bounded variation on
la,b]. Then we have the inequality:

b
@) |[1@d-le-af@+e-a o] < [;0-0+a- 2w

for all a € [a, b].
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The proof follows by Theorem 3, on choosing zo =@, 2, = b, ag = a, &y = a € [a, ]

and a, = b.

REMARK 1.
(a) Ifin (4.1) we put a = b, then we get the “left rectangle inequality”

b
(42) / f(@)dz - (b—a)f ()| < (b— a) V2(F);

(b) If @ = a, then by (4.1) we get the “right rectangle inequality”

b
(4.3) / f @) dz— (b —a)f (B)] < (b—a) VI,

¢) It is easly to see that the best inequality we can get from (4.1) is for
Y g
= (a + b)/2 obtaining the “trapezoid inequality”

/f (z)dz — a)+f()( —a)

Another proposition with many interesting particular cases is the following one:

1

(4.4) < 5 (b—a) V2().

(]

PROPOSITION 2. Let f beasaboveanda <z €£b,a < a3 <z € gh
Then we have

(4.5)

b
/ f(@)dz — [(on — a) £ (@) + (@2 — au) f (z1) + (b - a) £ (B)]

11 a+b a+ 1
<=l=m-= _ _
\2[2(b a)+ T 2 ‘+ (27} 2
+ a2_1‘1+bl+ al_a,+2:1 - az—$1+bH] vt
2 2
b—a a+b
< [(——2'—)+ T — 2 ” V”(f)g(b——a)Vab(f).

PRroOF: Consider the division a = zg < 1 € Z2 < b and the numbers g = a, o) €
[a,z1], a2 € [z1,b] and a3 = b. Now, applying Theorem 3, we get

/f (@) dz — [(a1 — a) f (@) + (@2 — 1) f (21) + (b — ) £ (8)]

o - Il;b‘}] Va(f)

a+z)
2

) —

< % [max{zl —a,b—x1}+max{
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RO S IS o P
T4 27 2 2| 2
1 T+ b 1 a+1 I + b b
+§ as 5 5 o, 5 oy — V(1)
and the first inequality in (4.5) is proved.
Now, observe that
o e+ Ty —a T+ b b—-1x,
1 2 ~ 2 ] 2 9 ~ 9
Consequently,
max{ a —# oz — xl;b‘} < 2max{x1 a,b—1z;}

and the second inequality in (4.5) is proved.
The last inequality is obvious. 0

REMARK 2. If we choose above a; = a, a; = b, then we get the following Ostrowski

type inequality obtained by Dragomir in the recent paper [2]:

(4.6) a+b

j f@)dz=0-0) 1 @) < [;6-0)+ |- 52| v

for all z; € [a,b].

We note that the best inequality we can get in (4.6) is for z; = (a + )/2 obtaining
the “midpoint inequality”

b
[r@a-i(45) 6-al<36-avn

(b) If we choose in (4.5) oq = (5a + b)/6, oz = (a + 5b)/6 and z; € [(5a + b)/6,
(a+ 5b)/6], then we get

(4.7)

(48) /bf(z)dx—b;a[f(a);f()+2f( | <3 [b6-a+fn- 22
a +max{$1-2a3+b ; ‘H:;?b—zl }] V2(f).

Particularly, if we choose in (4.8), z; = (a+b)/2, then we get the following “Simpson’s
rule inequality”

(49 / foyda - 2 L0 oy (D) ]| < S v
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5. SOME COMPOSITE QUADRATURE FORMULAE

Let us consider the partition of the interval [a,b] given by A, : a = 75 <
Ty < ... < Ty < Tp = band put Ay == x4y —x; (£=0,..,n—1) and v(h) :=
max{h; | ¢=0,...,n—1}.

The following theorem holds.

THEOREM 5. Let f : [a,b] & R be of bounded variation on [a,b] and k > 1
Then we have the composite quadrature formula

b

(5.1) [ £@ds = A(8a, 1)+ Re(Bns )

a

where

n k-1
(5.2) A (A, f) = % [T (An, f) + Zf [(k —])I;+]$1+1] h,]

=0 j=1 k
and
6.9 T (B0, 1) = 3 31 (@) + 1 i)

is the trapezoid quadrature formula.
The remainder Ry (A, f) satisfies the estimate

1
S WV,

Proor: Applying Corollary 2 on the intervals [z;, ;31) (£ = 0,...,n — 1) we get

(5.4) IRk Amf)'

Titl &
1 f (It) + f (xt+1) h k ]) T + ]xt+l
[ 1@~ [ ; . Zj :
_l_h.vxiﬂ (f)
T2kt ’
Now, using the generalised triangle inequality, we get:
|Rk (Aﬂa f)l
n—1 | T k-
1 f(@)+f(zn), L (k= J) =i + jTin
< —_ —_ i —_
<T|[ @ [k - k; :
L5y pm v (h) v(h)
il Y/Zi+1 1:+l
<o ;mvﬂ G X_oj TR
and the theorem is proved. ]

The following corollaries hold.
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COROLLARY 4. Let f be as above. Then we have the formula:

b
(5.5) / f (2 do = 5 [T (Bn, £) + Mo (B, )] + Re (B, )

where M,, (Ay, f) is the midpoint quadrature formula,

(Do f) Zf (z.+x-+1)

=0

and the remainder Ry (A, f) satisfies the inequality:
1
(5.6) | B2 (An, )| < g (W) VE(S).

