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1. Introduction. Algebras with linear growth were described by Small et al. [5].
Bergman [2, p. 18] proved that algebras with growth function smaller than f(n) =

@ have linear growth. This raises the following question: What properties should
algebras with a growth function close to f(n) = ”(”T“) satisfy? Examples of primitive
algebras with very small growth functions were constructed by Uzi Vishne using Morse
trajectories [9]. Bartholdi [1] constructed self-similar algebras with very small growth
functions over the field F, which are graded nil. In fact, all algebras constructed in [1]
are primitive and hence not Jacobson radical (as mentioned in [8]).

In this paper, we will construct an example with growth function bounded above
by n? + 4n + 3, which is both infinite dimensional and Jacobson radical. It is unclear
whether this algebra is nil. We will also present a way to construct other examples that
are bounded above by the same growth function.

Recall that non-nil Jacobson radical algebras with the Gelfand—Kirillov dimension
two were constructed in [8], and nil algebras with the Gelfand—Kirillov dimension not
exceeding three were constructed in [4]. It is not known if there are nil algebras with
quadratic growth, or more generally with the Gelfand—Kirillov dimension two.

Our main result is as follows:

THEOREM 1.1. Over every countable, algebraically closed field KK there exists a
finitely generated K algebra that is Jacobson radical, infinite dimensional, generated by
two elements, graded and has quadratic growth.

In addition, we also propose a new way of constructing examples of algebras with
quadratic growth satisfying special types of relations (see Theorem 6.3).

https://doi.org/10.1017/5S0017089513000554 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000554

136 AGATA SMOKTUNOWICZ AND ALEXANDER A. YOUNG

2. Notation and proof outline. In what follows, [K is a countable field, and 4 =
K(x, y) is the free K-algebra in two non-commuting indeterminates x and y. The
monomials in this algebra will be the products of the form x; - - - x,,, witheach x; € {x, y}
(whereas the monomials with coefficient will be of the form kx; - - - x,, with k € K). The
degree of a monomial is the length of this product. For any » > 0, H(n) will denote the
homogeneous subspace of degree n: the IK-space generated by the degree-» monomials.
Finally, 4 = Yo7, H(n) will be the K-space of polynomials with no constant term.

Proof outline for Theorem 1.1 is as follows:

¢ In Section 6, an increasing sequence of natural numbers N; is fixed and subspaces
F; € H(2"V") are constructed such that for every element f € A4 there is g € 4 such
that f' + g — fg € E(F;) for some i. The set £(F;) is defined in Section 5.

e In Section 3, for fixed subspaces F;, subspaces U(2"), V' (2") C H(2") are constructed
inductively for n=1,2,... This part bears resemblance to results from [3].
Properties that the V(2") spaces exhibit include ¥ (2") € V(2"~!)? and dim V(2") =
2, the latter being instrumental in establishing quadratic growth. Our conditions
guarantee that each set F; is in U(2™V1).

e In Section 4, we introduce the ideal E, whose construction uses the sets U(2") and
V' (2") in order to arrive at our desired quotient, 4/E. Note that the ideal E is defined
differently than defined in [3]. We then find an upper bound of the growth of A/E.

¢ In Sections 5 and 6 we show that the algebra 4/E is Jacobson radical.

e The proof of Theorem 1.1 is concluded in Section 6.

3. Constructing sets U(2") and V' (2"). Suppose we have a strictly increasing
sequence of natural numbers

{Ni}Zo
with No = 1, and a sequence of homogeneous subspaces {F;}3°, with each
Fi € H(2"Y)

and Fy = (0).
In this section we will show that, for every i > 0, there exists a subspace U; ¢ H(2)
and two monomials (with non-zero coefficient) v; |, v;» € H(2') such that foreachi > 0:

1. U@ Kv;y & Kuip = H(Q2). . ' .
2. There exists v € Kv;; + Kv;, such that Uy = H2)U; + U;H(2') + vH(2').
3. F; C UN,--

We will eventually set V; = [Kv; + Kuv;» so that U; @ V; = H(2').

