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Unified mobility expressions for externally
driven and self-phoretic propulsion of particles
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The mobility of externally driven phoretic propulsion of particles is evaluated by
simultaneously solving the solute conservation equation, interaction potential equation and
the modified Stokes equation. While accurate, this approach is cumbersome, especially
when the interaction potential decays slowly compared with the particle size. In contrast
to external phoresis, the motion of self-phoretic particles is typically estimated by relating
the translation and rotation velocities with the local slip velocity. While this approach
is convenient and thus widely used, it is only valid when the interaction decay length is
significantly smaller than the particle size. Here, by taking inspiration from Brady (J. Fluid
Mech., vol. 922, 2021, A10), which combines the benefits of two approaches, we reproduce
their unified mobility expressions with arbitrary interaction potentials and show that these
expressions can conveniently recover the well-known mobility relationships of external
electrophoresis and diffusiophoresis for arbitrary double-layer thickness. Additionally, we
show that for a spherical microswimmer, the derived expressions relax to the slip velocity
calculations in the limit of the thin interaction length scales. We also employ the derived
mobility expressions to calculate the velocities of an autophoretic Janus particle. We find
that there is significant dampening in the translation velocity even when the interaction
length is an order of magnitude larger than the particle size. Finally, we study the motion
of a catalytically self-propelled particle, while it also propels due to external concentration
gradients, and demonstrate how the two propulsion modes compete with each other.
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1. Introduction

Phoretic phenomena, i.e. the movement of particles in response to an external field
(Anderson 1989; Velegol et al. 2016; Khair 2022), is pivotal for a range of applications
such as separation of biomacromolecules (Heller 2001; Lee et al. 2012), purification of
nucleic acids from whole blood (Persat, Marshall & Santiago 2009), measurement of zeta
potential (Doane et al. 2012; Shin et al. 2017a), banding of colloidal particles (Abécassis
et al. 2008; Banerjee & Squires 2019; Raj, Shields & Gupta 2023b), membraneless
water filtration (Shin et al. 2017b) and understanding biological pattern formation
(Alessio & Gupta 2023), among others. In contrast, self-phoretic particles, also known
as microswimmers, respond to a self-generated field gradient (Paxton et al. 2004; Howse
et al. 2007; Ebbens & Howse 2010; Popescu, Uspal & Dietrich 2016; Ganguly, Alessio &
Gupta 2023). Microswimmers are extensively studied for applications in targeted drug
delivery (Xuan et al. 2014; Luo et al. 2018), environmental remediation (Gao et al.
2013; Wang et al. 2019), remote sensing of toxic chemicals (Esteban-Fernández de Ávila
et al. 2016), the autonomous motion of microbots (Zarei & Zarei 2018; Hu, Liu &
Sun 2022) and collective behaviour of active colloids (Palacci et al. 2013; Takatori &
Brady 2016; Illien, Golestanian & Sen 2017). The mobility expressions of phoretic and
self-phoretic processes are identical, with the key distinction being that the origin of
field gradients in the two processes is different. In phoretic processes, this field gradient
is externally imposed on colloidal particles, while in self-phoretic particles they are
locally generated by the particles themselves typically through surface reactions or other
mechanisms.

Studies on external electrophoretic motion have focused on the dependence of
electrophoretic mobility on the effect of particle shape (Yoon & Kim 1989; Solomentsev
& Anderson 1994), surface heterogeneity (Fair & Anderson 1992; Velegol, Anderson
& Garoff 1996), finite double-layer thickness (Henry 1931; O′Brien & White 1978)
and, more recently, strong deformation of double-layers (Khair 2018, 2022) and charge
reversal (Kubíčková et al. 2012; Gupta et al. 2020a). Similarly, researchers have predicted
the dependence of diffusiophoretic mobility (Anderson 1989; Brady 2011) on finite
double-layer thickness (Prieve et al. 1984; Keh & Wei 2000), surface chemistry (Gupta,
Shim & Stone 2020b) and multiple electrolytes (Gupta, Rallabandi & Stone 2019; Alessio
et al. 2021). Studies on self-phoretic systems (Ramaswamy 2010; Moran & Posner
2017) focus on the impact of particle shape (Shklyaev, Brady & Córdova-Figueroa 2014;
Nourhani & Lammert 2016; Poehnl, Popescu & Uspal 2020; Daddi-Moussa-Ider et al.
2021; Ganguly & Gupta 2023; Lee et al. 2023; Raj et al. 2023a), active patch shape
(Lisicki, Reigh & Lauga 2018; Lee et al. 2021), surface interaction (Sharifi-Mood, Koplik
& Maldarelli 2013) and finite Péclet number (Michelin & Lauga 2014).

Broadly speaking, there are two approaches for predicting the mobilities described
above. The first approach solves the coupled solute conservation equations and the
modified Stokes equation (Henry 1931;O′Brien & White 1978; Prieve et al. 1984; Prieve
& Roman 1987; Anderson 1989; Keh & Wei 2000; Sharifi-Mood et al. 2013; Khair
2018, 2022; Gupta et al. 2019) and employs a force-free and torque-free condition to
arrive at the translation velocity, U , and rotational velocity, Ω , of the particle. Thus,
the above approach requires resolving the interaction potential simultaneously with the
hydrodynamic equations. While exact and powerful, the methodology described above is
cumbersome for analytical results when the particle–fluid interaction potential decays at
much larger length scales than the particle size. Further, the solution strategy needs to
be revised whenever the interaction potential changes, making it less convenient to be
integrated into other analyses.
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Mobility expressions for phoretic and self-phoretic motion

The second approach employs the reciprocal theorem in the thin interaction length
limit (Stone & Samuel 1996; Brady 2011; Michelin & Lauga 2014; Lisicki et al. 2018;
Masoud & Stone 2019; Poehnl et al. 2020; Ganguly & Gupta 2023; Raj et al. 2023a).
In this limit, it is assumed that there exists a slip velocity, us, at the interface of the
inner region where the interaction potential is non-zero, and the outer region where the
interaction potential is zero. This allows one to treat the outer problem as a classical
Stokes flow problem with a slip boundary condition. Consequently, U and Ω can be
represented as surface integrals of appropriate functions of us. This approach based on
the reciprocal theorem was first utilized by Stone & Samuel (1996) to study the impact
of distortions in spherical microswimmers. This methodology is particularly powerful
because, unlike the first method, computing U and Ω is relatively straightforward and
agnostic to the mechanistic origin of us. However, this approach is valid only when the
interaction potential length is significantly smaller than the particle size, restricting its
applicability. Additionally, it requires the knowledge of us a priori, and most studies have
to rely on a lumped mobility parameter to estimate the value of us (Michelin & Lauga
2014; Lisicki et al. 2018; Poehnl & Uspal 2021; Ganguly & Gupta 2023; Raj et al. 2023a).

In this work, we seek to unify the benefits realized through the two approaches by
employing the results of Brady (2021) and demonstrating how it can reconcile a large
volume of mobility results for externally driven and self-phoretic propulsion of particles,
and using these results for additional analyses. This approach is similar to the prior
literature on the inertial correction to Stokes flow (Brenner & Cox 1963; Hinch 1991;
Leal 2007), and swimming through non-Newtonian fluids (Datt et al. 2015; Elfring &
Goyal 2016; Datt et al. 2017), where the first-order corrections include a body force term
from the leading order and reciprocal theorem is employed to find the resulting motion.
In § 2, we obtain a general mobility expression for an arbitrary particle shape, subjected
to an osmophoretic (combination of osmotic and phoretic force) body force b, identical to
the results in Brady (2021). Subsequently, we take our expression to the thin interaction
length scale limit and retrieve the mobility expressions in Stone & Samuel (1996), see
§ 3. In § 3, we also retrieve the expression for the electrophoretic mobility of translation
of a charged spherical particle in an external electric field, obtained by Henry (1931).
Additionally, we derive the diffusiophoretic mobility of a charged spherical particle in an
externally imposed solute gradient at finite interaction lengths, as first obtained by Keh &
Wei (2000). Finally in § 4, we apply our result to study the autophoretic motion of spherical
microparticles with catalytic caps. We study how translation velocity depends on the cap
size, the surface interaction potential and the interaction length relative to particle size.
Since our methodology works for both externally driven and self-propelling particles,
we also study particle propulsion by both modes simultaneously, see § 5. These model
problems demonstrate the wide applicability of the expressions derived by Brady (2021)
and reproduced in this manuscript. Finally, in § 6 we summarize the key findings of our
work and outline future ideas.

