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AN ABSTRACT DAUNS-HOFMANN-KAPLANSKY
MULTIPLIER THEOREM

GEORGE A. ELLIOTT

1. Introduction. The present investigation was stimulated by a theorem of
Alfsen and Effros (4.9 of [1]) concerning a real Banach space, its M-ideals, and
its primitive M-ideals (these are defined in [1]). This theorem states that a
real Banach space is in the natural way a module over the ring of bounded
continuous real-valued functions on the space of primitive M-ideals with the
Jacobson topology.

It was shown in 6.18 and 6.19 of [1] that the M-ideals of the self-adjoint part
of a C*-algebra are the self-adjoint parts of the closed two-sided ideals of the
C*-algebra, and that the primitive M-ideals are the self-adjoint parts of the
primitive ideals. In this specialization, then, the theorem 4.9 of [1] becomes a
theorem which was proved by Dauns and Hofmann (II1.5.2 and I11.8.16 of
[2]), after a special case had been established by Kaplansky (Theorem 3.3 of
(4]).

In [3], a proof was given of the Dauns-Hofmann theorem which is in fact at
the same time a proof of the Alfsen-Effros theorem referred to above. This is of
interest both because the argument in [3] is considerably simpler than the
argument in [1], and because the argument in [3] also proves the Alfsen-Effros
theorem for complex Banach spaces, indeed, for a Banach space over any
finite-dimensional real algebra.

The contribution of the present paper is to show that the methods of [3]
can be refined to yield a result which is, at least formally, a considerable
generalization of the Alfsen-Effros multiplier theorem. The principal feature of
this result is the absence of the assumption that the norm of an element is the
supremum of its norms in primitive quotients. [t is the sacrifice of this property
which is the source of difficulty; if it were assumed then the methods of [3]
would not need modification.

We shall formulate our result axiomatically; the axioms are presented in § 2
and the main result is proved in § 3. In § 4 the boundedness of the module
structure is investigated, and also the related possibility of extending the
main result to more general scalars.

The author wishes to acknowledge valuable discussions with D. Olesen.

2. The axioms. Let A be a real Banach space. Let there be given a collection
of closed subspaces of 4, which we shall call G-ideals, such that 0 and A are
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G-ideals, and such that if J; and J, are G-ideals then J; + J, and J, N J; are
G-ideals and the canonical linear isomorphism

J/TiNN T — (J1 + J2) /T

is isometric. (The last condition can be expressed by saying that G-ideals are
mutually orthogonal modulo intersections.) Let there be given a collection of
proper G-ideals, which we shall call G-primitives, such that every G-ideal is an
intersection of G-primitives. In these circumstances we shall say that 4 has
a G-algebra structure.

If G-primitives are prime, and if the closure of a sum of G-ideals is again
a G-ideal, then it is easy to show that those sets of G-primitives which are hulls
(a hull being the set of all G-primitives containing some fixed G-ideal) form
the closed sets of a topology. We shall not make these assumptions, howevers
but work instead with an abstract notion of continuity. A real-valued function
on G-primitives will be called continuous if the inverse image of an open
interval is the complement of a hull.

3. The module structure.

3.1. THEOREM. Let A be a real Banach space with a G-algebra structure. Let f
be a bounded continuous real-valued function on G-primitives. Let x be an element
of A. Then there exists a unique element fx of A such that for every G-primitive t,

(f) (@) = f(@)x().
Proof. The conclusion follows from 3.3 and 3.6.

3.2. Remark. 1f the norm on A satisfies

Yl = supieprmave [|[¥(0)]], ally € 4,

then the conclusion of 3.1 can be established by the simple argument given in
[3]. The entire purpose of the lemmas which follow is to show that this
assumption on the norm is not essential.