We shall attack the problem with induction. For the base case, set U, as an
arbitrary subspace of H(1) withdim Uy = dim H(1) — 2, and set vy 1, vo 2 as two linearly
independent monomials such that Uy + Kvg 1 + Kvg o = H(1).

For the inductive step, assume the existence of Uy, vy, 1, vn, 2 for some i > 0, and
find possible Uy, vk 1, vi2 for all N; < k < Niyg.

Let

W = KZ(NM*N")

https://doi.org/10.1017/5S0017089513000554 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000554

JACOBSON RADICAL ALGEBRAS WITH QUADRATIC GROWTH 137
be a [K-space with indices {xx 1, xkyz},jjj/‘vfl, W) be the subspace of all elements where
(X1, Xx.2) = (0, 0) and

Nipi—1
w=w\ |J m
k=N;

Given some vector w € W, define a subspace Uy (w) and elements vy 1 (), vg.2(w)
in H(2%) recursively for each N; <k < N, as follows: First, set Uy,(w) = Uy,
uN, 1 (W) = vy, 1, VN, 2(W) = vy, 2. Then, assuming Ui(w), vg.1(W), vk 2(w) are defined
for some N; < k < Niy1:

Ui 1(0) = HQ*)U() + Ur()H(2*) + (xic 2(0) e, 1 () — X1 (W) v 2()) H(2Y).

If xp 1 (w) # 0, set:
Ve 1,1(@) = X1 (W) o (@),
Vir1,2(0) = xp, 1 (W)™ v 1 (D) vie 2 (),

and if x; 1 (w) = 0, then x;»(w) # 0, so set:
Ve 1,1(W) = xg 2(W) ™ g 2 (W), 1 (),
Vir1,2(0) = X 2(W) 05 ().

For any w € W, this clearly satisfies conditions (1) and (2).

LEMMA 3.1. Let ke N and i € N such that N; <k < N;i1. If a,b € {1, 2} and
w € W, then:

V(W) 0k (W) € X (W) Vs 1,6(W) + Upp1(W).

Proof. It xi(w)#0 and a=1, v (Woes(W) = Xk a(W)vpr15(W).
Similarly, if xz;(W)#0 and a=2, then v (W)vep(W) = Xk o(W)Vpyr1 p(W) —
Xk 1 ()™ Gete 2 (), 1 (W) — X, 1 (W)vp 2 (D)) p(W). If xp 1 (W) =0 and a =1, then
Vk,a(W)Vr,5() = xp 2(W) ™ (X 2 (W0 1 (W) — X, 1(W)vg 2(W))vg (). I X1 () = 0 and
a =2, v, o(W)vg (W) = Xg 2(W) Vg4 1,5(W). O

Let

P= K[Xk,l,xk,z]gi]lvi_l,
i.e. the (commutative) algebra of polynomial functions W — K. Let

Nip1—1

0= [T e + Koxo)?
k=N;

be a homogenous subspace of P.
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Nijp1—Ni . . .
THEOREM 3.2. For any sequence {sk},zczTl taking values in {1, 2}, there exists some

ps € O such that for any w € W,

oNip1=Ni

1_[ UN,, 51 EpS(J))UNm,XZNI-Hﬂv,» (17)) + UN(+|(77))~
k=1

Proof. Weh will use induction to show that, for any 0 < /4 < N;;; — N; and any
sequence {sk},%=l taking values in {1, 2},

2h h—121=-1
[Towes € [ TT TT %ty @) | 0Ny () + Unni),
k=1 =0 k=1

with the end result of the theorem proven when 2 = N;y | — N,.
The base case is simply vy,.5, € vy, (W) + Uy, (W).
For the inductive step, let {sk}i':: be a sequence taking values in {1, 2} and assume

the inductive statement is true for {sk}%hzl and {sk}lz(g,, - Lemma 3.1 shows that:

