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UNIFORM APPROXIMATION BY MEROMORPHIC 
FUNCTIONS ON CLOSED SETS WITH CONTINUOUS 

EXTENSION INTO THE BOUNDARY 

ALICE ROTH 

1. Introduction. 

Notation. For S a subset of the extended plane C* = C U ( c o ) let 5° be 
its interior, 5 its closure in C* and dS = S\SQ its boundary. H(S) and M(S) 
will denote the sets of all restrictions to S of functions which are, on a neigh
borhood of 5 , holomorphic or meromorphic, respectively. A (S) will s tand for 
the set of functions from 5 to C* which are continuous on 5 and whose restric
tion to S° are holomorphic. Finally, for 5 compact, R(S) will denote the set of 
functions allowing a uniform approximation on 5 by rational functions with 
poles outside S. 

In the sequel we shall always consider the following as given: an open proper 
subset G of C*, a (relatively) closed subset F of G and a function f mapping F 
into C. 

The problem. The s tar t ing point of this paper is an investigation by A. S t ray 
[8] who considers, for a given subset E of dF C\ dG, the functions in A (F) 
which have a continuous extension into E. S t ray discusses the geometrical 
condition to be satisfied in order t ha t a function of this kind can be approxi
mated uniformly on F by functions from H(G) ; these approximating functions 
can be chosen in such a way tha t they also admit a continuous extension into E. 
This result suggested the following question: s u p p o s e / is a uniform limit of 
functions belonging to H(G) or M(G). Is it possible to select the approxi
mat ing function m in such a way tha t the difference function m — f can be 
extended continuously into F, including the points of dF C\ dG = F\F for which 
/ itself has no continuous extension? 

Definition. The function / : F —» C* is said to be UCE-approximable on F 
by functions from M(G) if, given e > 0, there are functions m and e with the 
following properties: 

m e M(G), e G A(F) H C(F) 

m(z) — f(z) = e(z) (z G F) 

\e(z)\ < e (ze F). 

(The letters U C E stand for "uniform" and "continuous extension") . 

Received July 11, 1977. 

1243 

https://doi.org/10.4153/CJM-1978-103-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-103-4
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The main result. We shall prove in this paper t ha t the necessary and suffi
cient conditions which are known to hold for the uniform approximat ion of a 
f u n c t i o n / on F by functions from H(G) or M(G) (see [ l ] - [8] ) are sufficient 
for the UCE-approximat ion. 

Properties of the UCE-approximation. I t is easily seen t h a t convergence of the 
given func t ion / is preserved by the approximat ing function m in the following 
sense: if {zn\ is a sequence of points in F with limit point t {t can be in part icular 
a point of F\F) for which f(zn) converges, for n —> oo , to a finite or infinite 
limit a, then m(zn) also converges, namely to a + e(t). This implies the more 
general result: if P\ is a subset of F which admits t as an accumulat ion point 
then the cluster sets of the restrictions f\P\ and m\Fi relative to / are congruent', 
the first is mapped onto the second by the t ranslat ion with vector eft), which 
is of absolute value less than e. Special points of F\F known from the discus
sion of the boundary behavior, as e.g. Weiers t rass -Fa tou and Meier-points, 
are the same f o r / and m. 

In a p p r o x i m a t i n g / on F uniformly it is usual (and sufficient) to consider 
only domains G. If G is an open set with components Gi, Go, . . . and if mn is 
the meromorphic approximating function on Gn of f\Gn then wi , m2, . . . can 
be considered as restrictions of a function m, meromorphic on G and approxi
mat ing the given func t ion / on F. In case of UCE-approximat ions one obtains 
a more general s ta tement by taking G as an open set ra ther than as a domain. 
One has to consider the possibility of a point of F\F lying on the boundary 
of two different components of G (even being an interior point of F). The func
tion m — f can then be extended continuously. 