2. Derivation of the unified mobility expression

In this section, we derive the translation velocity (U) and rotational velocity (Ω) of an
arbitrary particle with surface Sp immersed in a fluid of volume V due to an arbitrary
osmophoretic body force b, see figure 1(a). The particle surface is defined via the vector
xS relative to the centre of mass of the particle. We define er as the outward unit normal
to the particle surface, r is the distance from the centre of mass of the particle and r is the
position vector defined from the centre of mass of the particle. The fluid velocity around
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(a) (b)

Low

High

er

xs

a

Proposed approach Slip velocity approach

COM

SP S+
P

b
u

us = M∇sC

b

λφ

Fluid domain: V, S∞

Figure 1. Two approaches to finding the velocity of a particle of characteristic length scale a by resolving the
fluid velocity at the particle surface. The particle surface is defined by a vector xs relative to the centre of
mass (COM) of the particle. (a) Obtain the fluid velocity near the particle surface by resolving the modified
Stokes equation with an arbitrary body force, b. The body force, b, depends on charge, ρ, salt, s, and interaction
potential, φ. (b) When the interaction length is small λ/a � 1, the velocity near the fluid surface, at the outer
edge of the interaction layer, us, is taken to be the velocity at the particle surface. The slip velocity, us, depends
on the lumped mobility, M, which depends on the interaction between the surface and solute, and the solute
concentration at the vicinity of the surface, c.

the particle can be resolved through the modified Stokes equation, defined as

∇ · σ + b = 0, (2.1)

where σ is the hydrodynamic stress tensor. The velocity field u is assumed to decay to zero
in the far-field, u|S∞ → 0. At the particle surface, the fluid obeys a no-slip, rigid body
boundary condition, u|Sp = U + Ω × xS. To obtain U and Ω using Lorentz reciprocal
theorem (Masoud & Stone 2019), we define an auxiliary Stokes flow (Û, Ω̂) while
preserving particle geometry with the same no-slip rigid surface, û|Sp = Û + Ω̂ × xS,
and far-field decay, û|S∞ → 0, boundary conditions.

Using the Lorentz reciprocal theorem, we can relate the phoretic problem (U ,Ω ,b) and
the auxiliary problem (Û ,Ω̂ ,b̂) to be∫

Sp

er · σ · û dS −
∫

Sp

er · σ̂ · u dS =
∫

V
û · b dV −

∫
V

u · b̂ dV. (2.2)

Substituting in the expressions of the fluid velocities, u|Sp and û|Sp , at the particle surface
we can simplify (2.2). Additionally, we assume that there is no body force in the auxiliary
problem, b̂ = 0. Thus, we can rewrite (2.2) to be∫

Sp

er · σ ·
(

Û + Ω̂ × xS

)
dS −

∫
Sp

er · σ̂ · (U + Ω × xS) dS =
∫

V
û · b dV. (2.3)

Since the inertia of the particle is negligible, for both the phoresis and the auxiliary
problem, the particle is force-free and torque-free. For the phoretic propulsion, the
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Mobility expressions for phoretic and self-phoretic motion

∇s∞ = 2εc0ezE∞ = εE0ez

ρ01∇φ11 + ρ11 
∇φ01 + ∇s12˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ζ2˜

b = –ε ζ ρ01∇φ10 + ∇s
11

˜ ˜ ˜ ˜ ˜ ˜˜ +

Zeta potential: ζ  Zeta potential: ζ  

U U

b̃ = –εζ ρ01∇φ10 + ∇s
11

˜ ˜ ˜ ˜ ˜˜

(a) (b)

Figure 2. Methodology to validate proposed mobility expressions for a charged particle with a zeta
potential (ζ ) in the Debye–Hückel limit for (a) electrophoresis with an external field E∞ = εE0ez and
(b) diffusiophoresis with externally imposed solute gradient ∇s∞ = 2εc0ez. The expressions of dimensionless
osmophoretic force b̃ are provided. Substituting the appropriate b in (2.12) enables us to recover mobility
relationships that otherwise require cumbersome calculations.

hydrodynamic force and torque is balanced by the osmophoretic force and torque, or∫
Sp

er · σ dS︸ ︷︷ ︸
hydrodynamic

−
∫

V
b dV︸ ︷︷ ︸

osmophoretic

= 0, (2.4)

∫
Sp

xs × er · σ dS︸ ︷︷ ︸
hydrodynamic

−
∫

V
r × b dV︸ ︷︷ ︸

osmophoretic

= 0, (2.5)

where the negative sign in front of the osmophoretic term appears because the
osmophoretic force on the particle is equal in magnitude to the osmophoretic force on
the fluid but opposite in sign (Brady 2011). For the auxiliary system, we balance the
hydrodynamic and external forces and torques, or∫

Sp

σ̂ · er dS︸ ︷︷ ︸
hydrodynamic

+ F̂ ext︸︷︷︸
external

= 0, (2.6)

∫
Sp

xs × σ̂ · er dS︸ ︷︷ ︸
hydrodynamic

+ L̂ext︸︷︷︸
external

= 0, (2.7)

where F̂ ext and L̂ext are the external force and torque required to move the particle in the
auxiliary problem, which is to be determined. We note that (2.4)–(2.5) are different from
(2.6)–(2.7) since the phoretic propulsion is induced by b whereas in the auxiliary problem
motion is caused by F̂ ext and L̂ext.

To calculate U and Ω for a given b from (2.3)–(2.7), we need to express, F̂ ext, L̂ext

and û in the auxiliary problem as functions of Û and Ω̂ . To do so, we use a resistance
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formulation to write [
F̂ ext

L̂ext

]
=

[
RFU RFΩ

RLU RLΩ

]
·
[

Û
Ω̂

]
, (2.8)

where the resistance matrices RFU , RFΩ , RLU and RLΩ relate the driving force (F̂ ext) and
torque (L̂ext) to the translational (Û) and rotational velocity (Ω̂). Further, we describe û as

û = DT · Û + DR · Ω̂ × r, (2.9)

where DT is the translation disturbance tensor and DR is the rotation disturbance
tensor. Equations (2.8)–(2.9) combined with (2.6)–(2.7) provide necessary information
to simplify (2.3) as a function of Û and Ω̂ .

Next, we choose convenient values of Û and Ω̂ to simplify (2.3). Specifically, we use
six auxiliary flow problems, pure translation (Ω̂ = 0 and Û = U0e1, U0e2, U0e3) and
pure rotation (Û = 0 and Ω̂ = U0/ae1, U0/ae2, U0/ae3) with U0 being the characteristic
velocity scale and a being the characteristic particle length, to obtain

[
RFU RFΩ

RLU RLΩ

]
·
[

U
Ω

]
=

⎡
⎢⎢⎣

∫
V

(DT − I) · b dV∫
V

(DR − I) · r × b dV

⎤
⎥⎥⎦ . (2.10)

By inverting the resistance tensor, we obtain a mobility formulation that resolves U and
Ω in terms of volume integrals of b,

[
U
Ω

]
=

[
MUF MUL
MΩF MΩL

]
·

⎡
⎢⎢⎣

∫
V

(DT − I) · b dV∫
V

(DR − I) · r × b dV

⎤
⎥⎥⎦ (2.11)

where the matrices MUF, MΩF, MUL and MΩL are the corresponding mobility tensors. For
an in-depth mathematical analysis and mechanistic discussion regarding the various forms
of b, we redirect the reader to Brady (2021).

Physically, (2.11) is insightful as it helps parse apart the difference between the phoretic
problem and the auxiliary problem. The rightmost term is the effective force and torque
on the particle due to phoretic interactions and has two contributions: (i) the term
associated with the identity tensor (I) is the osmophoretic force and torque acting on
the particle, and (ii) the term associated with the disturbance tensors (DT , DR) is the
hydrodynamic correction to the distribution of body forces around the particle. This
correction arises because the phoretic interactions near the particle surface lead to an
additional compensating fluid motion (Brady 2011) causing a long-range hydrodynamic
disturbance. This effect is not captured in the definition of the hydrodynamic mobility
tensor and thus manifests separately. If the terms associated with disturbance tensors were
not present, (2.11) is essentially identical to (2.8) with osmophoretic force on the particle
as the external force.

We note that (2.11) takes an explicit form only when b is independent of U and Ω and is
thus most convenient for systems with small Péclet number (Pe � 1), where Pe = U0a/D,
and D is the diffusivity of the solute. The distinction from prior work, such as Stone &
Samuel (1996), Michelin & Lauga (2014), Lisicki et al. (2018), Poehnl et al. (2020), Poehnl
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Mobility expressions for phoretic and self-phoretic motion

& Uspal (2021) and Ganguly & Gupta (2023), that utilize Lorentz reciprocal theorem is
that they invoke the thin interaction length limit and apply the analysis in the outer region
where b = 0, see figure 1(b). Consequently, they do not arrive at (2.11) but rather represent
U and Ω in terms of a slip velocity at the particle surface us.

We acknowledge that similar results have been presented in Khair (2018) and Brady
(2021). However, in Khair (2018), b only focused on the electrophoretic contributions.
In contrast, Brady (2021) argued that b should include both osmotic and phoretic
contributions, and we thus refer to b as an osmophoretic body force. Care should be taken
that the osmotic contribution only includes an excess osmotic effect since a particle cannot
move without a phoretic interaction; interested readers are referred to Brady (2021). The
phoretic contribution arises from the interaction of the particle with a macroscopically
established potential field. The nature of this field depends on the specific model problem
under consideration. We refer the readers to Brady (2021) for an in-depth mathematical
analysis and a general discussion on the mechanistic origin of b. Building on the work by
Brady (2021), we systematically illustrate how both phoretic and osmotic contributions to
the body force term are required to reconcile a broad range of results in the literature
and arrive at universal mobility relationships. Additionally, through this framework,
we quantify the impact of interaction length on microswimmer motion in electrolytic
solutions, elaborating on the suggestion established in Brady (2021).