UN sy (WUN 4 sy (W) € XNh sy, (WVN 415y (W) 4 Unng1 (W)
Therefore,

2h+1 h—1 21

[Tovs e [(TTT1 XNitisyp 1y (W) | Uity (W) + Unpen(W)
k=1

j=0 k=1

h—1 281

l_[ H XNitusyop1yson (W) | VNt (0) + Un(W)
=0 k=1

h—127

T1T] XNssy gy @) | XNt sy (WION 41,0 (W) + U (W)
=0 k=1

N

h 2hi

= l_[ 1_[ xN[+j’SZI(2k—l)(‘J}) UNi+h+1.8y41 (W) + Unhi1 ().
J=0 k=1

g

COROLLARY 3.3. For any f € H(2V#), there exist p, q € Q such that, for allw € W,
/€ p@)vy,,, 1(W) + gy, 2(W) + Uy, ().

Proof. First, note that:
HEY#) = (Uy, + Koyt + Koy 2"
oNip1=Ni

= (Kuw.1 + Koy + 0 H((k — 12Y) Uy H (2N — k2™)
k=1

and that for each /" € H(2V#1) there exists 17 € (Kvy, 1 + Kthz)zN"“_Ni such that for
anyw € W, f € f' + Uy, (w).
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Since f’ can be written as a linear combination of the elements of the form

N; . . -
H,z(:? VN, it 1s sufficient to prove that the corollary holds when f is one of these
elements, which is done in Theorem 3.2. O

Let
d =dim F;
and {fk};’:1 be elements that generate F;, | and let

Pk gk} € O
be such that, for all w € W,

Ji € pr(vy,,, 1 (W) + gr(W)vn,,, 2(W) + Un,,, (W),

as detailed in Corollary 3.3. If there exists a w € W such that each py(w) = gq(w) = 0,
then we can set (Uy, vk.1, vk.2) = (Ur(W), vi.1 (W), vi2(w)), and Condition (3) can be
satisfied.

Let

d

G= Zka+K61/c co
=1

be the vector space generated by {pg, gx}. Our remaining goal is to show that there

exists w € W such that G(w) = (0).
Let R be the algebra generated by Q, i.e.

[o.¢]
R=Y"0"
k=1

LEMMA 3.4. If G, P are defined as above, then:

RNGPC G+ GR.

Proof. Let M be the set of all monomials of P (without coefficient). Let M be the

monomials that generate Q, Mz = Uf; M]Q be the monomials that generate R and
My = M\(Mgr U {1}). P can be decomposed: P = K& R ® KM}.

Note that for any m € My and any m’ € My, mm’' € M}. As R is generated by
monomials, RN QM}y = (0).

Let g € G, and let p € P have the decomposition p =k +r+s, with k € K,
r € R and s € KMY}. Suppose that gp € R. Since gk + gr € R, gs € RN OM}% = (0).
Therefore, gp € Kg+ gR, and RN GP C G+ GR. ]

THEOREM 3.5. If {ib€ W :G(ib) = (0)} € W\W = U Wi, then d >
I(Nig1 = Ni+ 1)

Proof. Given an ideal I of P, we define Z(I) = {w € W : I(w) = (0)}. This is
an affine subvariety of W. It is our goal to show that if Z(GP) C UkN;/‘\fl Wj., then
d > 3(Nisy — N; +1).
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Since Q annihilates each W, it must annihilate Z(GP) as well. Hilbert’s
Nullstellensatz states that since K is algebraically closed, for each g € Q, there must be
an exponent ¢g* € GP.