2 . T w o l e m m a s . If g is holomorphic on the open domain ( 9 C C * and if 
Si, z2 are two points of 0 , let d(g; Z\, z2) be defined as follows: 

(KMJ^KM {orZl9*Zi 
1 2 1 - 3 2 

d(g;zi,z2) = \g'(zi) îorzi = z2 9* co 

flimg'(2;) = 0 for Si = co or z2 = oo 

L E M M A A. / / K is a compact proper subset of C* and if g G M(K), then, given 
e > 0, there is a rational function r satisfying the following conditions: for 
z, zi, z2 G K, 

V{z) - g(z)\ < e and \d(r - g; zltz2)\ < e. 

Proof. Since g can have only finitely many poles on K, there is a rational 
function q such t h a t g — q G H{K). We may therefore assume g g H(K). 
Moreover we may suppose oo (£ K. If oo £ i £ w e use the transfor
mat ion w = l/(z — a) for an a Ç C\K and the fact t h a t if h = r — g and 
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h(œ) = h(z), then 

\d(h\ wi, co2)| = \zi — a\\z2 — a\\d(h\ zu z2)\ 

> A2\d(r - g;zuz2)\, A > 0. 

If co (f_ K we choose an open neighborhood U of K with rectifiable boundary T 
and such tha t g t H(U). Let / denote the length of T and 5 its distance from 
K. Given e > 0, a positive number 77 can be chosen in such a way tha t 77 < e 
and 77 < 27re<52/-1. By Runge's Theorem, there is a rational function r satisfying 

\r(z) - f(z)\ < v torzeK. 

This implies 

< ( /T7) / (2TTÔ 2 ) < e |d(r-/;* l fs2)| = 1/(2.) f ? 7
L ( - ^ / - ^ ^ 

(J — zi) (t — z2) 

for zij z2 G i£. 

In [7] I s tated and proved the "Fusion L e m m a " (Lemma 1). Lemma B 
below is a stronger version; it is fundamental for the present paper. 

LEMMA B. Let K\, K2 and K be compact subsets of the extended plane C* with 
Ki C\ K2 = 0. / / Y\ and r2 are any two rational functions satisfying, for some 
e > 0, 

(1) Vi{z) -r2(z)\ < e forz G K, 

then there is a positive number a not depending on rx and r2 and a rational function 
r such that, for j = 1, 2: 

(2) \r(z) - rj(z)\ < ae for z G Kj\J K, 

(2') \d(r — rf, zu z2)\ < ae for zu z2 £ Kj. 

Proof. We shall modify the proof of Lemma 1 of [7] in two points; the re
sulting arguments will prove Lemma B. 

First modification. Choose a > 2 such t ha t (4) of [7] is satisfied as well as 

(4') (1/.) f f I -dM]- I F _ i ^ _ _ T < a - 1 for zh * 6 * i U K,. 
J JE I oÇ I |f — Zi | | f — Z2\ 

This is always possible because E has positive distance from Ki U K2. (4') 
and (6) of [7] imply, for functions g defined by (7) of [7], t ha t 

N f f gi(r) à± 
T)\J J,(j-Zl)^-Z2)d-^ 

for zi, z2 6 Ki KJ K2. 

(8') d(g;ZhZi) = (iA)| f \E-{i^Sfzr7^^ < (a - 1)€ 

-zhz2 e Ki 

Second modification. On page 106 of [7] a rational function r3 was introduced 
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by means of Runge 's Theorem. Using Lemma A above r3 can be so chosen t ha t 

(9 ;) \rz(z) - f(z)\ < e for z G X i U 2£2 U X and 

\d{rz - / ; zi, z2) | < e for zlf z2 f X i W 2C2. 

Hence, using (80 and (90 , 

(100 \d(rz -f + g; zi, z2) | < at for zi, z2 G Ki U X 2 . 

Since on iCi we have f — rx = r3 — g = r3 — / + g and on i£2 we have 
r — r2 = r3 = r3 — f + g, considering the est imations for r — ri and r — r2 

in [7], Lemma B is proved. 

3. UCE-approximations by meromorphic functions. 

T H E O R E M I. The following s ta tements are equivalent : 

(a) / can be uniformly approximated on F by functions from M(G) having no 
poles on F. 