3.3. LEMMA. Let A be a Banach space with a G-algebra structure. Let Jy, . . .,
J, be G-ideals such that J, + ... + J, = A, and let x be an element of A. Assume
that there exist a bounded real-valued continuous function f on G-primitives and

open intervals Oy, . . ., O, such that hull J; = f~1(0y)¢, ..., hull J, = f~1(0,)".
Then there exist x, € J1, ..., x, € J, such that x = x1 + ... + x, and such
that for any positive real My, . . ., Ay,

[Mxy + .- A Al £ (7/2) supalhad %]
Hence if M, ..., N\, are arbitrary real numbers,

||>‘1x1 + LY + )\nan = 7 Supnl)‘n[ Hxll
Proof. We may suppose that the cover {0y, ..., 0,} of the range of f is
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minimal. Then the O’s can be renumbered so that for j = 7 4+ 2, O, consists of
real numbers strictly greater than those of O,.

For each7 =1, ..., n — 1, denote by u; the point midway between the
upper endpoint of O; and the lower endpoint of O,;. By the definition of
continuity of f there exist G-ideals I, ..., I, such that hull I; =
f"‘l(]—OO, ﬂl[)cr hull 7, =f_1(]/417 /42[)6! ceey hull In :f-_l(}ﬂn*l, OODC Set
Li+...+,=1Thenhull I=hull ;... Nhull I, = f~'({us, ..., tne1}).

Foreachs =1,...,n — 1,0;M O, is an open interval (possibly empty)

and therefore by continuity of f there exists a G-ideal K; such that hull K; =
O N Oyr)e. Set K1+ ...+ K,y = K. Then hull K = hull K, N ...
N hull K,y = (US04 N Ou))*.

By construction, hull (/ + K) = hull TN hull K =@. Since I + K is a
G-ideal and therefore the intersection of G-primitives containing it, I + K =
A. In fact, Il+K1 =J1, 12+K1+K2 =J2, 13+K2+K3 :]3, e ooy
I, + K,_1 = J,. This follows from the calculations

hull I; N hull Ky = f~1(J—c0, u[\J 01 N 02)¢ = f~1(0,)°,
hull I1 M hull K1 M hull Kz
= f71(Ju1, p[J 01N 0. U 02 M 03)° = f~2(09)", . . .,
hull Z, M hull Ky = [~ (Jpn—1, 0 [Y 0pms M 0,)¢ = f71(0,)°.
There exist ¥ € I and z € K such that y 4+ z = «x. Since by hypothesis the

canonical linear isomorphism I/I N K — (I + K)/K is isometric, it is pos-
sible to choose y such that ||y|| = (1 4+ 1/4) ||x||. There exist y; € I), ...,

Y. € I, such that y =y, + ...+ y,, and 2: € Ky, ..., 2, € K, (where K,
denotes 0) such thatz = 2, + ... 4+ 2,. Set y1 + 21 = %1, . .., Vo + 2, = %,
Thenxy € Jy, ..., %, € Jpand x = %1+ ... + x,.
Let S be asubsetof {1,...,n}. Write — 00 = ¢, + 0 = u,,and@ = O,4;.
Then
(Mieshull I, \J Ngshull 1,)° = f~1 (Useslit, udM Ugsluit, i)
=0,
(miés hu11K1U miés hullK1)° =f‘1(UiEsO¢f\04+1m Uiésoir\04+1)
= ﬂ,

whence 3 esli M 2 gsliand 25K M 345K, are each contained in every
G-primitive and are therefore both 0. By assumption two G-ideals with inter-
section 0 are orthogonal; in particular

X esydl S | Xwesye + Zasydl = lIyll,
X ieszd] E | X wesze + Zuszd| = |l2]].

Hence

N sesedl = Hyll + sl = Iyl + ] + [yl
= 21+ 1/4) + D=l = (7/2) ||=[l.

https://doi.org/10.4153/CJM-1975-090-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-090-4

830 GEORGE A. ELLIOTT

Since the characteristic functions of subsets S of {1, ..., n} are the extreme
points of the n-tuples of positive reals (A4, ..., \,) with sup, \, = 1, it follows
by convexity that

[Ax1 4+ ..o+ Nl S (7/2) supa My |||, My - oo N = 0.