For a spherical particle (see Duprat & Stone (2016) for derivation), the relevant
hydrodynamic parameters are DT = 3a/4r(I + erer) + a3/4r3(I − 3erer),
DR = (a3/r3)I , MUF = (1/6πμa)I , MUL = 0, MΩF = 0 and MΩL = (1/8πμa3)I; where
a is the radius of the sphere, μ is the fluid viscosity, r is the radial distance from the centre
of the sphere and er is the radial vector pointing away from the centre. Substituting, these
definitions of the hydrodynamic disturbance and mobility in (2.11) we obtain

U = 1
6πμa

∫
V

[(
3a
2r

− a3

2r3 − 1
)

b⊥+
(

3a
4r

+ a3

4r3 − 1
)

b‖
]

dV, (2.12)

Ω = 1
8πμa3

∫
V

r
(

a3

r3 − 1
)

er × b‖ dV, (2.13)

where the body force is decomposed into b = b⊥ + b‖. The perpendicular subscript
denotes the component normal to the sphere and the parallel subscript denotes the
component parallel to the surface. Equations (2.12)–(2.13) were also reported in the prior
literature for phoretic systems (Brady 2021) as well as for different physical systems
(Brenner & Cox 1963; Hinch 1991; Leal 2007; Datt et al. 2015; Elfring & Goyal 2016; Datt
et al. 2017). We extensively validate this result in the next section and show it relaxes to
the various well-known expressions present in the literature, for both microswimmers and
externally driven particles. Further, we employ this expression to study a microswimmer
in the arbitrary interaction layer limit and a microswimmer driven by an external gradient
in addition to its self-propelling mode of swimming.

3. Validation

3.1. Simplification at the limit of the thin interaction length scale
In this subsection, we aim to simplify (2.12)–(2.13) in the limit of the thin interaction
length scale for a spherical microswimmer and recover the equations discussed in Stone &
Samuel (1996).

We proceed to simplify (2.12)–(2.13) at the thin interaction length limit, λ/a � 1, where
λ is the interaction length scale. To this end, we define a stretched radial coordinate
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ρ = (r − a)/λ. Next, we expand and rewrite (2.12)–(2.13) in orders of λ/a. Subsequently,
the leading-order contribution to the translation and rotation velocities are obtained to be

U = − λ

4πμa2

∫
V

ρb‖ dV, (3.1)

Ω = − 3λ
8πμa3

∫
V

ρer × b‖ dV. (3.2)

Since the volume of interest at the thin interaction limit is a spherical shell of thickness
λ surrounding the particle, we can rewrite the differential volume element to be
dV = λ dρ dS and the volume integrals as

U = − λ2

4πμa2

∫
Sp

[∫ ∞

0
ρb‖ dρ

]
dS, (3.3)

Ω = − 3λ2

8πμa3

∫
SP

er ×
[∫ ∞

0
ρb‖ dρ

]
dS. (3.4)

In the thin interaction limit, the shear force is balanced by the parallel body force, or

μ

λ2
∂2u‖
∂ρ2 + b‖ = 0. (3.5)

We note that in (3.5), since b is the osmophoretic force, b‖ also includes the excess osmotic
term. Multiplying (3.5) by ρ and employing integration by parts, we arrive at∫ ∞

0
ρb‖ dρ = μ

λ2 u‖|∞0 = μ

λ2 us, (3.6)

where us = u‖,∞ − u‖,0, is the phoretic slip velocity. Substituting (3.6) into (3.3)–(3.4),
we get the widely used result derived in Stone & Samuel (1996),

U = − 1
4πa2

∫
SP

us dS, (3.7)

Ω = − 3
8πa3

∫
SP

er × us dS, (3.8)

where the integral is over the surface of the sphere.

3.2. Electrophoretic mobility at arbitrary interaction length scales
To further validate (2.12)–(2.13) by the determination of the electrophoretic mobility of
a sphere in the Debye–Hückel limit for an arbitrary Debye length (Henry 1931; Teubner
1982; Kim & Karrila 2013), we assume a homogeneous sphere of radius, a, immersed in a
binary monovalent electrolytic solution such that the electrical permittivity of the solution
is denoted as ε. Our objective is to analyse the motion of the particle with a given surface
zeta potential driven by an external electric field. First, we assume that the surface zeta
potential, ζ , falls in the Debye–Hückel limit, eζ/kBT � 1, where e is the charge of an
electron, kB is the Boltzmann constant and T is the absolute temperature. We also assume
an electric field disturbance of E∞ far away from the particle such that E∞ = εE0ez,
where ε is a small parameter and physically indicates that the length scale of the far-field
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Mobility expressions for phoretic and self-phoretic motion

potential decay is much larger than the particle size, see figure 2(a). Note that ε is the
electrical permittivity and should not be confused with ε, which is a small parameter
in our analysis. Finally, the total osmophoretic body force (b) driving the particle arises
through a combination of the electrostatic interaction and net excess osmotic pressure in
the fluid, or

b = −e (c+ − c−) ∇φ − kBT∇ (c+ + c−) , (3.9)

where c+ and c− are the concentrations of the positive and negative electrolytic species,
respectively, and φ is the electric potential. As a convenient choice, we can represent
the solute concentrations in terms of net charge, ρ = e(c+ − c−), and salt, s = c+ + c−,
and rewrite the body force to be b = −ρ∇φ − kBT∇s. It should be noted that care
should be exercised in choosing the appropriate expression for b. Specifically, the osmotic
contribution −kBT∇s refers to the excess osmotic contribution arising out of an interaction
that locally drives the solute out of equilibrium. This effectively implies that in the absence
of such interactions, an external salt gradient on its own cannot induce net particle motion,
as demonstrated in Brady (2021). The equivalence of (2.12) and the results of Brady
(2021) can be seen by defining an additional surface stress contribution, σ p = −kBTsI ,
as per (2.17) in Brady (2021), due to the excess osmotic pressure. The divergence of σ p
leads to the second term in (3.9), −kBT∇s. We refer the readers to our discussion on the
mechanistic origin of b in § 2 and redirect them to Brady (2021) for more details.

To appropriately derive the particle motion, we are required to obtain the solutions to
ρ, s and φ for a given E∞ and ζ . As mentioned earlier, we assume that the species are
monovalent, z± = ±1 and have diffusivities D±, the species balance is given by the steady
Nernst–Planck equations,

u · ∇c+ = D+
[
∇2c+ + e

kBT
∇ · (c+∇φ)

]
, (3.10)

u · ∇c− = D−
[
∇2c− − e

kBT
∇ · (c−∇φ)

]
. (3.11)

For Pe = aU/D � 1 (U is the velocity scale for the particle, D = 2D+D−/(D+ + D−)

is the ambipolar diffusivity), we ignore the convective effects. Consequently, (3.10) and
(3.11) can be rewritten in terms of ρ and s as

∇2s + 1
kBT

∇ · (ρ∇φ) = 0, (3.12)

∇2ρ + e2

kBT
∇ · (s∇φ) = 0. (3.13)

Finally, the system of equations is closed by using Poisson’s equation to resolve the electric
potential,

− ε∇2φ = ρ. (3.14)

In the far-field, at r → ∞, the potential gradient is the externally imposed electric field
and the fluid is electroneutral, or

−∇φ|r→∞ = εE0ez. (3.15)

ρ|r→∞ = 0. (3.16)

Moreover, in the far-field c+ = c− = c0, where c0 is a characteristic solute concentration,
we can write s to follow

s|r→∞ = 2c0. (3.17)
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At the particle surface, at r = a, the electrostatic potential is equal to the zeta potential at
the surface, or

φ|r=a = ζ. (3.18)

Additionally, there is no salt or charge flux normal to the particle surface,

er ·
[
∇s + ρ

kBT
∇φ

]
r=a

= 0, (3.19)

er ·
[
∇ρ + se2

kBT
∇φ

]
r=a

= 0. (3.20)

Equations (3.12)–(3.20) are non-dimensionalized using the following appropriate scales:

∇̃ = a∇, ∇̃2 = a2∇2, φ̃ = eφ
kBT

, ρ̃ = ρ

ec0
, s̃ = s

c0
, r̃ = r

a
. (3.21a–f )

Thus, the non-dimensional Poisson–Nernst–Planck equations are given as

∇̃2s̃ + ∇̃ ·
(
ρ̃∇̃φ̃

)
= 0, (3.22)

∇̃2ρ̃ + ∇̃ ·
(

s̃∇̃φ̃
)

= 0, (3.23)

∇̃2φ̃ = −κ2

2
ρ̃, (3.24)

where κ = (2a2e2c0/εkBT)1/2 is the dimensionless inverse Debye length. In the far-field,
thus

− ∇̃φ̃

∣∣∣
r̃→∞

= εẼ0ez, (3.25)

ρ̃|r̃→∞ = 0, (3.26)

s̃|r̃→∞ = 2, (3.27)

where Ẽ0 = aeE0/(kBT) is the non-dimensional electric-field. Similarly, at the particle
surface, the non-dimensional boundary conditions read

er ·
[
∇̃s̃ + ρ̃∇̃φ̃

]
r̃=1

= 0, (3.28)

er ·
[
∇̃ρ̃ + s̃∇̃φ̃

]
r̃=1

= 0, (3.29)

φ̃

∣∣∣
r̃=1

= eζ
kBT

= ζ̃ . (3.30)

As we discuss later, it is more appropriate to write (3.30) as a constant charge boundary
condition, which renders the gradient of the potential to be constant instead. However, for
the weak-field, these surface boundary conditions are equivalent and hence we retain the
constant potential boundary condition for simplicity.