(b) If K is a compact subset of F then f\K G R(K). 
(c) f is UCE-approximable on F by functions from M(G) having no poles on F. 

Proof, (a) => (b) is ra ther obvious. If m is a function wi thout poles on / ' ' and 
meromorphic on G, then m\K is holomorphic. According to Runge 's Theorem 
m\K and hence f\K can be uniformly approximated by rational functions 
wi thout poles on F. 

(c) => (a) is trivial. I t remains to consider (b) => (c). In [7, Theorem I] we 
showed tha t (a) is a consequence of (b) (called (*) in [7]). We shall modify 
the proof given there in such a way as to derive a proof of (b) => (c) ; we list 
only the modifications. 

We may suppose F bounded. The general case can be reduced to this one by 
means of the transformation w = \/(z — z0) with z0 Ç G\F; the facts ex
pressed by the s ta tements (b) and (c) are invar iant under this t ransformation. 
The sequence of numbers an > 0 occurring on page 106 of [7] is chosen now in 
such a way t ha t an satisfies Lemma B for the sets Gn,C*\Gn+i and Fn. By con
sidering (12) of [7] one can now choose rn such tha t , together with (13) and 
(14) of [7]: 

(140 \d((rn - qn+1); zlf z2) | < en for zu z2 G C*\GM+i. 

(14) of [7] implies the uniform convergence, on C*\G and for n —» GO , of the 
rational functions 

n - l 

hn(z) = JL (rv(z) - qv+i(z)). 
l 

In part icular, hn converges on the boundary r of G to a function continuous 
on T: 

<p(t) = Urn hn(t), t e T. 
W->co 
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In the following estimations we assume z G Fn\Fn-i ( Ç C*\Gn) and t £ V. 
(140 and (10) of [7] imply 

71-1 

\d(hn;t, z)\ < X) ev < €, 
l 

which is equivalent to 

|An(0 - An(«)I < \t-z\e. 

On the other hand, by (14) of [7]: 

\hn(t) - <p(t)\ = E (r9(t) ~ qv+1(t) <Z 
hence 

\hn(z) - <p(t)\ < \t - z\e + Z e,. 
n 

(11) and (13) of [7], together with 
CO 

m(z) = Rn{z) + qn(z) + £ (rv(z) - qv(z)) 
n 

imply 

\m(z) -f(z) - <p(t)\^ \hn(z) - «,(0| + |g„(2) - / ( s ) | 
00 00 

+ E k»(«) - ff'WI < I' - *l« + *» + 2 £ e,. 

Note that m is independent of n. 
Since F has been assumed bounded and since lim^^ Ylm e„ = 0 this has the 

following consequence: the difference of m(z) — f(z) and <p(t) converges to 0 
if z converges on F to a point t of F\F. Setting e(z) = m(z) — f(z) for z G /'' 
and e(z) = <p(z) for 2; £ F \ F we have e(s) £ -4(F) H C(/0- As in the proof 
of Theorem I of [7], \e(z)\ < e for z Ç 7\ But e(z) G C(^), so we even have 
\e(z)\ ^ e for 3 G F. This proves Theorem I. 

Remarks. Since /^ converges uniformly on C*\G, for n —> co, it is obvious 
that *(*) is even in A ((C*\G) U F) and |g(z)| < e if s Ç ((C*\G) U /7). 

An immediate consequence of Theorem I is 

THEOREM II. / / 

(**) RiFnd) = A(Fr>iGi) 

holds for every subdomain G\ of G with G\ C G, then every function from A (F) 
can be UCE-approximated by a function from M(G). 

Remark. Condition (**) has been shown to be necessary for the weaker 
statement of Theorem II of [7] (see also [4]). Hence it is also necessary for 
Theorem II above to hold. 
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There is a slightly stronger version of Theorem I as well as of Theorem I I . 
In (a) omit the condition "having no poles on F". Lemma B holds even in the 
case of Y\ and r2 admit t ing poles on K\ U K2\J K; consequently the rational 
functions used to construct m in the proof of Theorem I may have poles on F. 
Condition (b) can then be weakened to: if K is a compact subset of F, f\K is 
approximable by rational functions with or wi thout poles on K. 