If Ny, ..., \, are arbitrary real numbers,

Ny 4+ 4 Nl ] = [ Xnsoh ey + Dnscohad]| £ 2(7/2) supa|h| x|

3.4. Problems. Itis not clear whether in 3.3 the assumption of the existence of
fand open intervals Oy, . . ., O, can be omitted. (Cf. Lemma 1 of [3].)

It would be of interest also to determine the best possible constants in the
inequalities in 3.3. The constant in the inequality for positive N's can certainly
be no smaller than 1, and a two-dimensional example shows that in the in-
equality for arbitrary real \'s the best constant must be at least 2.

3.5. LEMMA. Let A be a Banach space with o G-algebra structure. If J1, Jo are

G-ideals and x € A then
e (Ta N T2)|] < 2llx U] + [lx(T)]]-
Proof. Fix ¢ > 0. Then
® = x4y withy; € Jyand ||xif] £ (1 4+ e)|lxUD)]|l;
x = x + y2 with 32 € Joand |[xsf| £ (1 + &)l|x(T2)]].
Using x(J1) = x1(J1) = x2(J1) + v2(J1), we deduce that

Hye(Tr N T = [ly2UDI| = [[x(T1) = %I = [lx(T)]] + [|x2]]

S e 4 A 4 e)llx)]]
Hence

e (Jr N T = [[x2(Tr N T+ [y (TN T2)|
1+ Ol + [T + A 4+ e

Since ¢ > 0 is arbitrary the desired inequality follows.

=
=

3.6. LEMMA. Let A be a Banach space with a G-algebra structure. Let [ be a
bounded continuous real-valued function on G-primitives, and let x be an element

of A. Let Jy, ..., J, be G-ideals such that J, + ...+ J, = A and there exist
open intervals Oy, . . ., O, with hull J, = f~1(0,)°, ..., hull J, = f~1(0,)°. Let
x1 € J1, ..., %, € J, be such that x1 + . .. + x, = x and the inequalities in 3.3
are satisfied. Let J'y, . .., T/, O'1, ..., Oy &'1, ..., &'y satisfy the same con-

ditions with primes added. Assume that the families (J;) and (J' ;') are minimal
with sum A. Assume that all lengths |0,] are equal and all lengths |0’ ;| are equal.
Then for any Ny € Oyand N € Oy,

X%, — EooN va’ o] £ 196 sup {[04], |07 o[} |lx]l.

https://doi.org/10.4153/CJM-1975-090-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-090-4

A MULTIPLIER THEOREM 831

Proof. We shall suppose that |0’;/| < |04, and denote |0, by e. We shall
denote O; U ... U0, by O;since J1 + ...+ J, = 4, 0 D range f.

Fork =1,...,n, denote by Sy thesetof ¢/ = 1,..., n" such that J';,
> it 1y 50 that x(X ) = Dwresix’ i (X 1540 ). We shall suppose that the
families (O;) and (0’;) are labelled so that within each family intersections
occur only for consecutive indices. Then S, M S, =0 if |ky — ko] > 1.
(J's & X i s 1s equivalent to (hull J';)¢ Z (N e hull J;)¢, which implies
ONO ¢ T Um0y, ie., 0y N (O\U 140;) # 0, and the distance between
O\U 14,0; and O\U ;4,0 is at least e if |ky — ko| > 1.)

