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STEINHARDT'S INEQUALITY IN THE MINKOWSKI PLANE

MOSTAFA GHANDEHARI

In a Minkowski plane with unit circle E, the product of the positive circumference
of a plane convex body K and that of its polar dual is greater than or equal to
the square of the Euclidean length of the polar dual of E. Equality holds if and
only if K is a Euclidean unit circle.

1. INTRODUCTION

By a plane convex body K we shall mean a compact, convex subset of the Euclidean
plane having a non-empty interior. Let K; and K, be plane convex bodies, both
having the origin as an interior point. Define o (K, K2) as the length of the positively
oriented boundary of K, measured with respect to the (nonsymmetric) metric induced
by K. Similarly define o_(K;, K;) as the length of the negatively oriented boundary
of K, measured with respect to K.

The main purpose of this note is to prove that if E is the unit circle of a given
Minkowski plane and K is a plane convex body then

(1) o+(K, E)o4(K", E) > [L(E"),

where L(E*) denotes the Euclidean length of the polar dual of E and K* denotes the
polar dual of K. The polar dual is taken with respect to an interior point of K. In
the case that E is a Euclidean unit circle, Steinhardt’s inequality [6] follows:

(2) L(K)L(K*) > 4n>.

The preliminary definitions and results are given in the next section. The proof of the
main result is given in Section 3. Related results are also given in Section 3.
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2. PRELIMINARY DEFINITIONS AND RESULTS

Let K be a plane convex body with the origin as an interior point. For each angle
0, 0 < 0 < 2r, we let r(K, 6) be the radius of K in direction (cos8, sin8), so that
the boundary of K has equation r = r(K, 8) in polar coordinates. The distance from
the origin to the supporting line of K with outward normal (cos#, sin 8) is noted by
h(K, 8). This is the supporting function of K restricted to the Buclidean unit circle.
Since K is convex, it has a well defined unique tangent line at all but at most a countable
number of points. We let ds(K, 8) represent the element of Euclidean arclength of
the boundary of K at a point where the unit normal is given by (cosé, sinf). The
Euclidean length of K is given by

2w
3) LK) = [ WK, 6)as,
0
while the Euclidean area of K is given by
27
(4) .Mm=% h(K, 6)ds(K, 6).
0

The polar dual of K, denoted by K*, is another plane convex body having the
origin as an interior point and is defined in such a way that

(5) h(K*, 8) = and r(K*, 8) =

1 1
(K, ) (K, 8)’

The mixed area A(K;, K2) of two convex sets is defined by

1 27
(6) A(K,, K;) = 5/ h(K, ) ds(K,, 0).
0
It turns out that the mixed area is symmetric in its arguments. Eggleston [2]
contains further properties of mixed areas.
If K is a centrally symmetric plane convex body, centred at the origin, then the
self-circumference o(K) is given by

If K is not necessarily symmetric and z is any point interior to K, then positive

and negative self-circumference of K relative to z are defined by

_ ds(K, 6)
(8) o+ (K, z) = (K, 0+3)
and
©) K9 = [ T
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where the origin of the coordinate system is at z.

Both o4 (K, z) and o_(K, 2) reduce to o(K) in case K is centrally symmetric
with z as its centre.

If K; and K; are plane convex bodies with the origin as an interior point, then
the length of the positively oriented boundary of K; with respect to K, is given by

dS(K1, 0)

(10) o+(Ky, Ka) = /m

and the length of the negatively oriented boundary is given by

d.s(Kl, 0)
11 (K, Kp) = [ -2=EL0)
(11) oK, Kn) = [ R
Schiffer [5] and independently later, Thompson [7], proved that for a centrally
symmetric set o4 (K) =o0_(K*) and o_(K) = 04 (K*). More generally Chakerian [1]
used the concept of mixed areas to prove that

) o+(K1, Ka) = o_(K3, K) and
o (K1, K2) = oy (K3, K7).
The unit circle E of a Minkowski plane is referred to as the indicatriz. Define the

isoperimetriz to be that convex body T such that

1

(13) h(T, 8) = FIT "

h(E‘, 6+ g)

A centrally symmetric set is called a Radon curve if it coincides with the corre-
sponding isoperimetrix. In the next section we use properties of mixed areas to discuss
self-circumference of Radon curves. We also use the following theorem, given by the
author in [4], to establish the main result and obtain an inequality for self-circumference
of a plane convex curve with four-fold symmetry, that is, a convex curve K such that
(K, 6 +7/2) =r(K, 6).