4. UCE-approximation by holomorphic functions. Let G* be the 
1-point-compactification of G. Arakeljan [1] proved: a f u n c t i o n / G ^4(^0 is 
uniformly approximable on F by functions from H(G) if and only if 

(a) G*\F is connected, and 

(0) G*\F is locally connected. 

T H E O R E M I I I . If conditions (a) and (/3) are satisfied then every function from 

A (F) can be UCE-approximated on F by functions from H(G). 

Remark. Condition (a) is sufficient for (**) of Theorem II to hold. In fact, 
(a) implies t ha t no set F P\ G\ considered in Theorem II will dissect the plane 
which in turn implies, by results of Mergelyan, the possibility of uniformly 
approximating f\F C\ G\ by polynomials. Hence (a) is a sufficient condition 
f o r / to be UCE-approximable by functions from M{G). On the other hand, 
(a) is obviously not necessary for this. If e.g. F is a circle, (**) holds, bu t (a) 
does not 

To prove Theorem I I I , the proof of Theorem I could be modified in the fol
lowing way: choose the functions rn successively in such a way t ha t r„. — q„ 
have no poles on Gn. We shall, however, use another approach by first proving 
L e m m a C below. This lemma might be useful for other purposes as well. 
Theorem I I I is an immediate consequence of Theorem II and L e m m a C. 

L E M M A C. (Pole pushing lemma) . If conditions (a) and (f3) are satisfied and 
if m is a function in M(G) without poles on F, the restriction m\F is UCE-ap
proximable on F by functions in H(G). In fact we can choose the approximating 
function so that e £ A (F). 

Remark. Lemma C will be proved by a simple modification of the proof used 
in [5] (for G = C ) . 

Proof. By (a) and ((3), G can be exhausted by domains Gi, G2l . . . with the 
following properties: no component of G\(F U Gn) is compact , i.e. every com
ponent extends to the boundary of G. If zi, z2 belong to the same component 
of G\(F KJ Gn) and if pi(t) is a polynomial wi thout constant term then, 
according to Runge, there is another polynomial p2(t) wi thout cons tant term 
such t h a t 

\Pi(l/(z - zi)) - P,(l/(z -z2))\<e for z G F \J Gn. 
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If therefore /xi G M (G) has a pole in z\ with £ I ( 1 / ( J S — Z\)) as its principal 
pa r t and if one defines 

/x2(z) = MI(Z) - P i ( l / ( z - *])) + ^2(1/(2 ~ Z2)), 

then /X2 G M (G) and M2 has a pole in z% instead of z\. The other poles of /x2, 
different from Zi, are just the remaining poles of juj. Fur thermore , \x\ — y.2 is 
rational with exactly two poles, viz. z\ and z2. 

Now select a sequence of positive numbers e„. with Y^i f« < e- S ta r t with 
Wo = m, Go = 0. Determine successively functions mi, m2, . . . from M(G) 
with the following properties: the poles of mn are outside of F U Gw; wn — wn_j 
is rat ional ; 

(1) |wn(z) - m n_i(s) | < ew for s G F U G , 

This determination is possible as follows from the preceding discussion. The 
sequence mn converges uniformly on each domain Gn. The limit function 

00 

g = mn + X) (w„ — nty-i) 
n+1 

is holomorphic on Gn since this is t rue for mn, mn+i, . . . Hence g is holomorphic 
on G — UT Gn. The difference 

g = g — m = X (w^ ~" w v - i ) 
1 

is a function meromorphic on C7 with no poles on F and is continuous on F. 
(Each mv — m„_i is rational, has no poles on F and the sum ]T]° (mv ~ mv-\) 
converges on F because of (1)). Finally, 

kO) l < Ë ^ < e fors 6 f. 
1 

Remark. Funct ion e of Lemma C can even be constructed in such a way as 
to be continuous on F U (C*\C7) and holomorphic in each interior point of this 
set as well as in each point of F. The meromorphic functions needed for the 
proof can indeed be determined so as to satisfy (1) on the compact 
s e t G n U FKJ (C*\G). 