Fixk =1,...,n Then

k(D at) = (L at) = Lvesid’ v (1)
Hence, with y denoting Y- Ny — v\ &'y,
V(s 0) = Nvx — ZwesiN o’ 1) (X it 1)
= Zi’esk(xk - )\,i')x,i'(z:i#k]t)-

Suppose that % is even. Since by what precedes S, M Sy, = @ for distinct
even ky, kg =1, ..., n, if m is even and m # k then X iesnd o+ C 2 imad s
Hence,

y(ZML) = Zm even Zi'ESm()\m - )\'1')90'1'(21;4-]1)-

Now take the intersection over all even k. We have

y(mk even Zi#k]t) = Zm even Zi’esm()‘m - xli’)xli'(mk even Ei#k]i)-

We remark that if ¢/ € S, then [\, — N ¢| < 2e. (J's» @ 3 i1em/ « is equivalent
to (hull J' ) & (M imm hull J;)¢, which implies O M O’y @ U ien0y, in par-
ticular, O’y M O, 5 @.) Again bearing in mind that S;, N S, = @ if |ky — &y
> 1, by 3.3 we have

”Zmeven Zi’esm()\m - )‘,1’)x/1’H é 14 HxH

Hence

”y(mk even Zt;ékji)u =< 14e Hx[l

In the same way we obtain the inequality

Hy (Mioaa 2t D] = 14e |[|x]].

Now define open intervals 0"y, ..., 0", as follows. We shall suppose that
the interval O; is on the left in O. Denote by 0";, ¢ = 0, ..., n, the open
interval of which the left endpoint is the right endpoint of O,_;, and the right
endpoint is the left endpoint of O ;2. Here O_;, Oy and O,41, O,+2 denote some
nonempty intervals outside O to the left and to the right respectively. The
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properties of 0"y, ..., 0", that we shall use are:
0COWWU...\Uo0",;
NUip 0" i = (0,NOpp)~,p=1,...,0—1;
for |p1 — po| > 2, distance (0”5, 0”;,) = e
By continuity of f there exist G-ideals K, ..., K, such that hull K, =
10"y, ..., hull K, = f~1(0",)¢. For p = 1,...,n — 1 denote by T, the
set of ¢/ =1, ..., n’ such that J'; Z 3 K4, so that x(DieK:) =
Zilgrpxlil(zi;ngi). Then Tpl N sz =0 if lpl —_ pg‘ > 2. (J/i’ Q Zi?pri is
equivalent to (hull J';)° Z (M hull K,)¢, which implies O N O’y
U 140", in particular, O’y M 0", # @, and the distance between 0'', and
0",, is at least € if |p1 — po| > 2.)
Fixr = 1, 2, 3 and set

ZOr+am ﬂor+am+1¢¢()‘r+3m - )‘r+3m+l)xr+3m+1 = 2.

Then all Ny3m — Ngaman, m = 0,1, ..., Orpam M Orp3nyr # 0, are of absolute
value less than 2¢, so by the second inequality of 3.3,

llz:/] £ 7(2¢)[x|| = 14¢[|x]].
Since p1 # p, p + 1 implies O, C O\(O, M Op41)~, equivalently, J, C
> 14K, we have, forany p = 1,...,n — 1,

(%p + %pp1) (X 65K 1) = (X 10K,) = 2verX i (X K 1),
and, for p = r (mod 3),

@+ 2) (X aKi) = Zver,(\p — N )& (X 10K).
(Note that if O, M Opy1 = 0 then O C U 450", s0 2_1,4,K: = A.) Using the
fact that 7, N T, =0 if [p1 — ps| > 2 we deduce that for each p =7
(mod 3),

v+ Zr)(Zt;épKi) = ZqEr(mod 3)21'€Tq(>\ﬂ — Ni)x' o (X 50K o),
and hence that

v+ Zf)(nPEr(mod 3)Zl¢pKt)

= anr(mod 3)21'6%()‘17 - )\/i’) x/i' (mpET(mod 3)21#11K1)-

Using again the fact that 7, N T, = @ if |p1 — ps| > 2 and also using the
fact that if ¢/ € T, then [N\, — M| < 2¢ (J'& € X 1,K: is equivalent to
(hull J";)¢ Z (M i hull K;)¢, which implies O M O’y € U 12,05, in par-
ticular, 0’y M O, % @), we have by 3.3

2 e=rimod 2 1rerq(Ng — N4 )&’ oo|| < 14e||x][.