Using Lemma 3.4, ¢ € RN GP C G + GR, and so the quotient algebra R/(G +
GR) is nil. Since G> € GR, R/GR is nil as well. All finitely generated commutative
nil algebras are finite-dimensional, so applying Lemma 4.2 in [7] several times gives
2d > GKdim R. Recall that Lemma 4.2 [7] says that if R is a commutative finitely
generated graded algebra of Gelfand—Kirillov dimension ¢, and [ is a principal ideal
generated by a homogeneous element, then R/[ has the Gelfand—Kirillov dimension
at least 7 — 1. ,

Recall that for any j > 0, @/ = ]_[,I(V;{,TI(ka,] + Kxo)? ™ and that:

Nip—1
dlmQ/ — l_[ (izNiH*k*l +1)> 2%(Ni+1*Nﬁl)(Nm*Nf)jNiH*Ni_
k=N,
Therefore, GKdim R > N;;; — N; + 1. O

We can thus conclude that, as long as dim F;,; < %(N,-H — N;+ 1), there is a

w € W such that G(w) =0, and we have appropriate spaces {U;} and monomials
{vk.1, vk} for all k < N,y ;. If this holds for all i > 0, the induction can proceed.

4. Constructing the ideal £. For any i > 0, let V; = Kv;; + Kv;» (where v; 1,
vy, are as in Property (1), Section 3), let v; € V; be such that U, = HQ2)U; +
U;H?2) +v;H(2") and let Q; = U; + Kuv; (v; exists by Property (2), Section 3). If
vi1 ¢ Ku;, let W; = Kv, 1, otherwise W; = [Kv;,. This way Q; ® W; = H(2"), U1 =
HQ)U; + Q;H(2) and Viy, = W, V.

PROPOSITION 4.1. For any j > i and any k < 2~ — 1,

H(2YUH2 — (k+1)2)) C U,

Proof. Apply induction on the value of j by using H2)\U; + U;H(2) € U;yy. O
For any n > 0, let m > 0 be maximal such that 2" < n, and define:

R(n) = {x € H(n) : xHR™' —n) € U1},

L(n) = {x € H(n) : H2"™' = n)x € Upp1}-
Also, set R(0) = L(0) = (0).

PROPOSITION 4.2. For any n > 0 and any M such that 2M > n,

R(mHQ2M —n) € Uy,
HQM —n)L(n) € Uy.

Proof. Apply induction on M, using the fact that HQY)Uy + Uy HM) C
Ums1. O
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PROPOSITION 4.3. For any n > 0, R(n)H(1) € R(n+ 1) and H(1)L(n) C L(n + 1).
Proof. Let m > 0 be maximal such that 2 < n. If 2m+l _ 1 < p then:

RmH()- H2™!' —n—1)= RMHQ2"! —n) C Upy1,

and R()H(1) € R(n + 1),
If 27+ — 1 = n, then:

RmH) - H2"™? —n—1)C Uy H2™Y C Uppo,

and R(n)H(1) € R(n+ 1).
By symmetry, H(1)L(n) € L(n + 1). O

Define the space R'(n) € H(n) recursively: if n = 0, set R(0) = £, and otherwise
let m be maximal such that 2" < »n and set:

R/(l’l) = VVmR/(H - Zm)
Note that dim R'(n) = 1.
PROPOSITION 4.4, For any n > 0, R(n) ® R'(n) = H(n).

Proof. Use induction on n. The base case n = 0 is trivial.
For the inductive step, n > 0, let m be maximal such that 2 < n, and assume that
R(n—2™y@® R'(n —2™) = H(n — 2"). Proposition 4.2 can be used to confirm that:

0nH(n—2") - H2"™' —n) = 0,HQ2") € Uy,
HQ™R(n—=2") - H"' —n) € HQ2")Uy S Uy,

R(n)+ R (n) 2 0nHmM —2")+ HR2™R(n —2") + W,,R'(n — 2™) = H(n).

Since dim R'(n) = 1, either R(n) ® R'(n) = H(n) or R'(n) C R(n). However, the
latter option implies R(n) = H(n) and that H(n)- H2™"' —n) C U, a clear
contradiction. Therefore, R(n) & R'(n) = H(n). ]

PRrOPOSITION 4.5. For any n > 0,

0 < dim H(n)/L(n) < 2.