5. S i m u l t a n e o u s U C E - a p p r o x i m a t i o n of a f u n c t i o n / G M {F) a n d a 
finite n u m b e r of i t s derivat ives by f u n c t i o n s f r o m M{G) a n d the i r 
derivat ives . 

T H E O R E M IV. Given a function f Ç M(F), a natural number q and e > 0 
there is a function m £ M (G) and a function e £ A (F) whose derivatives e', 
e", . . . , e{q) exist on F\{co } with the following properties: 

e{z) = m(z) — f(z) for z £ F 

\e(z)\ < e for z £ F 

\eW (z)| < € k = 1, 2, . . . , g, for z £ F, z 5* 00. 
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If conditions (a) and (/3) of Theorem III are satisfied and iff(z H(F) then m 

can be taken from H(G). 

Remarks, (a) e\F G H (F). 
(b) If oo G F then e(co) = 0. 
(c) An essential pa r t of the method of proof presented below has already 

been given in [5]. 

Proof. Since each point of F has a neighborhood on which / is meromorphic 
there are countably many subdomains D\, D2, . . . of G with the following 
properties: 

(a) F QU Dn. 

(h)Dir\Dk = 0 i ' ( K N , i ^ k. 
(c) T h e domains D7- accumulate a t most on the boundary of G, i.e. any com

pact subset of G intersects only finitely many of them. 
(d) The set b of boundary points of U Dn contained in G is composed of 

countably many segments which can accumulate a t most on the boundary 
of G. 

(e) / is meromorphic in each point of U Dn and holomorphic in each point 
of b. (Note t ha t the poles of f do not have an accumulat ion point in F). 
Fur thermore , wre select a sequence Gi, Go, . . . of subdomains of G which ex
haust G: 

Gn C Gn+i, U Gn = G. 

Let bn = b C\ Gn and let ln be the sum of the lengths of the finitely m a n y seg
ments which make up bn. Finally, suppose bn has been chosen such t h a t 

(1) 0 < 5n < 1, \t - z\> ôn for/ e bn and z Ç F 

and let ei, €2, . . . be a sequence of positive numbers with 

oo 

(2) kl Z (ejn)/(5n
k+1) <2ire k=l,2,...,q. 

1 

CO 

(3) E O. < I-
1 

Since b has area 0, by a special case of Theorem I of [7] (which may be proved 
for G = C and G = disk by elementary means) there is a function mx £ M(G) 
for which 

(4) |wi(z) - f(z)\ < en n = 1, 2, . . . for z e bn. 

m\ approximates / on b bu t not necessarily on U Dn. By means of a certain 
integral we will succeed in constructing, s tar t ing with « i , a function m ap
p r o x i m a t i n g / o n F. 

In the integrals below we suppose any par t of the boundary of a domain Dn 

to be oriented with Dn on its left. 
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If 0 is an open subset of C* which has positive distance A from b it is well 
known tha t 

•i) I (wi Jn{z) = ( l / 2 « ) ( W l ( 0 - / ( / ) ) / ( / - 3) it 
•J bn 

is a function holomorphic on 0. Because the length of bn is ln and because of (4), 

\Jn(z)\ < (*„/„)/(2TTA) for s G 0. 

This, together with (3), implies the uniform convergence of ]T? Jn(
z) o n 0 . 

Extending the integral over the whole of b, viz. 

CO 

J(z) = E /»(*), 
1 

it is therefore holomorphic on every open set 0, 0 Ç C*\5, hence also on 
C*\5. In particular, / ( z ) is a holomorphic function on G \ ( U ï #« U &). The 
restriction of / ( s ) on the lat ter set can be analytically extended to a function 
m2 meromorphic on the whole of G. In fact, 

oo 

m2(z) = J(z) — nti(z) +f(z) fors G U Dn, 
i 

while as before 

w2(s) = J(z) for z G G \ ( C i Dn \J bJ . 

The proof makes use of Cauchy's Integral Theorem and his Integral Formula 
applied to a small circular neighborhood of any point of b. (See [5, pp. 108/9]) . 