Therefore

1 + 2:) (Np=rtmod o2 K )| = 14e||x]],
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and, since ||z,|| < 14¢||x||,
1y (Np=rtmos 9 ZempK )| = (14 4 14) ellx]| = 28e|x[].
Now consider the five G-ideals
IS = mk?—s(mod 2)21#16]11 s = 1) 2)
I2+r = mp’:‘r(mod 3)Zi#pKi’ r = 1; 2» 3.
We have US_; hull I, C hull N:_.I,. Computation shows that
hull I; U hull I, D f~1(UZ10: N 0444)%,
hull I; \J hull I, U hull I5 D ! (U210 N 0 441)7).

This shows that every G-primitive lies in hull N3_.I,, whence N:_iI, = 0.
By four applications of 3.5, to the pairs (1, I3), (I1 N I3, Iy), (I M\ Is M I3, 14)
and (I N\ I, M I3 M 14, I5) respectively, it follows that

liyll < 7(2:2 + 4 + 2:2 + 24 + 24) €[|x]| = 196¢[|x].

4. The Banach module structure.

4.1. Remarks. It follows by the closed graph theorem that for each fixed f
as in 3.1 the map x — fx is continuous. If M, denotes this bounded operator,
then a second application of the closed graph theorem shows that the map
S+ M, is continuous, with respect to the supremum norm ||f||., on the space
of functions f. This shows that there exists a constant £ = 1 such that for
all f and x,

[ £xll = &llfllell<].

As a matter of fact it follows from 3.3 that £ < 7, and that the inequality
holds with & = 7/2 if f = 0. Analysis of the proof of 3.3 shows that these
numbers can be replaced by 6 and 3 respectively.

4.2. THEOREM. Let A be a Banach space with a G-algebra structure. Suppose
that for every decreasing sequence of G-ideals J1 D Ja D ... with intersection 0
the identity

llxl| = supy [[x(Ja)]l

holds. Then for every bounded continuous real-valued function f on G- primitives
and every x € A,

[ fxll = 2[If1lel %[,
and if f = 0,
£l = [1flleel -
Proof. Fix ¢ > 0. Choose mutually disjoint nonempty open intervals
01, ..., O such that the distance between the midpoints of any two is at
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most e and such that any point in the range of f is between the midpoints of

0O'and 0,_;. Foreach: = 1,.. ., nchoose a decreasing sequence of nonempty
open intervals O'; D 0%; D ... with empty intersection. Denote by J*; the
G-ideal the hull of which is f~1(0*,)¢, ¢ =1,...,n,k=1,2,.... For each

k=12, ...set 31J* = J* Then
hull N D Uy hull J* = U Niar, . L, Chull 75 = U Niet, . )
f1(0%) = Ny, . . ., » (OWf~1(0F ) = @,

Sle] mkjk = U.
Let x be an element of 4 and let f be a bounded continuous real-valued
function on G-primitives. Then

llel] = supille (T, |1 f ]| = supel| fx (79I,

so it is enough to show for each & = 1, 2, ... that

1 £ TA = 201 £ Heolle T,
and thatif f = 0,

e (IO = 1S Mlalle (T

Passing to the quotient of 4 by a fixed J*, ¥ = 1,2, ..., we may suppose that
J¥ = 0. In other words, the range of f is disjoint from O%; \U ... U O%,. If g
denotes the real-valued function such that g(¢) is the average of the midpoints
of the two open intervals O%; and O%;,; between which f(¢) lies, then g is con-
tinuous and || f — g||l, < e. Moreover, by the orthogonality of a pair of G-
ideals with intersection 0 (cf. proof of 3.3)

llgxll = llgllollxl] ifg =0
and in general (as a consequence)

llgxll = 2llgllel -

Hence

L fxll = 11(f — @l + [lgxl]

31 — ellollll + 2flgl |/l

1 — gllallll + 211 f — gllalll] + 2[1 f lla]lxl]
Seflel| 4 211 f [l 1]

Since € > 0 is arbitrary,

1]l = 201 f [l lll.