For the remainder of the calculation until (3.67), we will drop the tilde superscript
in (3.22)–(3.30) for convenience and restore the dimensions once the non-dimensional
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Mobility expressions for phoretic and self-phoretic motion

calculations are complete. We expand φ, ρ and s in the small parameters ζ and ε as

φ = φ00 + ζφ01 + ε (φ10 + ζφ11) , (3.31)

ρ = ρ00 + ζρ01 + ε (ρ10 + ζρ11) , (3.32)

s = s00 + ζ s01 + ε (s10 + ζ s11) . (3.33)

The asymptotic expansions in (3.31)–(3.33) are substituted into (3.22)–(3.30), and the
corresponding equations are solved at each asymptotic order.

Order O(1): an uncharged particle without any electric field. The governing equations
and boundary conditions are obtained to be

∇2s00 + ∇ · (ρ00∇φ00) = 0, (3.34)

∇2ρ00 + ∇ · (s00∇φ00) = 0, (3.35)

∇2φ00 = −κ2

2
ρ00, (3.36)

er · [∇s00 + ρ00∇φ00] = 0, at r = 1, (3.37)

er · [∇ρ00 + s00∇φ00] = 0, at r = 1, (3.38)

φ00 = 0, at r = 1, (3.39)

s00 = 2, at r → ∞, (3.40)

ρ00 = 0, at r → ∞, (3.41)

∇φ00 = 0, at r → ∞. (3.42)

The system of (3.34)–(3.40) have a trivial solution, i.e. φ00 = 0, ρ00 = 0, s00 = 2.
Physically, the solution simply implies that the ion concentration is uniform because the
particle is uncharged and there is no electric field.

Order O(ε): perturbation due to the electric field for an uncharged particle. The
governing equations for the salt and charge dynamics, and electrostatic potential after
substituting the expressions of ρ00, s00, and φ00 are given as

∇2s10 = 0, (3.43)

∇2ρ10 + 2∇2φ10 = 0, (3.44)

∇2φ10 = −κ2

2
ρ10. (3.45)

The corresponding reduced boundary conditions when r → ∞ are

s10 = 0, (3.46)

ρ10 = 0, (3.47)

−∇φ10 = E0ez, (3.48)

and when r = 1, they read

er · ∇s10 = 0, (3.49)

er · [∇ρ10 + 2∇φ10] = 0. (3.50)

er · ∇φ10 = 0, (3.51)

where the derivative of the potential is set to be zero to ensure that there is no excess charge
on the surface, see discussion below (3.30). Mathematically, at O(ε), the charge on the
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particle surface is zero. Through Gauss’s law, the no surface charge boundary condition
necessitates that er · ∇φ10 = 0. Hence, (3.50) implies that er · ∇ρ10 = 0 at the particle
surface. Along with (3.44) and (3.47), we obtain ρ10 = 0. Similarly, (3.43), (3.46) and
(3.49) reveal s10 = 0.

Since ρ10 = 0, φ10 is governed by the Laplace equation, and the solution with
appropriate boundary conditions reads (Griffiths 2005)

φ10 (r, θ) = −E0r
(

1 + 1
2r3

)
cos θ. (3.52)

Physically, this order implies that the perturbed potential and corresponding electric field
lines get modified due to the geometry of the particle but there is no charge and salt
accumulation.

Order O(ζ ): perturbation of a charged particle without an external electric field. The
equations governing the charge, salt and potential at O(ζ ) are analogous to (3.43)–(3.45)
at O(ε) but have different boundary conditions. The governing equations are

∇2s01 = 0, (3.53)

∇2ρ01 + 2∇2φ01 = 0, (3.54)

∇2φ01 = −κ2

2
ρ01. (3.55)

As r → ∞ the net charge, salt and electric potential gradient all decay to zero, or

s01 = 0, (3.56)

ρ01 = 0, (3.57)

∇φ01 = 0. (3.58)

At the particle surface, r = 1, we obtain

er · ∇s01 = 0, (3.59)

er · [∇ρ01 + 2∇φ01] = 0, (3.60)

φ01 = 1. (3.61)

Equations (3.53), (3.56) and (3.59) yield s01 = 0. The remainder of the equations reveal

φ01(r) = 1
r

exp(−κ(r − 1)), (3.62)

ρ01(r) = −
(

2
r

)
exp(−κ(r − 1)). (3.63)

Physically, the results indicate the distribution of potential and charge arising due to a
charged particle.

Order O(εζ ): perturbation of both imposed electric field and surface zeta potential. To
fully resolve the body force to the order of O(εζ ), we have to obtain s11, this can be
observed by the expansion of (3.9) and collecting the respective orders. The governing
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Mobility expressions for phoretic and self-phoretic motion

equations and boundary conditions for salt, s11, are given by

∇2s11 + ∇ · (ρ01∇φ10) = 0, (3.64)

s11 → 0, at r → ∞, (3.65)

er · [∇s11 + ρ01∇φ10] = 0 at r = 1. (3.66)

Substituting in the expression of ρ01 from (3.63) and φ10 from (3.52) we can solve for
s11(r, θ). The salt dynamics are in the form of s11 = E0 f (r) cos θ where f (r) is

f (r) = 1
r2

(
κ

6
− 5

3
− 10

κ
− 2

κ2

)
+ κ2

3
exp (κ) Ei (−κr) + 2

κ2r2 exp(−κ(r − 1))

− 4
3κr2 exp(−κ(r − 1)) + κ

3
exp(−κ(r − 1))

− 1
3r

exp(−κ(r − 1)) + 2
κr

exp(−κ(r − 1)), (3.67)

where Ei() is the elliptic integral.
Reintroducing dimensions: at this stage, we restore the dimensions and reintroduce

the tilde for dimensionless variables. The total osmophoretic body force b is made
dimensionless by writing b = (kBTc0/a)b̃ = (ε(kBT)2κ2/2e2a3)b̃. The first relevant order
of b̃ for electrophoresis is εζ̃ because it is the order at which a charged particle is being
driven by an electric field. To this end, we write

b̃ = −εζ̃
[
ρ̃00∇̃φ̃11 + ρ̃11∇̃φ̃00 + ρ̃01∇̃φ̃10 + ρ̃10∇̃φ̃01 + ∇̃s̃11

]
. (3.68)

Based on the solutions at different orders, it is straightforward to see that b̃ reduces to

b̃ = −εζ̃
[
ρ̃01∇̃φ̃10 + ∇̃s̃11

]
. (3.69)

We note that the body force term of s̃11 integrates out to zero in the calculation of U and
Ω for electrophoresis and is generally not included in prior analyses. However, we retain
this term for consistency as it does become crucial for diffusiophoretic phenomena, as we
detail in § 3.3.

After substituting the values of ρ̃01, φ̃10 and s̃11, the resultant equation in dimensional
form is

b = −εεE0ζκ2

2a2

{[
2
r̃

exp(−κ(r̃ − 1))

(
1 − 1

r̃3

)
cos θ + df (r̃)

dr̃
cos θ

]
er

−
[

2
r̃

exp(−κ(r̃ − 1))

(
1 + 1

2r̃3

)
sin θ + f (r̃)

r̃
sin θ

]
eθ

}
. (3.70)

Equation (3.70) is substituted into (2.12) to obtain the translational velocity to be

U = ME∞, (3.71)

where the mobility M after restoring dimensions is

M = εζ

6μ

[
(1 + κ) + (12 − κ2)

∫ ∞

1

eκ(1−t)

t5
dt

]
, (3.72)

which is the seminal result of Henry (1931) for arbitrary double layer thickness, and has
also been reported by Teubner (1982) and Kim & Karrila (2013). For a homogeneous
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sphere, our analysis reveals Ω = 0, as expected. We emphasize that it is straightforward to
extend the calculations to heterogeneous spheres (Velegol et al. 1996; Teubner 1982) and
obtain results for electrorotation in arbitrary double-layer thicknesses, which otherwise
requires considerable effort.