We shall now show tha t m = nil + w 2 is the approximating function we 
wanted to construct. 

Since F C \Jf Dn we have 

(5) m(z) - f(z) = J(z) fo r* 6 F. 

The following arguments makes use of (1), (2) and (4). The sequence 

Sv(z) = é Uz) = ( 1 / 2 ^ ) £ f (rm(t) - / ( * ) ) / ( * - z)dt, 

, = 1 , 2 , . . . 

of functions holomorphic on /^converges uniformly on F, hence e = lim^^S» 
is a function continuous on F with 

e\p = X) ^ = J-
1 

Fur thermore , by (2): 
CO 

\e(z)\ < E (e„4)/(27r5M) < e for 2 G F. 
n=l 
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For a fixed number k ^ q the sequence of functions 

s/%) = f; jn
ik)(z) = (k\/2*i) É f (»«!(/) -/(/)/(/ 

V 

holomorphic on F is also uniformly convergent on F. Therefore 

e(k) = lim S,™ 
P->oo 

is continuous on F with e^ lF = J(k) and 

|e(ft)(2)| < (k\/2ir) £ ere/n/ôn
fc+1 < e fors G F. 

î 

By taking m (s) = f(z) + e(z) for z £ F we have, by (5), that m is the ap
proximating function we were looking for. 

Note that, for GO G F\ we have 5,(GO) = e(co) = 0 and Sv
w(co) 

= lim2_.)O0 S / ^ z ) = 0. One usually does not, however, write e{k) (oo ) 

6. Combination of UCE-approximations on two different closed sets. 
Several authors used auxiliary functions to obtain asymptotic or tangential 
approximations. Lemma D below introduces such a function in case of UCE-
approximations. 

LEMMA D. Suppose F satisfies condition (**) of Theorem II. Let f G A(F) 
and suppose F is the disjoint union of I\ and F2, while h G A (F) is a function 
with the following properties: h can be extended on I\ to F\Ft (i = 1, 2) ; 
0 < \h(z)\ < 1 for z G F. Then there is m G M (G) and e G A (F) such that e can 
be extended on Ft to F\ (i = 1, 2) and such that e(z) = m{z) — f(z), \e(z)\ 
S \h(z)\for z G F. 

Proof. 2h~l either belongs to A (F) or to the slightly more general class of 
functions mentioned at the end of Section 3, in case h has zeros on F. Hence 
Theorem II is applicable and guarantees the existence of functions m\ G M (G) 
and ei G A (F) H C(F) with 

d{z) = mx(z) - 2h~l(z) for z G F 

\ex(z)\ < 1 for z G F. 

Therefore 

|mi(z)| > 2|/*~1(s)| - 1 > \h~i(z)\. 

Another application of Theorem II shows the existence of functions m2 G M (G) 
and e2 G A (F) H C{F) with 

e20s) = w2(z) — mi(z)f(z) for s G i7 

|e2(s)| < 1 for z G F. 

z)/+1d/ 
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Then m = m2/m\ 6 M(G) and for e(z) = m{z) — f(z) we have 

*(*) = (m2(z) - wi(z)/(z))/wi(2) = é?2(s)/(ei(z) + 2/r1(s)) for 2 6 F 

\e(z)\ S \e2(z)h(z)/(2 + ei(z)h(z))\ 

S \h(z)\/(2 - \ei(z)h(z)\) Û \Hz)\ îorze F. 

Since ely e2 Ç 4̂ (T7) Pi C(^) the function e\F belongs to A(F) and can be 
extended on a subset of F to dF Pi dG if and only if h can be so extended. Our 
arguments imply that this holds for e\Fi and e\F2. 

Note that if 7̂  satisfies (a) and (/3) of Theorem III, m can be chosen in H{G). 

Theorems V and VI below may prove useful in case one wants to construct 
meromorphic functions with prescribed boundary behavior. 