Proof. Let m be maximal such that 2" < n.

If H(n)/L(n) were zero, then L(n) = H(n) and HQ"*' —n)H(n) C U,y1, a
contradiction.

Using Proposition 4.2, R(2"+! — n)H(n) € U,,,. By Proposition 4.4,

L(n)={xe Hn): RQ"™"' —n)x € U1}

Let p € H(2"*! — n) be an element that generates R'(2”' — n), and let ¢ : H(n) —
H(2"*1)/ U,.41 be the K-linear transformation:

¢ x = px/Upypsi

so that L(n) = ker ¢. The image of ¢ has at most dimension 2, and so dim H(n)/L(n)
<2. O
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Let L'(n) C H(n) be a space such that L(n) @ L'(n) = H(n). Proposition 4.5 shows
that dim L'(n) is either 1 or 2.
Define the space E(n) € H(n) as:

E(n) = () L()H(n — i) + H{)R(n — i).
i=0
LEMMA 4.1. For anyn > 0, Em)H(1) + H(1)E(n) € E(n+ 1).
Proof. Using Proposition 4.3,

EmH(1) = [\ LGH(n — i) - H(1) + H@R(n — )H(1)
i=0

S (LOHn+1— i)+ HORn+ 1 — ).
i=0
It remains to show that E(n)H(1) € L(n+ 1)H(0)+ H(n + 1)R(0) = L(n + 1).

Let m > 0 be maximal such that 2" <n 4+ 1.

HQ™' —n— 1)Em)H(1)
C HQ™' —n—1)L(n—2"+ )HQ2") + H2™RQ™ — 1)H(1)
g UmH(Zm) + H(Zm) []m - Um+1 .

Therefore, by definition, E(n)H(1) C L(n + 1).
We can prove H(1)E(n) C E(n + 1) by symmetry. Il

Let E=) > E(n).

THEOREM 4.2. E is an ideal of A.

Proof. Apply Lemma 4.1 to the definition of E. O
PROPOSITION 4.6. A/ E is infinite dimensional.

Proof.

dim 4/E =) dim H(n)/E(n) > Y _ dim H(n)/R(n) = Y _ dim R'(n) = oo.

n=1 n=1 n=1

PROPOSITION 4.7. A/E has quadratic or linear growth.

Proof. Using the fact that (LG)H(n — i) + H@)R(n — 1)) ® L'())R'(n — i) = H(n),
and recalling Proposition 4.5,

dim H(n)/E(n) < Y dim L(OR'(n—i) < Y 2=2(n+ 1),

i=0 i=0

> dim H()/E() < n* +3n+ 1.
i=0
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Proposition 4.6 shows that the algebra 4/E is not finite-dimensional. Bergman’s
Gap Theorem [2] proves that the only types of growth strictly slower than quadratic
are linear and finite, so A/E must have quadratic or linear growth. ]

5. E 2 E(F;). In this section we introduce the set £(F) and prove that £(F) is an
ideal in 4 (and in 4). We also show that £(F) € E. We start with the following result:

THEOREM 5.1. For any n > 0, let m be maximal such that 2™ < n, the following
holds:

omtl_p
() (xeHm) : HxHQ2"" —n—i) S U,HQ") + HQ")Un} S E(n).

i=0
Proof. 1t is sufficient to show that for any 0 < i < 2"+! — pand any x € H(n) such
thatx ¢ L(2" — i)H(n — 2" + i)+ H2" — )R(n — 2" + i),
Hi)xHQ™ —n—i) ¢ U,HQ™) + HQ2™)U,.
We can uniquely decompose x into x; + x;xg with:

x1 CLR"—-)HMm -2"+i)+ HQ2" — )R(n — 2" + i),
xp CLQ2"—10), xpe R(n—2"+1).
Under our assumption, x;xg # 0. However,
Hixi HQ™ ' —n—i)

€ HGOLQ2" — )HQ™) + HQ™R(m — 2" + )HQR"™ ' —n— i)

CU,H2™ + H2™MU,,.
Therefore, it is sufficient to show there exist y € H(i) and z € H(2"*! —n — i) such
that yx;xgz ¢ U, HQ2")+ HQ2™)U,,.