3.3. Electrolytic diffusiophoretic mobility at arbitrary interaction length scales
Next, we focus on the process of electrolytic diffusiophoresis in the Debye–Hückel
limit and for arbitrary double-layer thickness. We assume that the external concentration
gradient of a binary monovalent electrolyte is given as ∇s∞ = 2ε∇c0, where ε is a small
parameter, much like in § 3.2, see figure 2(b). Here, b is required to be expanded to an
additional higher order of εζ̃ 2. The term of order O(εζ̃ ) is identical to electrophoresis
and represents the electrophoretic component of the diffusiophoretic mobility. The second
term of order O(εζ̃ 2) denotes the chemiphoretic component. We employ the expression
of b, derived in this subsection, to (2.12)–(2.13). This allows us to retrieve the expression
of the translation velocity of a charged spherical particle in an unbounded solution of a
symmetrically charged electrolyte for an arbitrary double-layer thickness, which otherwise
requires considerable efforts, see Keh & Wei (2000).

We acknowledge the electrokinetic equations used to describe such diffusiophoretic
systems are analogous to our treatment of the motion of electrophoretically propelled
particles in § 3.2. However, the key mechanistic difference is the presence of an external
gradient of solute ∇s∞ instead of an imposed electric field E∞; this results in a
change of boundary conditions and subsequently the solutions at different asymptotic
orders. To preserve the pedagogical nature of our manuscript, we will rederive the
electrophoretic contribution and subsequently solve for the chemiphoretic contribution to
the osmophoretic body force term and attempt to emphasize key physical and mathematical
differences between the derivations laid out in §§ 3.2 and 3.3.

Consider a colloidal particle with a surface zeta potential, ζ , in an external solute
gradient of a symmetric binary electrolyte. We assume that the electrolytes are monovalent
such that z± = ±1. The ions are assumed to have different diffusivities D+ /= D−.
The governing equations of the concentration of the ionic species, c±, are identical to
(3.10)–(3.11) and the interaction potential is governed by Poisson’s equation, as given in
(3.14). However, the far-field boundary conditions are different. Specifically, as r → ∞,
we assume that the concentration of the ionic species is linear with position z, or

c± = c0

(
1 + εz

a

)
. (3.73)

Further, it is assumed that the electric current in the far-field is zero, which yields (Prieve
et al. 1984; Velegol et al. 2016; Gupta et al. 2019)

− ∇φ|r→∞ = εβ
kBT
ae

= εE0ez, (3.74)

where β = (D+ − D−)/(D+ + D−) and E0 = β(kBT/ae). The electric field is thus
induced due to unequal diffusivities and a non-zero salt gradient.

Similar to electrophoresis, modification of the governing equations in terms of charge,
ρ = e(c+ − c−), salt, s = c+ + c−, and potential, φ, result in (3.12)–(3.14). In the
far-field, the boundary conditions for φ and ρ are identical to (3.15) and (3.16) with the
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aforementioned definition of E0. However, the boundary condition of s is modified to

s|r→∞ = 2c0

(
1 + εz

a

)
. (3.75)

Note that ε/a = ∇ log s∞. The boundary conditions are identical at the particle surface,
i.e. (3.18)–(3.20). The objective is to solve ρ, s and φ with the modified boundary
conditions above and subsequently evaluate the total osmophoretic body force, following
the procedure used to obtain (3.9). We non-dimensionalize the equations using the same
scales as (3.21a–f ) and also define b = (kBTc0/a)b̃ = (ε(kBT)2κ2/2e2a3)b̃, where the
definition of κ is also identical.

For simplicity, we drop the tilde from our analysis until (3.92) and reintroduce them
afterward. Thus, the non-dimensional osmophoretic body force is given as b = −ρ

∇φ − ∇s. We expand ρ, s and φ until O(εζ 2), and solve the equations at each order.
Order O(1): an uncharged particle without any external salt gradient. The results at

this order are identical to electrophoresis and thus yield s00 = 2, ρ00 = 0, and φ00 = 0,
indicating a uniform concentration of ion with no charge and potential.

Order O(ε): perturbation of the external salt concentration to an uncharged particle.
This order is distinct compared with electrophoresis since the far-field boundary condition
for salt is different, while the remainder of the equations and boundary conditions
are identical. We note that the boundary condition for the electric field is similar to
electrophoresis since we have defined E0. The solution simply reduces to zero and uniform
charge density ρ10 = 0, while both salt and potential follow the Laplace equation. The
results read

s10 (r, θ) = 2r
(

1 + 1
2r3

)
cos θ, (3.76)

φ10 = −E0r
(

1 + 1
2r3

)
cos θ. (3.77)

Physically, at this order, a gradient in the salt concentration far away perturbs the salt field
and induces a potential field if diffusivity asymmetry is present (E0 /= 0 only when β /= 0).
However, since the surface is uncharged, ρ10 = 0.

Order O(ζ ): perturbation in the surface charge of the particle without an external field.
Since there is no external field at this order, the solution is identical to electrophoresis with
s01 = 0 and

φ01(r) = 1
r

exp(−κ(r − 1)), (3.78)

ρ01(r) = −2
r

exp(−κ(r − 1)). (3.79)

This order represents the potential and charge profiles due to the surface charge of the
particle. However, there is no salt accumulation at this order since the reduction in the
coion concentration is balanced by the increase in the counter-ion concentration.

Order O(εζ ): perturbation in both the imposed salt concentration and surface charge.
The governing equations for charge (ρ11), salt (s11), and potential (φ11) are

∇2s11 + ∇ · [ρ01∇φ10] = 0, (3.80)

∇2ρ11 + ∇ · [s10∇φ01 + 2∇φ11] = 0, (3.81)

∇2φ11 = −κ2

2
ρ11. (3.82)
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The boundary conditions at the particle surface, r = 1, are

er · [∇s11 + ρ01∇φ10] = 0, (3.83)

er · [∇ρ11 + s10∇φ01 + 2∇φ11] = 0, (3.84)

er · ∇φ11 = 0. (3.85)

Again, there is no external field as r → ∞. Substituting in the solutions obtained in
O(ε), and O(ζ ) we begin to solve s11, ρ11 and φ11. Further, we can separate the r
and θ contributions by redefining s11(r, θ) = fs11(r) cos θ , ρ11(r, θ) = fρ11(r) cos θ , and
φ11(r, θ) = fφ11(r) cos θ and solve the equations numerically, see Appendix A. It is
possible to find analytical solutions to (A1)–(A6), similar in form to (3.67). In the scope
of our current paper, we choose to resolve the dynamics at O(εζ ) and O(εζ 2) numerically.
For an analytical derivation of such higher-order effects the reader is directed to Keh &
Wei (2000).

Order O(εζ 2): first-order perturbation in salt field and second-order perturbation in
surface charge. We only seek to solve s12 at this order since it is the only quantity required
to resolve the body force up to O(εζ 2), see (3.91). The equation governing the dynamics
of s12 is

∇2s12 + ∇ · [ρ01∇φ11 + ρ11∇φ01] = 0, (3.86)

with

er · [∇s12 + ρ01∇φ11 + ρ11∇φ01]r=1 = 0, (3.87)

and s12(r → ∞, θ) = 0. We write s12 as s12(r, θ) = fs12(r) cos θ and solve the equations
numerically, see Appendix A. As discussed previously, we solve (A7), (A8), and the
far-field constraint numerically.

Restoring dimensions: we now restore dimensions and reintroduce tilde to describe
dimensionless variables. Therefore, we write the body force b = (ε(kBT)2κ2/2e2a3)b̃ such
that

b̃ = εζ̃ b̃11 + εζ̃ 2b̃12, (3.88)

b̃11 = −
(
ρ̃01∇̃φ̃10 + ∇̃s11

)
, (3.89)

b̃12 = −
(
ρ̃01∇̃φ̃11 + ρ̃11∇̃φ̃01 + ∇̃s̃12

)
. (3.90)

At this point, some comments are in order. We note that b̃ could also include a term at
O(ε) since s10 /= 0. However, b̃ only includes excess osmotic pressure and not the osmotic
pressure itself. This is because the osmotic pressure contribution due to ∇s∞ would lead to
particle motion even in the absence of phoretic interactions. Only the terms at subsequent
orders are included to ignore this effect. Further, we highlight that both φ̃10 and s̃11 are
proportional to Ẽ0. Therefore, the O(εζ̃ ) term only depends on E0 and is referred to as
the electrophoretic contribution. Since ρ̃01, φ̃10 and s̃11 are identical to electrophoretic
solution, the O(εζ̃ ) is equal to the one described earlier in (3.72).

However, in contrast, for the O(εζ̃ 2) contribution, ρ̃01, φ̃11, ρ̃11, φ̃01 and s̃12 are
independent of E0. Furthermore, φ̃11, ρ̃11 and s̃12 are all proportional to s̃10, which is
consistent with the prior literature (Anderson 1989; Keh & Wei 2000; Gupta et al. 2019).
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0.9

Keh & Wei (2000)
Eq. (21a)

Our result Eq. (3.93)

Keh & Wei (2000)
Eq. (21b)

Our result Eq. (3.93)

0.8
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1.0

100 102 100 102

(a) (b)

Θ1 Θ2

κ κ

Figure 3. Comparison of proposed mobility expressions of diffusiophoretic mobility in (3.93) with the
mobility reported in Keh & Wei (2000). Quantitative agreement of both (a) the electrophoretic component
Θ1(κ) and (b) the chemiphoretic component Θ2(κ) is observed.