THEOREM V. (Generalization of a Theorem of [2] and a Theorem of [7]). Let 
F\ and F2 be two disjoint subsets of G with the following properties: F2 is nowhere 
dense; F2 C\ dG 9e 0; F = I\VJ F2 satisfies (**) of Theorem II. Let moreover f 
be a function from A(F), rj a positive real number and e(z) a function positive 
and continuous on F2 converging to 0 in case z converges to dG on F2. 

Then there is a function m from M(G) and a function e with continuous exten
sions on Fi to F\ (i = 1, 2) with the following properties: 

m(z) — f(z) = e(z) for z Ç F 

\e(z)\ < V for z £ Fi 

\e(z)\ < e(z) forz G F2. 

If G*\F is connected and locally connected, m can be chosen in H(G). 

Proof. We may suppose 17 < lande(z) < 1. We choose the auxiliary function 
h by setting h = rj on Fi and h = e on F2. Theorem V is now proved by 
Lemma D. 

Remark, m — / i s continuously extendable on Fi to Ft (i = 1, 2), but the 
values in a point of Fi C\ F2 may be different. W7e obtain a UCE-approxima-
tion on I\ and a tangential (Carleman) approximation on F2. If, however, 
F\ C\ F2 = 0 we have a UCE-approximation on the whole of Fi W F2. 

THEOREM VI. Let Fiy F2 be two disjoint subsets of G, closed in G. Fx C\ F2 ^ 0 
may hold. Suppose I\ satisfies (**) of Theorem II. Then to every pair of functions 
fi G A(Fj),f2 G M(F2) there is a function m UCE-approximating fi on Fx as 
well as f2 on F2, the latter in the special manner described in Theorem IV {simul
taneous approximations of derivatives). 

Proof. According to Theorem II there is m\ G M (G) UCE-approximating 
fi on Fi. On the other hand there is m2 £ M (G) UCE-approximating f2 on F2 

as described in Theorem IV. Since Fi Pi F2 = 0 Wi and m2 can be taken as 

https://doi.org/10.4153/CJM-1978-103-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-103-4


1254 ALICE ROTH 

restrictions of a function m3 meromorphic on I\ U F2. Finally, Theorem IV 
guarantees the existence of m approximating ra3 as described in Theorem IV. 

Remark. Similarly to Theorem V we have a UCE-approximation on the 
whole of F if F\ C\ F2 = 0. Otherwise this need not hold in general. 

7. Corollaries equivalent to Theorems I, II, and IV. 
We obtain the corollaries by taking the open set G as '"large" as possible. 

COROLLARY 1. Let F be a proper subset of C * that differs from F by a set E com
pact in C*. We assume as given a function f such that f\K is uniformly approxim
ate on K by rational functions, where K may be any compact subset of F. 

Then to e > 0 there is m Ç M(C*\E) with the properties: m — f can be 
extended continuously to E = F\F; \m(z) — f(z)\ < e for z Ç F. 

Corollaries 2 and 3 are derived from Corollary 1 by substituting new con
ditions for / and F. 

COROLLARY 2. If R(FC\Gi) = A(Fr\G\) holds for subdomains d of 
C*\E with Gi C C*\E, then every function from A (F) can be UCE approxi
mated by a function from M(C*\E). 

COROLLARY 3. Theorem IV holds for F andC*\E. 

Proofs for the three corollaries are immediate using Theorems I, II and IV 
by choosing G = C*\E. It is easily seen that, conversely, the three theorems 
are consequences of the corresponding corollaries. 

Evidently, Theorem III also allows the use of a set 7y"as described above and 
hence the derivation of a corollary. This one will, however, not be equivalent 
to Theorem III in general because if conditions (a) and (/3) are satisfied for 
G = C*\E they need not hold for smaller sets G in which F is closed. 

The author wishes to thank Professor P. Wilker for his help in translating 
the present paper into English as well as Professor P. M. Gauthier who called 
her attention to A. Stray's paper. 

Editor's note: The Editor has learned with regret that Dr. Roth died on 
22 July 1977, shortly after this paper was received. Any communication re
garding the paper should be directed to Prof. Dr. P. Wilker, Universitàt Bern, 
3012 Bern Sidlerstr. 5, Switzerland. 
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