As xp ¢ L(2™ — i), there must exist a y € H(i) such that yx; ¢ U,. Let yx; =

Xru 4+ xpy, withx;p € Uy, and 0 # x;p € V,,. Symmetrically, thereisaz € H(2"!' —
n — i) with xg = xgy + Xry, Xgru € U,y and 0 £ xgp € V,,,. We see that

VXLXRZ = XLuXRZ + XpyXpu + XpyXry € UnHQR™) + H2™)U,,.

For any non-zero homogeneous space F C H(n), let £(F) denote the space:

n—1 oo

E(F) = ﬂ Z H(kn + j)FA.

=0 k=0

PROPOSITION 5.1. For any non-zero homogeneous space F C H(n), E(F) is an ideal
inA.
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Proof. By the definition, it is clear that £(F) is right ideal. To prove that it is a left
ideal, it is sufficient to show that H(1)E(F) C E(F).

n—1 oo
HMWEF) = (D H(kn+j + 1)FA
Jj=0 k=0
n—1 oo

=(D_ H(kn+)FAN Z H(kn + n)FA
Jj=1 k=0
n—1 oo o0 n—1 oo

= (D _Hkn+)FANY  H(kn)FA < ()Y H(kn+j)FA = E(F).
j=1 k=0 k=1 Jj=0 k=0

COROLLARY 5.2. Forany i > 0, E(F;) C E.

Proof. Since it is graded, £(F;) can decompose into homogeneous subspaces. If
n < 2N &(F;) N H(n) = (0), and if n > 2Vi,

n—11(n—j)27V—1]
EF)NHm=() Y. HEKMN+)FHn— (k+ 12" - ).

Let n > 2V and m be maximal such that 2" < n. Forany 0 <j < omtl _ g,

HGEWF) N Hn)HE2" —n —j)
()27 —1]
c > HEQVFEH™ - (k+ 1)2")
k=1
C H(2N)Y Uy HQ™ — (k + 1)2M).

Using Proposition 4.1, this is contained in Uy, and so by Theorem 5.1, E(F;) N
H(n) € E(n). O

6. Enumerating elements. To construct a Jacobson radical algebra using the
above method, we use an approach very similar to that used in Theorem 9 in [6],
but adapted for our constraints. First, we require that the field K be countable so that
we can enumerate the polynomials of 4. For each such /' € A, we will find a g € 4 and
a sufficiently ‘small’ F such that ' + g — fg € E(F).

Let f € A be any polynomial with no constant term, and let d be minimal such
thatf e fo:l H(n). We can decompose f into f(1) + - - - + f(4) with each f(; € H(i), and
recursively define the spaces s(n) € H(n) for each n > 0 with:

e 50)=1,
e s(n) = me m.d) f(,)s(n —i)forn > 0.
This way,

n

stn) = > S-Sy

k=0 1<iy,...,ix<d,iy+~+ir=n
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Lemma 8 from [8] can be used to prove the following simple property:
LEMMA 6.1. For any my, my > 0 and any n > my + my + 2d,

d
s(n) C Z H(m +a)ys(n—my —my —a—b+ 1)H(my+b—1).
a,b=1

Using s, we can build our subspace F. Recall that | X| is the number of generators
of 4.

THEOREM 6. 2 For any N > 2d, there exists a homogeneous subspace F C H(N)
withdim F < (llXI ; 12 and a polynomial g € A such that f + g — fg € E(F).