Since b̃11 is identical to the electrophoretic motion, we focus our attention on b̃12, which
reads

b̃12 = −
(

ρ01
dfφ11

dr
+ fρ11

dφ01

dr
+ dfs12

dr

)
cos θer −

(
ρ01fφ11

r
+ fs12

r

)
sin θeθ . (3.91)

Upon substituting the value of b in (2.12), the translation velocity of the particle could
be simplified to read

U = M∇ log s∞, (3.92)

where

M = ε

μ

[
kBT

e
βζΘ1 (κ) + ζ 2

8
Θ2 (κ)

]
, (3.93)

where Θ1 and Θ2 are evaluated numerically, see Appendix A. Figure 3 demonstrates good
quantitative agreement between the values obtained in Keh & Wei (2000) and our results.

This section highlighted the generality of (2.12) and (2.13). We showed they are able to
recover the mobilities for microswimmers in thin interaction layer limit, electrophoresis for
arbitrary double-layer thickness and electrolytic diffusiophoresis for arbitrary double-layer
thickness.

4. Autophoretic motion of microswimmers

In this section, we use the formula obtained in (2.12)–(2.13) to study the translation of
Janus-like particles with a spherical cap, see figure 4(a). The key novelty of our analysis
is that (2.12)–(2.13) do not impose the restriction on interaction length scale. As we
show later, if the interaction length is comparable to particle size, the particle velocity
is significantly impacted.

We define catalytic surface activity through a non-dimensional outward surface flux of
strength, J (scaled by a characteristic flux Dc0/a, where D is the diffusivity of the solute, c0
is a reference concentration of the solute and a is the particle radius). The non-dimensional
interaction length is characterized by κ−1 (scaled by a). Lastly, the size of the catalytic
cap is controlled by the polar angle θ0, such that θ0 = 0 indicates no catalytic cap on the
particle and θ0 = π/2 represents a hemispherical cap.

We assume a Helmholtz-like equation governs the interaction potential (φ, scaled
by kBT) with a constant surface potential (φ0) and a far-field decay. We take this
opportunity to highlight the choice of Helmholtz-like potential. While the potential is not
representative of different surface interactions possible, it provides a convenient choice to
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0

0.1

0

(d )

κ–1

κ = 100 κ = 30 κ = 10

κ → ∞
κ = 100
κ = 30

U
κ

2
/U

0
Uκ2

π/4 π/2 3π/4

θ0

θ0/π

θ0

π

φ0 = –3
φ0 = –1
φ0 = 1
φ0 = 3

κ

Figure 4. (a) Self-phoretic Janus particle where propulsion is controlled by the size of the spherical cap θ0, the
reactive flux J and the interaction length scale κ−1. (b) Here, U versus θ0 for different κ values demonstrates
a maximum velocity for θ0 = π/2 irrespective of κ . (c) Here, Uκ2/U0 versus κ asymptotically approaches the
thin limit calculations as κ → 100. However, considerable dampening is observed even for κ = O(10). The
values are reported for θ0 = π/2. (d) The dampening of Uκ2/U0 with κ is observed for all θ0. The value U0 is
the asymptotic limit of Uκ2 from the thin interaction layer calculations.

explore the impact of κ and thus has been chosen for this analysis. We note that our analysis
can be easily extended to other interaction potentials provided that the integrals in (2.11)
are convergent. For a detailed analysis of phoretic motion due to a general particle–solute
interaction the reader is directed to Brady (2021).

To resolve particle translation for a given surface activity and interaction, we write

∇2φ = κ2φ, (4.1)

φ = φ0, at r = 1, (4.2)

φ → 0, at r → ∞. (4.3)

Solute transport is governed by diffusion and phoretic interactions with the following
boundary conditions:

∇ · (∇c + c∇φ) = 0, (4.4)

−n · (∇c + c∇φ) = J, at r = 1, (4.5)

c → 0, at r → ∞. (4.6)

Our model problem is illustrated in figure 4(a). We solve the coupled equations (4.1)–(4.6)
numerically. A scaled model geometry was constructed with the particle radius given to be
a = 1 and an outer radius of r|∞ = 20, representing the far-field. The interaction potential
(φ) and solute concentration (c) were defined by (4.1)–(4.6). To obtain the translation
velocity through (2.12), we define the body force b = −c∇φ − ∇c. Note that the arbitrary
body force has both a phoretic and an osmotic contribution. Details of the computational
method are provided in Appendix B.

994 A2-18

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

58
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.588


Mobility expressions for phoretic and self-phoretic motion

We first analyse the effects of the spherical cap size (θ0) and interaction length scale
(κ−1) for a fixed surface flux (J = 1) and surface potential (φ0 = −1), see figure 4. First,
we note that the particle moves in the direction of the catalytic cap, since when φ0 = −1
the particle is attracted towards regions of higher solute concentration. From figure 4(b),
we observe that the propulsion velocity is maximum for θ0 = π/2. This is in agreement
with prior observations in the literature (Golestanian, Liverpool & Ajdari (2007), Michelin
& Lauga (2014), Popescu et al. (2018) and others). Additionally, the dependence of
translation velocity on the cap size is symmetric about θ0 = π/2. As described in Michelin
& Lauga (2014), when θ0 = π/2, for small Péclet numbers, the sharpest concentration
gradients are located near the equator, consequently leading to a larger slip velocity over an
extended inert surface. In contrast, for smaller or larger catalytic caps, the aforementioned
solute front is closer to the pole and thus involves a smaller share of the particle surface in
generating slip velocities and therefore a smaller swimming speed.

Thin interaction layer: we also study the dependence of propulsion velocity on the
interaction length scale (κ−1), see figure 4(c). To compare our calculations with the
thin interaction layer limit, we perform analogous calculations following the approach
of Anderson (1989) and Derjaguin et al. (1947). We consider diffusive transport of solute
∇2c = 0 through the fluid volume. The surface flux condition is given by −n · ∇c = J
with a far-field decay condition. The phoretic slip at the particle surface is defined as

uslip = −∇sc
∫ ∞

1
(r − 1)

[
exp (−φ) − 1

]
dr, (4.7)

where the non-dimensional uslip is scaled with kTc0a/μ. After that, we refer to Stone &
Samuel (1996), also derived in (3.7), to obtain the translation velocity U thin to be

U thin = − 1
4π

∫
S

uslip dS. (4.8)

It is well known in the diffusiophoretic literature (Golestanian 2019) that for κ 	 1,
|U thin| ∝ 1/κ2

thin. Consequently, we introduce a scaled velocity expression, U0 =
U thinκ

2
thin which becomes constant as κ → ∞. As shown in figure 4(c), we observe that the

velocity ratio Uκ2/U0 = |U |κ2/|U0| significantly decreases when the interaction limit
becomes comparable to particle size, i.e. κ → 1. We find that even for κ = O(10), the
velocity is reduced by almost a factor of two. We only reach the thin interaction limit
for κ = O(102). This observation is consistent with the passive diffusiophoretic literature
where even moderately thin double layers can significantly reduce the diffusiophoretic
velocity (Prieve et al. 1984), see figure 3(b). Our analysis highlights that even for
autophoretic swimmers, this effect can be observed, and using a thin interaction limit
could overestimate the velocity for moderately thin interaction thickness such as κ → 50.
Over the past decade, there has been an increasing interest in nanoparticles or very dilute
systems where relative interaction length scales are large (Leunissen et al. 2007; Shin
et al. 2016; Gupta et al. 2020b; Wu, Greydanus & Schwartz 2021; Shi, Wu & Schwartz
2023). Thus, these results could be crucial for future experimental studies. To ensure that
our trends of reductions in velocity are consistent for other conditions, in figure 4(d), we
observe that reduction in velocity for smaller κ values is consistent for all θ0 values.