THEOREM 1. Assume K; and K, are plane convex bodies with the origin as an
interior point. Let K} denote the polar dual of K,. Let A(K,, K.) denote the mixed
area of K; and K,. Then

(14) A(Ky, K2) A(KT, Ka) > [L(K:)P.

Equality holds if and only if K, is a circle.
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PROOF: Use equalities (5) and (6) to proceed as follows:

QA(K,, K))A(K?, K3) = ( /o By, 0)ds( K, o)) ( /o ” mda(Kz, a))

> ( /o o VK, 0) (V/r(Ks, 5) ~ da(K, «9))2
> ( oh ds(K;, ¢9))z = [L(K3))?

where we have used the Cauchy-Schwarz inequality and the fact that h(K;, §) >
T(K 1y 0) .

In the above theorem assume K; = K and K; = B where B is the Euclidean unit
circle. Then use (3) and (6) to obtain Steinhardt’s inequality given in (2).

Assume K; = K, = K and use the isoperimetric inequality given by

(15) L*(K) > 47 A(K),
and the fact that A(K, K) = A(K) to obtain
(16) AK*, K) > .

Inequality (16) is a result due to Firey [3]:

The mixed area of a plane convex body and its polar dual is at least 7. In the
next section we use Firey’s result to obtain a lower bound for self-circumference of sets
with four-fold symmetry.

PROOF OF THE MAIN RESULT: In Theorem 1 let K; = K and K, = Et+ where
E* denotes the polar dual of the unit circle E of the Minkowski plane rotated 90°, to
obtain

A(K, E¥)A(K", E*) > [L(E*)]™.
Then use (5), (6) and (10) to obtain
‘7+(K7 E)‘7+(K‘) E) 2 [L(E+)]z°

Since a rotation of 90° leaves the length invariant, L(Et) = L(E*). Thus we obtain
the inequality (1) as desired. a

In the remainder of this section we use properties of mixed areas and polar duals to
obtain additional theorems on self-circumference of convex curves. The following theo-
rem shows that the self-circumference of a plane convex body with four-fold symmetry
is at least 2.
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THEOREM 2. Let K be a centrally symmetric plane convex body centred at the
origin. Assume r(K, 8) is an equation of the boundary of K in polar coordinates.
Assume (K, 0) = r(K, 0+ x/2), 0 < 8 < 2w. That is, K has four-fold symmetry.
Then the self-circumference satisfies o(K) > 2w. Equality holds if and only if K isa
circle.

Proo¥r: Using the definitions given in (7), and four-fold symmetry, we obtain

[ ds(K,8) _ [ds(K,$)
o(K) = ,/r(K, 9+ %) "/ K, 0)

By the property of the polar dual given in (5) and the property of mixed areas given in
(6), it follows that

o(K) = % - / h(K*, 8)ds(K, 6)
= 24(K*, K).
Firey’s result [3] implies o(K) > 2n. ad

The following can be proved directly from the definition:

Let K be a plane convex body with origin as interior point. Assume T is the
isoperimetrix, that is, the polar dual rotated 90 degrees. Then o4+(K, T) = 24(K),
where A(K) is the Euclidean area.

If K is a Radon curve, then it coincides with its isoperimetrix. Thus the self-
circumference of a Radon curve is equal to twice its Euclidean area as follows directly
from the definitions. We conclude by proving the following theorem, concerning the
length of a Euclidean unit circle with respect to a convex curve K.

THEOREM 3. Let K be a plane convex body. Assume B is the Euclidean unit
circle. Then the length of B with respect to K is equal to the Euclidean length of the
polar dual of K. That is, (B, K) = L(K*).

PROOF: By the result of Chakerian given in (12) we obtain
oi(B,K)=0_(K*, B*)=0_(K*, B).

Assuming that the polar dual of K is calculated at the centre of the Euclidean unit
circle B, it follows that o4 (B, K) = L(K*). 0
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