Proof. Letg = — szf” s(n), and let P be the two-sided ideal generated by {s(2N +

n=1
i)};izl. By the recursive construction of s,

2N+d 2N+d min{n,d}
g=—Y sm=—=>" > fostn—i
n=1 n=1 i=1
2N+d min{n—1,d} d 2N+d
= - Zﬂn) - Z Z fostn—i) =~ =" fstn—i)
i=1 n=i+1
d 2N d 2N+d—i
== Jfost)=>_ Y fostn) € —f +fg+P.
i=1 n=1 i=1 n=2N+1

Now set F = 25,7)1:0 H(a)s(N — a — b)H(b). It is our goal to show that P C E(F).
Thanks to Proposition 5.1, it is sufficient to show that forany 1 <i < d, sQN +1i) €
E(F). Consequently, it is sufficient to show that forany 0 <j < N,

d—1
SQN +i) € HOFH(N +i—j)= Y H(G+a)s(N —a—b)H(N +i+b—j),
a,b=0

which can be extracted easily from Lemma 6.1.
Finally, recall that dim H(n) = | X|", where | X| is the number of generators of A4,

d—1 d—1

d 2
dimF < Z dim H(a)s(N — a — b)H(b) = Z Y| = <|X| ) '

a,b=0 a,b=0 |X|
]

Proof of Theorem 1.1. In order to make our quotient algebra A/E Jacobson
radical, for every f € A there needs to be a g € 4 such that f + g —fg € E. As A is
countable, we can make an enumeration f1, f3, ... For each f,,, let d,, be minimal such
thatf, € Z  H(n). For any N,, > 1 + log, d,,, Theorem 6.2 can give usa g,, € A and

an F,, C H(2N"1) such that f;, + g — fingm € E(F,,) and dim F,,, < (l)l()l(ll —1)2.
If each dim F,, < %(Nm — N1 + 1), then we can construct sets U(2") and V(2")
as in Section 3 (see last four lines of Section 3), and hence we can construct the ideal

FE as detailed in Section 4. The algebra A/FE is infinite-dimensional (Proposition 4.6),
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has quadratic growth (because affine algebras with linear growth are PI by Small-
Stafford—Warfield Theorem [5]) with each dim H(n)/E(n) < 2(n + 1) (Proposition 4.7)
and contains each £(F},) (Corollary 5.2). Fortunately, each N, can be set arbitrarily
high in relation to N,,_1. The needed upper bound of dimension of F,,, depends on d,,,,
| X1, N,y and N,_1, so if each N,, is set to [sup{l + log, d, 2(‘%'1_1] )2 4+ N,,_1}1, each
F,, will be ‘small enough’ for the construction of E.

In other words, there is a graded ideal E < 4 such that | ;.\ £(F;) € E and A/E
is infinite-dimensional, Jacobson radical and has quadratic growth. Specifically, 1 <
H(n)/(EN H(n)) < 2n+2foreachn > 1.

The following more general theorem can be proved in a similar way.

THEOREM 6.3. Let K be an algebraically closed field. Let A = K(x, y) be the free
non-commutative algebra generated (in degree one) by the elements x, y. Let H(n) C A
be the homogeneous subspace of degree n > 0. Finally, for any F € H(n), let:

n—1 oo

E(F)=()D_ H(kn+j)FA.

j=0 k=0

For any sequence {N;}ien of strictly increasing natural numbers, and any sequence
{F;}ien of homogeneous subspaces such that F; € H(2V)) and dim F; < %(N,- —Ni_1+ 1),
the quotient algebra AJ{E(F;))ien can be mapped homomorphically onto an infinite-
dimensional graded algebra B of linear or quadratic growth, moreover, the dimension of
B, in other words the homogeneous subspace of degree n elements of B, is at most 2n + 2
for each n.

Proof. By assumption, dim F,, < %(Nm — N,,_1 + 1), hence we can construct
sets U(2"), V(2") as in Section 3 (see last four lines of Section 3), and hence we can
construct the ideal E as detailed in Section 4. The algebra A/E is infinite-dimensional
(Proposition 4.6), has at most quadratic growth with each dim H(n)/E(n) <2(n+ 1)
(Proposition 4.7) and contains each £(F;,) (Corollary 5.2).
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