5. Autophoretic swimmers with external solute gradients

To further demonstrate the applicability of (2.12) in scenarios where it is difficult to use a
slip velocity approach, we modify our model problem to include an external solute flux in
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(a) (b)
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c ∞
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Figure 5. (a) A self-phoretic particle also driven by external ∇c∞. (b) Here, Uz versus ∇c∞ shows that both
the particle speed and direction depend on the competing effects of external and self-propulsion modes. We
define (∇c∞)crit as the value when the particle motion was arrested despite the presence of concentration
gradients due to surface activities. (c) Here, (∇c∞)crit versus κ . We observe an increase in the magnitude of
the external flux needed to arrest motion as we approach thin interaction length limits.

the fluid bulk. The model geometry is preserved as shown in figure 5(a). The concentration
in the far-field is ∇c∞ = Jextez, where ez is the z-coordinate basis vector in the universal
Cartesian frame of reference and Jext is a free parameter used to control the direction and
strength of this external field. The magnitude of the external gradient is thus |∇c∞| = Jext.
We note that all additional parameters have been appropriately non-dimensionalized as per
the discussion in § 4. We analyse the variations of the local surface flux (J), external solute
flux (Jext) and interaction length scale κ . For a given surface flux J = 1, it is observed that
the translation velocity is linear with the imposed solute flux, ∇c∞. The particle moves
with a velocity U = Uzez. The direction of the propulsion is governed by the relative
magnitudes of different contributions of the body force terms. In the absence of an external
flux, the body force contributions due to the phoretic activity cause the particle to move in
the positive z-direction. In our analysis, we have ignored the excess osmotic contribution
(∇c) from the external solute gradient and only considered the phoretic contribution. This
is done to ignore the motion of the particle only due to ∇c∞ when φ = 0. For Jext > 0, one
can observe that force terms arising from the gradients in active and passive concentration
fields are in the same direction, hence Uz > 0 as in figure 5(b). Alternatively when Jext < 0,
the phoretic force terms arising out of the passive solute concentration field compete
with forcing arising due to activity. This leads to a direction reversal below a threshold
concentration gradient, (∇c∞)crit, where Uz < 0. Here, (∇c∞)crit is the external solute
gradient necessary to arrest particle motion due to activity. The linearity of the results in
figure 5(b) is due to the computations being performed in the weak field limit. To inspect
the effects of interaction potential length, we obtained the (∇c∞)crit values at J = 1 while
varying over κ . A qualitative agreement is observed between the results in figure 5(c) and
the κ-dependence of velocity (U). Further, we see that a stronger external flux is necessary
to arrest motion as we approach the thin interaction length limit. This effect arises because,
for κ → ∞, the catalytically ejected solute decays more sharply, ∇c increases locally
near the particle surface. This necessitates the need for a larger (∇c∞)crit to counteract
activity-induced gradients to arrest propulsion.

6. Conclusion

The main result of our work is that (2.12)–(2.13), reported in the prior literature for
phoretic systems (Brady 2021) and different physical set-ups (Brenner & Cox 1963; Hinch
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1991; Leal 2007; Datt et al. 2015; Elfring & Goyal 2016; Datt et al. 2017), can retrieve
the mobility expressions for both electrophoretic and electrolytic diffusiophoretic motion
of colloidal spherical particles at arbitrary interaction lengths at the low potential limit.
Additionally, the asymptotic limit of (2.12)–(2.13) for thin interaction length recovers net
translation and rotation of the particle in terms of a phoretic slip velocity as in Stone
& Samuel (1996). Finally, we employ these mobility relationships for self-propulsion
of spherical microswimmers where we observe a peak in translational velocity as we
approach a hemispherical catalytic coverage with a velocity reduction for lower or higher
coverages. At moderate interaction lengths, κ = O(10), a dampening in the translation
velocity is observed. However, for higher κ values our calculations retrieve the thin
interaction length limit results arising from equivalent slip velocity calculations. Further,
we add an external passive solute concentration gradient to our problem to understand
the competing effects of surface-generated and externally imposed solute concentration
gradients. We find configurations where the external flux arrest motion induced by surface
activity (∇c∞)crit and regions where the propulsion induced by the passive external solute
gradient aids with or competes against the propulsion induced due to surface activity.
A nonlinear decay of (∇c∞)crit with κ is observed from our analysis which is qualitatively
similar to the κ-dependence of the translation velocity, |U |.

Beyond the result described in this paper, our work can be utilized to predict U and Ω
for an arbitrarily shaped particle. For such a calculation, one would need the appropriate
expressions of the mobility (M) and the disturbance tensors (DT , DR), which might be
possible to obtain analytically or numerically. While this manuscript focuses on the
mobility of a single particle, a similar analysis could be extended to multiple particles
and particles under confinement.

The derived expression will be particularly useful for multiphysics propulsion. For
instance, it might be possible to induce propulsion of particles using multiple modes such
as a combination of electric fields and other fields, such as electrodiffusiophoresis (Wang,
Behdani & Silvera Batista 2022; Jarvey, Henrique & Gupta 2023). Another possibility is
the inclusion of chemical kinetics at the particle surface (Davis & Yariv 2022) which will
modify the solute problem and thus consequently change b.
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Appendix A. Numerical resolution of the radial components at O(εζ ) and O(εζ 2)

Order O(εζ ): the radial components of (3.81)–(3.85) are

1
r2

d
dr

(
r2 dfρ11

dr

)
−

(
2
r2 + κ2

)
fρ11 + 2

r2
d
dr

(
r2fs10(r)

dφ01(r)
dr

)
= 0, (A1)
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1
r2

d
dr

(
r2 dfs11

dr

)
− 2fs11

r2 + 1
r2

d
dr

(
r2ρ01(r)

dfφ10(r)
dr

)
− 2ρ01(r)fφ10(r)

r2 = 0, (A2)

1
r2

d
dr

(
r2 dfφ11

dr

)
− 2fφ11

r2 = −κ2

2
fρ11, (A3)

where fφ10(r) and fs10(r) are the radial components of the O(ε) solutions. The appropriate
boundary conditions at the particle surface are

dfρ11

dr
+ fs10(r)

dφ01(r)
dr

= 0, (A4)

dfs11

dr
+ ρ01(r)

dfφ10(r)
dr

= 0, (A5)

dfφ11

dr
= 0. (A6)

In the far-field, the radial flux of fφ11 , fρ11 and fs11 all go to zero.
Order O(εζ 2): the radial dependence of s12(r, θ) is captured by

1
r2

d
dr

(
r2 dfs12

dr

)
− 2fs12

r2 + 1
r2

d
dr

(
r2

{
ρ01(r)

dfφ11(r)
dr

+ fρ11(r)
dfφ01(r)

dr

})

− 2fφ11ρ01

r2 = 0, (A7)

with the boundary condition at the particle surface being

dfs12

dr
+ ρ01

dfφ11

dr
+ fρ11

dφ01

dr
= 0, (A8)

and fs12 = 0 in the far-field. We solve (A1)–(A7) using the bvp4c() function in MATLAB
for κ ∈ [1, 1000]. For each κ value we solve for ρ, φ and s at each order with a
one-dimensional mesh, r = [1, 1 + 100/κ] with a thousand elements. A default relative
tolerance of 10−3 is used. To match with (3.93) we multiply the terms proportional to ζ in
(3.92) with a factor of 1/2 and the terms proportional to ζ 2 with a factor of four. This is
solely due to how the coefficients Θ1(κ) and Θ2(κ) are defined in (3.93).

Appendix B. Numerical solution to the autophoretic motion of microswimmers in
§§ 4 and 5

Section 4: the numerical solutions to (4.1) to (4.6) were obtained from the finite element
method software COMSOL. We use a non-dimensional spherical computational domain of
size 4/3π × 203 where the particle is located at the origin and possesses a radius of unity.
The domain is discretized into approximately 1 162 711 elements. Around the particle,
we mesh a boundary region with 12 layers and a stretching factor of 1.1, consisting of
approximately 20 000 triangular elements. The simulations are performed in the reference
frame of the swimmer. Upon solving for the solute concentration c, and φ in the domain we
define b = −c∇φ − ∇c as the body force. Subsequently, (2.12) is numerically integrated
over the domain to find the translation velocity U . All results are normalized with κ2 as
illustrated in figures 4 and 5.

The translation velocity at the thin double layer limit is obtained by a similar procedure
by solving for c and using (4.7) to obtain uslip. For the second simulation set-up, to
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calculate the velocity at the thin limit an extremely fine mesh is required to discretize the
domain, with approximately 1 154 140 elements. The lumped phoretic mobility for a given
surface potential φ is obtained by numerically integrating along the radial direction in
MATLAB from 1 to approximately 104 along the radial direction. The translation velocity
U thin is obtained by solving (4.8) in COMSOL.

Section 5: to solve the results where the swimmer was subjected to an external
concentration gradient, we modify the far-field boundary condition in the above numerical
simulation to be c∞ = c0 + Jextz. A Dirichlet boundary condition was used instead of
a Neumann boundary condition to avoid under-specifying our model. The Dirichlet
condition will satisfactorily approximate ∇c∞ = Jextez in the vicinity of the particle for a
large enough computational domain.
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KUBÍČKOVÁ, A., KŘÍŽEK, T., COUFAL, P., PAVEL, V., VAZDAR, M., WERNERSSON, E., HEYDA, J. &
JUNGWIRTH, P. 2012 Overcharging in biological systems: reversal of electrophoretic mobility of aqueous
polyaspartate by multivalent cations. Phys. Rev. Lett. 108 (18), 186101.

LEAL, L.G. 2007 Advanced Transport Phenomena: Fluid Mechanics and Convective Transport Processes.
Cambridge University Press.

LEE, J.G., AL HARRAQ, A., BISHOP, K.J.M. & BHARTI, B. 2021 Fabrication and electric field-driven active
propulsion of patchy microellipsoids. J. Phys. Chem. B 125 (16), 4232–4240.

LEE, J.G., THOME, C.P., CRUZE, Z.A., GANGULY, A., GUPTA, A. & SHIELDS, C.W. 2023 Magnetically
locked janus particle clusters with orientation-dependent motion in AC electric fields. Nanoscale. 15 (40),
16268–16276.