A IA A HIA

If f =2 0, then Oy, ..., O, may be chosen so that g = 0, and a similar calcula-
tion using the inequality ||gx|| = ||g|l.|lx|| yields the inequality
I fell = 11 ool 2l
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4.3. Remark. A two-dimensional example shows that in 4.2 the estimate
[| fx|] = 2|| f|lol|x|| is the best possible for real-valued f not assumed to be
positive, On the other hand, under the additional assumption on G-ideals
that for x; € Jy, x2 € J» (J1 and J, G-ideals),

||(9C1 + xg)(Jl N J2)H = ||(x1 - x2)(Jl N J2)Hy
the proof of 4.2 shows that the inequality

1 2ll = 115 Ll el

holds for all real-valued f.
It is not clear whether the assumption on the projective limit behaviour of
the norm made in 4.2 is necessary or not.

4.4. Remark. If A is a Banach space with a G-algebra structure, then for
each bounded continuous real-valued function f on G-primitives the map
x> fx is (see 4.1) a bounded operator on A. This map leaves G-primitives
invariant, and therefore leaves all G-ideals invariant.

It would be interesting to determine if, conversely, every bounded operator
on A which leaves G-ideals invariant and induces a homothety in each G-
primitive quotient must be the map x +— fx for some bounded continuous real-
valued function f on G-primitives. It is not difficult to show this under the
additional assumptions that the hulls of G-ideals form the closed subsets of a
topology on G-primitives, and that for each x € A4 the set of all G-primitives ¢
such that ||x(¢)|| £ 1isa hull. (It is necessary to show that if f is a real-valued
function on G-primitives such that for every x € 4 there exists fx € A with
(fx) () = f(t)x(¢) for every G-primitive ¢, then f is continuous. Adding a
constant and scaling reduces the question to showing that the set f~'([—1, 1])
is a hull. But this set is the intersection over all x € A4 of the set of G-primitives
¢ such that ||(fx) ()] £ 1.)

4.5. Problem. The question arises how general the scalars can be in 3.1. Of
course the G-ideals must be invariant under the scalars. If we assume that
the hulls form the closed sets of a topology on the set of G-primitives, so that
continuity of functions can be defined in terms of this topology, then it is clear
that if the range of f lies in a finite-dimensional algebra of operators on 4
which leaves G-ideals invariant then the conclusion of 3.1 holds also for f (itis
understood that f(¢) should denote also the operator induced in the quotient
A/t by f(8)).

The situation is not quite so clear if the range of f is allowed to be an arbi-
trary bounded subset of operators leaving G-ideals invariant. Simple examples
show that some restriction is necessary, and it seems reasonable to ask if total
boundedness of the range of f is sufficient. Under either the hypothesis that the
norm of an element of 4 is the supremum of its norms in G-primitive quotients
(e.g. in the M-ideal situation of Alfsen and Effros [1]) or the hypothesis that
for the range of f in a finite-dimensional subspace there is a constant & indepen-
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dent of the dimension such that || fx|| < k|| f||.||x||, the argument which
follows shows that total boundedness of the range of f suffices for fx to exist
as in 3.1. (Note that by the closed graph theorem, if the conclusion is true then
the second hypothesis must be satisfied.)

Fix € > 0. Since the closure of the range of f, say K, is compact, there exist
open balls Oy, ..., O, of radius € covering K. Choose a; € Oy, ..., a, € Oy,
and choose a partition of unity (fi, ..., f,) on the compact space K subordi-
nate to the cover (Oy, ..., 0,). Denote the function ¢+ fi(f(¢))os + ... +
Jo(f(#))a, by fe. Then || f — fdle = ¢ and by 3.1 there exists f&x € 4 such that

(fex) (@) = fe(t)x () for every G-primitive ¢. Either of the hypotheses described
in the preceding paragraph implies that as e — 0, f& converges.
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