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There exist gaps in the frequency distribution of the osculating mean motions of the 
asteroids. In these gaps, the mean motions of the asteroids are commensurable to 
Jupiter's mean motion. 

Recently, Giffen (1973) studied the stability of commensurable motion in the 
Hecuba gap where the ratio of the asteroid's mean motion to that of Jupiter is 2:1. 
Giffen's model was based on the plane, elliptic restricted three-body problem which 
means that eA, e3 # 0, iA = ij=0 and mA=0. The dimension of the corresponding phase 
space is 5. Poincare developed a system of canonical variables that are suitable for 
the study of the secular behaviour of commensurable motion in the elliptic restricted 
three-body problem. This system was then modified slightly by Schubart. The Ham-
iltonian H(... t) of this system depends on the mean anomaly which is a function of 
the time. If one removes that part of the Hamiltonian H which depends on the time 
then the new Hamiltonian H* is constant and therefore is a nonclassical integral of 
the motion. Schubart obtained such a nonclassical integral by averaging the Ham­
iltonian H over the commensurable period. The resulting averaged Hamiltonian H* 
depends then on four variables, that is, H* = H*(a,e,a,g), where a is the critical 
argument. For a given value of if*, the motion of an asteroid can be described in a 
three-dimensional phase space, H*(a, e, a). 

To study the stability of the motion in the Hecuba gap, Giffen used the method 
of invariant curves. He chose a certain plane in the three-dimensional phase space. 
Each time when the orbit crosses this plane, the point of intersection is plotted. 
Figure 1 shows these plotted points for an orbit with e = 0.30. The points are plotted 
when the eccentricity is close to its minimum. All the points lie on a curve. That 
means that each time when the orbit in the phase space crosses the designated plane, 
the intersection point will lie on this invariant curve. Therefore, apparently, for this 
orbit there exists an isolating integral which indicates that the motion of an asteroid 
in the Hecuba gap with eccentricity e=0.30 is stable. Giffen found that all the other 
high eccentric orbits he computed have invariant curves. 

In Figure 2, points for a low eccentric orbit, e=0.14, are plotted. The points do 
not lie on an invariant curve. They have the tendency to fill the whole area. This 
orbit is 'ergodic'. Here and in the following 'ergodic orbits' mean 'wild' orbits. It is 
not stated that the orbits are ergodic in the exact mathematical sense. 

More examples show that the small eccentric orbits in the Hecuba gap are all 
ergodic. 140 points are plotted here which corresponds to a run over 60000 yr. The 
points of the first 30000 yr fall in the area on the left side and the points of the second 
30000 yr fall in the area on the right side of Figure 2. This indicates that on the aver-
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Fig. 1. Plots of intersections of orbits with a plane in the phase space, where the eccentricity is close to 

its minimum (e = 0.30). 
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Fig. 2. Plots of intersections of orbits with a plane for e=0.14. 
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age the eccentricity increases. This fact leads Giffen to the following hypothesis: If 
there was an asteroid with small eccentricity in the Hecuba gap, then its eccentricity 
increased on the average. If the eccentricity was large, the collision probability with 
asteroids close to the Hecuba gap became larger, so that the asteroid left the Hecuba 
gap after collisions. This procedure could explain why there are no asteroids with 
small eccentricity in the Hecuba gap. 

To test this hypothesis, we made computations over a longer period of time, over 
200000 yr instead of 60000 yr. The results show that for the high eccentric orbits 
the invariant curves do not dissolve. For small eccentric orbits, the eccentricity in­
creases but then decreases. On the average, it oscillates. No slow increase on the 
average in the eccentricity was found. 

In addition, according to a suggestion from Froeschle, we studied the divergence 
of orbits which start with slightly different initial values. The high eccentric orbits 
diverge very slowly while the small eccentric orbits diverge quickly. This result also 
indicates that the small eccentric orbits are ergodic and the high eccentric orbits are 
nonergodic. However, after 200000 yr, the eccentricity of the ergodic orbits did not 
increase as was expected by the hypothesis. But this is not yet a disproof of the hy­
potheses because it is possible that the small eccentric orbits develop by a diffusion 
process, which has been described by Froeschte and Scheidecker (1974), into higher 
eccentric orbits and then escape from the gap because of collisions. In collaboration 
with Froeschle we now are testing this new hypothesis and we also are testing if the 
invariant curves for the high eccentric orbits dissolve very slowly and become there­
fore also ergodic. 

If there were asteroids with small eccentric orbits in the Hecuba gap and if these 
asteroids left the gap because of perturbations of Jupiter which increased their ec­
centricities so that collisions occured, then this process must have taken a much 
longer time than 105 yr. 
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