LEE, P.Y., COSTUMBRADO, J., HSU, C.-Y. & KIM, Y.H. 2012 Agarose gel electrophoresis for the separation
of DNA fragments. J. Vis. Exp. 62, e3923.

LEUNISSEN, M.E., VAN BLAADEREN, A., HOLLINGSWORTH, A.D., SULLIVAN, M.T. & CHAIKIN, P.M.
2007 Electrostatics at the oil-water interface, stability, and order in emulsions and colloids. Proc. Natl Acad.
Sci. USA 104 (8), 2585–2590.

LISICKI, M., REIGH, S.Y. & LAUGA, E. 2018 Autophoretic motion in three dimensions. Soft Matt. 14 (17),
3304–3314.

LUO, M., FENG, Y., WANG, T. & GUAN, J. 2018 Micro-/nanorobots at work in active drug delivery. Adv.
Funct. Mater. 28 (25), 1706100.

MASOUD, H. & STONE, H.A. 2019 The reciprocal theorem in fluid dynamics and transport phenomena.
J. Fluid Mech. 879, P1.

MICHELIN, S. & LAUGA, E. 2014 Phoretic self-propulsion at finite Péclet numbers. J. Fluid Mech. 747,
572–604.

MORAN, J.L. & POSNER, J.D. 2017 Phoretic self-propulsion. Annu. Rev. Fluid Mech. 49, 511–540.
NOURHANI, A. & LAMMERT, P.E. 2016 Geometrical performance of self-phoretic colloids and

microswimmers. Phys. Rev. Lett. 116 (17), 178302.
O′BRIEN, R.W. & WHITE, L.R. 1978 Electrophoretic mobility of a spherical colloidal particle. J. Chem. Soc.

Faraday Trans. 74, 1607–1626.

994 A2-24

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

58
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.588


Mobility expressions for phoretic and self-phoretic motion

PALACCI, J., SACANNA, S., STEINBERG, A.P., PINE, D.J. & CHAIKIN, P.M. 2013 Living crystals of
light-activated colloidal surfers. Science 339 (6122), 936–940.

PAXTON, W.F., KISTLER, K.C., OLMEDA, C.C., SEN, A., ST. ANGELO, S.K., CAO, Y., MALLOUK, T.E.,
LAMMERT, P.E. & CRESPI, V.H. 2004 Catalytic nanomotors: autonomous movement of striped nanorods.
J. Am. Chem. Soc. 126 (41), 13424–13431.

PERSAT, A., MARSHALL, L.A. & SANTIAGO, J.G. 2009 Purification of nucleic acids from whole blood using
isotachophoresis. Anal. Chem. 81 (22), 9507–9511.

POEHNL, R., POPESCU, M.N. & USPAL, W.E. 2020 Axisymmetric spheroidal squirmers and
self-diffusiophoretic particles. J. Phys.: Condens. Matter 32 (16), 164001.

POEHNL, R. & USPAL, W. 2021 Phoretic self-propulsion of helical active particles. J. Fluid Mech. 927, A46.
POPESCU, M.N., USPAL, W.E. & DIETRICH, S. 2016 Self-diffusiophoresis of chemically active colloids.

Eur. Phys. J.: Spec. Top. 225 (11), 2189–2206.
POPESCU, M.N., USPAL, W.E., ESKANDARI, Z., TASINKEVYCH, M. & DIETRICH, S. 2018 Effective

squirmer models for self-phoretic chemically active spherical colloids. Eur. Phys. J. E 41, 1–24.
PRIEVE, D.C., ANDERSON, J.L., EBEL, J.P. & LOWELL, M.E. 1984 Motion of a particle generated by

chemical gradients. Part 2. Electrolytes. J. Fluid Mech. 148, 247–269.
PRIEVE, D.C. & ROMAN, R. 1987 Diffusiophoresis of a rigid sphere through a viscous electrolyte solution.

J. Chem. Soc. Faraday Trans. 83 (8), 1287–1306.
RAJ, R.R., GANGULY, A., BECKER, C., SHIELDS, C.W. & GUPTA, A. 2023a Motion of an active bent

rod with an articulating hinge: exploring mechanical and chemical modes of swimming. Front. Phys. 11,
1307691.

RAJ, R.R., SHIELDS, C.W. & GUPTA, A. 2023b Two-dimensional diffusiophoretic colloidal banding:
optimizing the spatial and temporal design of solute sinks and sources. Soft Matt. 19 (5),
892–904.

RAMASWAMY, S. 2010 The mechanics and statistics of active matter. Annu. Rev. Condens. Matter Phys. 1 (1),
323–345.

SHARIFI-MOOD, N., KOPLIK, J. & MALDARELLI, C. 2013 Diffusiophoretic self-propulsion of colloids
driven by a surface reaction: the sub-micron particle regime for exponential and van der Waals interactions.
Phys. Fluids 25 (1), 012001.

SHI, A., WU, H. & SCHWARTZ, D.K. 2023 Nanomotor-enhanced transport of passive Brownian particles in
porous media. Sci. Adv. 9 (48), eadj2208.

SHIN, S., AULT, J.T., FENG, J., WARREN, P.B. & STONE, H.A. 2017a Low-cost zeta potentiometry using
solute gradients. Adv. Mater. 29 (30), 1701516.

SHIN, S., SHARDT, O., WARREN, P.B. & STONE, H.A. 2017b Membraneless water filtration using CO2. Nat.
Commun. 8 (1), 1–6.

SHIN, S., UM, E., SABASS, B., AULT, J.T., RAHIMI, M., WARREN, P.B. & STONE, H.A. 2016
Size-dependent control of colloid transport via solute gradients in dead-end channels. Proc. Natl Acad.
Sci. USA 113 (2), 257–261.

SHKLYAEV, S., BRADY, J.F. & CÓRDOVA-FIGUEROA, U.M. 2014 Non-spherical osmotic motor: chemical
sailing. J. Fluid Mech. 748, 488–520.

SOLOMENTSEV, Y. & ANDERSON, J.L. 1994 Electrophoresis of slender particles. J. Fluid Mech. 279,
197–215.

STONE, H.A. & SAMUEL, A.D.T. 1996 Propulsion of microorganisms by surface distortions. Phys. Rev. Lett.
77 (19), 4102.

TAKATORI, S.C. & BRADY, J.F. 2016 Forces, stresses and the (thermo?) dynamics of active matter. Curr.
Opin. Colloid Interface Sci. 21, 24–33.

TEUBNER, M. 1982 The motion of charged colloidal particles in electric fields. J. Chem. Phys. 76 (11),
5564–5573.

VELEGOL, D., ANDERSON, J.L. & GAROFF, S. 1996 Probing the structure of colloidal doublets by
electrophoretic rotation. Langmuir 12 (3), 675–685.

VELEGOL, D., GARG, A., GUHA, R., KAR, A. & KUMAR, M. 2016 Origins of concentration gradients for
diffusiophoresis. Soft Matt. 12 (21), 4686–4703.

WANG, K., BEHDANI, B. & SILVERA BATISTA, C.A. 2022 Visualization of concentration gradients and
colloidal dynamics under electrodiffusiophoresis. Langmuir 38 (18), 5663–5673.

WANG, L., KAEPPLER, A., FISCHER, D. & SIMMCHEN, J. 2019 Photocatalytic TiO2 micromotors for
removal of microplastics and suspended matter. ACS Appl. Mater. Interfaces 11 (36), 32937–32944.

WU, H., GREYDANUS, B. & SCHWARTZ, D.K. 2021 Mechanisms of transport enhancement for self-propelled
nanoswimmers in a porous matrix. Proc. Natl Acad. Sci. USA 118 (27), e2101807118.

994 A2-25

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

58
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.588


A. Ganguly, S. Roychowdhury and A. Gupta

XUAN, M., SHAO, J., LIN, X., DAI, L. & HE, Q. 2014 Self-propelled janus mesoporous silica nanomotors
with sub-100 nm diameters for drug encapsulation and delivery. ChemPhysChem 15 (11), 2255–2260.

YOON, B.J. & KIM, S. 1989 Electrophoresis of spheroidal particles. J. Colloid Interface Sci. 128 (1), 275–288.
ZAREI, M. & ZAREI, M. 2018 Self-propelled micro/nanomotors for sensing and environmental remediation.

Small 14 (30), 1800912.

994 A2-26

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

58
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.588

	1 Introduction
	2 Derivation of the unified mobility expression
	3 Validation
	3.1 Simplification at the limit of the thin interaction length scale
	3.2 Electrophoretic mobility at arbitrary interaction length scales
	3.3 Electrolytic diffusiophoretic mobility at arbitrary interaction length scales

	4 Autophoretic motion of microswimmers
	5 Autophoretic swimmers with external solute gradients
	6 Conclusion
	A Appendix A. Numerical resolution of the radial components at O() and O(2)
	B Appendix B. Numerical solution to the autophoretic motion of microswimmers in §§[sec4]4 and [sec5]5
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