COROLLARY 5. Under the above assumptions we have

n—1 n-1
o+ () 0 B (22)

b
(5.7) / f(@)do =%

i=0 i=0
+ R3 (An: f) ‘
The remainder Ry (A, f) satisfies:
1
58) |Rs (8, )] < g7 (D) V2D,

The following theorem holds:

THEOREM 6. Let f and A, be as above and §; € [x,,x,+1] (i=0,..,n—1). Then
we have the quadrature formula:

n—

(5.9) /f (z)dz = Z[(fi =) f(2:) + (@1 — &) [ (@in1)] + R(E, An, ).

1
i=0
The remainder R (€, Ay, f) satisfies:

Zi + Tit

(610)  [R(E AN < [;u )+ max{ g - 22

v (h) Vo (f).

,i=0,...,n—1}] Vi)

for all §; as above.
ProOF: Apply Proposition 1 on the interval [z;,z;41] (£ =0,...,n — 1) to get

Zi41

/ f(z)dz - [(5.‘ —zi) f(z:) + (i — &) f (Ii+1)]

Ti
1
g [Eht'*'ma‘x{ 1
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Summing over ¢ from 0 to n — 1, using the generalised triangle inequality and the
properties of the maximum mapping, we get (5.10). 0

COROLLARY 6. Let f and A, be as above. Then we have
(1) the “left rectangle rule”

(5.11) /f )dz = Zf (i) hi + R (An, f);
i=0

(2) the “right rectangle rule”

(512) /f d-'L'—Zf Iz+1 h +Rr(An1f)
=0
(3) the “trapezoid rule”
b

(5.13) / f(2)dz =T (&, f) + Rr (Aw, )
where

|Ri (An, )| |Rr (Bn, £)] < v (R) V2(S)

and

v (h) Vg ()-

t\')l'—‘

IRT A'm f)|
The following theorem also holds.

THEOREM 7. Let f and A, be as above and §; € [z;,Zi1], o5 < agl) € &
(2) < Ziy+1- Then we have the quadrature formula:

(5.14) / F@)de =3 (o - 2) 120 + 3 (o — o) £ 60
e i=0

i=0

+ "z‘i (-’L‘i+1 - aﬁ”) (zip1) + R (fs o, 52)’ A, f) .

1=0

The remainder R (é, fl), afz), A, f) satisfies
(5.15) |R(€&0f,af, An f)|

s{l[ v(h) + max

2 i=0,..,n-1

Zi + Ty

gi_ 9

|

m_zité& o® &+ Tig b
+ max {,-=5f.‘.‘.’535_1 o; 5 e o = 3=t 2 VO(S)
1 z; + :L',.H b
< §V(h) +1_})na'>f . & ——1| Iflly Sv(R)V2(S).
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PROOF: Apply Proposition 2 on the interval [z;, z;41] to obtain

Tit1

[ 1@ da= (= 2:) £ @)+ (o - o) £ (€) + (331 ~ ) ] ()]

Ti

1{1 $i+$i+1
<= |=h; L =
5 [3h+ - 25

Summing over 4 from 0 to n— 1 and using the properties of modulus and maximum

+ma.x{ asl) T ;‘ & @ &tz

' 2

Hvamm,

we get the desired inequality.
We shall omit the details. 0
The following corollary is the result of Dragomir from the recent paper [2].
COROLLARY 7. Under the above assumptions, we have the Riemann’s quadra-
ture formula:
b

(5.16) [ 1@)ds= S 7€) s + Re (6, B 1)

. =0

The remainder Ry (€, A, f) satisfies

(517 |Re(&Am )| < [

for all §; € [z;,2i41) (1 =0,...,n).

Finally, the following corollary which generalises Simpson’s quadrature formula
holds.

COROLLARY 8. Under the above assumptions and if £ € [(ziy1 + 5z:)/6,
(z; + 5x,~+1)/6] (i=0,...,n—1), then we have the formula:

n—1
(5.18) /f 62 @)+ F @)+ 2 3 F € hi+ S (B0, ).
=0 i=0

The remainder S (f, A,, £) satisfies

(5.19) |S (f, A, €)|
Ti + Ziy1

1{v(h)
< {a[Tﬂ:&i‘.’tﬁ.‘-l{ff‘ 2

2z; + x; 1
5.'——3—+-

}

i=0,...,n—1

+ max max
i=0,...,n—1

o[,

The proof follows by the inequality (4.8) and we omit the details.
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REMARK 3. Now, if we choose in (5.18), §; = (z; + T:11)/2, then we get “Simpson’s
quadrature formula”

n—l

(5.20) /f SR ) [1CO N ICHN) - Zf(“—x‘ﬂ)msu,an)

i=0

where the remainder term S (f, A,) satisfies
(5.21) |S (f, An)| < Zv (R) V2(S).
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