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Ideals with componentwise linear powers

Takayuki Hibi and Somayeh Moradi

Abstract. LetS = K[x1, ..., X, ] be the polynomial ring over a field K, and let A be a finitely generated
standard graded S-algebra. We show that if the defining ideal of A has a quadratic initial ideal, then
all the graded components of A are componentwise linear. Applying this result to the Rees ring R(I)
of a graded ideal I gives a criterion on I to have componentwise linear powers. Moreover, for any
given graph G, a construction on G is presented which produces graphs whose cover ideals I¢ have
componentwise linear powers. This, in particular, implies that for any Cohen-Macaulay Cameron—
Walker graph G all powers of I have linear resolutions. Moreover, forming a cone on special graphs
like unmixed chordal graphs, path graphs, and Cohen-Macaulay bipartite graphs produces cover
ideals with componentwise linear powers.

1 Introduction

Componentwise linear ideals were first introduced by Herzog and the first author of
this paper in [4]. Since their introduction, they have emerged as an intriguing class of
ideals deserving special attention, due to some of their interesting characterizations in
combinatorics and commutative algebra (see [1, 3, 11, 14, 15]). One research theme in
this context is to find ideals whose all powers are componentwise linear or have linear
resolutions. Let S = K[xy,...,x,] be the polynomial ring over a field K. A graded
ideal I c S is called componentwise linear, if for each integer j, the ideal generated
by all homogeneous elements of degree j in I has a linear resolution. In this paper,
we mainly consider the question: what hypotheses on I ensure that all powers of
I are componentwise linear? In particular, we consider some graph constructions
whose cover ideals have componentwise linear powers. To investigate this question,
it is natural to consider the Rees algebra R(I). For a graded ideal Ic S, let Jc T =
S[y1,.-., ym] bethe defining ideal of R(I). The ideal J is said to satisfy the x-condition
with respect to a monomial order < on T, if any minimal monomial generator of
inc(J) is of the form vw with v € S of degree at most one and w € K[y1,..., Y]
This property was first defined in [10]. When J has the x-condition property, then it
is proved in [10, Corollary 1.2] that if I is equigenerated, then each power of I has a
linear resolution. It is natural to ask when I is not equigenerated, how the x-condition
affects the powers of I. This is considered in [7], where it is shown that if J satisfies the
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2 T. Hibi and S. Moradi

x-condition with respect to some special monomial order, then I* has linear quotients
with respect to some set of generators for all k, which may not be minimal. But once
it is minimal, it implies the componentwise linearity of I k (see [6, Theorem 8.2.15]).
When I is a monomial ideal and in.(J) is generated by quadratic monomials, it is
shown in [7, Theorem 3.6] that this set of generators is minimal; and hence, all powers
of I are componentwise linear. In the first section of this paper, we extend this result
to any graded ideal I (see Theorem 2.1 and Corollary 2.2).

The question of having linear or componentwise linear powers has attracted special
attention for the ideals arising from graphs and it has been studied in several papers.
Some families of such ideals whose powers inherit componentwise linear or linear
property are cover ideals of Cohen-Macaulay bipartite graphs [5], unmixed chordal
graphs [8, Theorem 2.7], chordal graphs that are (Cy,2K;)-free [2, Theorem 3.7],
trees [13, Corollary 3.5], path graphs, biclique graphs and Cameron-Walker graphs
whose bipartite graph is a complete bipartite graph [7, Corollary 4.7], and edge ideals
with linear resolutions [10, Theorem 3.2]. In Section 2 of this paper, we consider a
construction on a graph G denoted by G(Hy, ..., H,) which attaches to each vertex
x; of G a graph H;. As the main result, we show in Theorem 3.2 that if for each i,
the defining ideal Jy, of R(Iy,) has a quadratic Grébner basis, then each power of
the vertex cover ideal I(p;,, ..., ) is componentwise linear. To this aim, we first show
in Theorem 3.1 that if each Jy, satisfies the x-condition, then Jg(g,,... u,) satisfies
the x-condition with respect to some monomial order. Cohen-Macaulay Cameron-
Walker graph and cone graphs are examples of such constructions.

2 Algebras with componentwise linear graded components

Let K be a field, and let A = @®; j A(;, ;) be a bigraded K-algebra with Ay o) = K. Set
Aj=@®; A, j). We assume that A, is the polynomial ring S = K[x;, ..., x, ] with the
standard grading. Then A=@; A; is a graded S-algebra, and each A; is a graded
S-module with grading (A;); = A(; j) for all i. We assume in addition that A is a
finitely generated standard graded S-algebra and (A,;); = 0 for i < 0.

We fix a system of homogeneous generators fi, ..., f,, of A; with deg f; = d; for
i=1,...,m. Let T = K[X1,...,%Xn, ¥1,-..> Ym] be the bigraded polynomial ring over
K with the grading induced by degx; = (1,0) for i =1,...,n and degy; = (d},1)
for j=1,...,m. Define the K-algebra homomorphism ¢ T — A with ¢(x;) = x;
for i=1,...,n and ¢(y;) = fj for j=1,...,m. Then ¢ is a surjective K-algebra
homomorphism of bigraded K-algebras, and hence J = Ker(¢) is a bigraded ideal
in T. The defining ideal J of A is said to satisfy the x-condition, with respect to a
monomial order < on T'ifall u € G(in(J)) are of the form vw with v € S of degree < 1
and w € K[y1,..., ym]- Here, G(I) denotes the minimal set of monomial generators
of a monomial ideal I.

Given a monomial order <’ on the polynomial ring K[ y1, . . ., ¥, | and a monomial
order <, on K[x, ..., %, ], let < be a monomial order on T such that

n

PR, P
xi’Hyi’<Hxi’Hyi':

n
i=1 i=1 i=1 i=1
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We call < the order induced by the orders <" and <.

A graded S-module M has linear quotients, if there exists a system of homoge-
neous generators fi,..., fm of M with the property that each of the colon ideals
(fis--+> fj-1) © fj is generated by linear forms. With the above notation and termi-
nology, we have the following.

i=1 i=1 i=1 i=1

Theorem 2.1 Let ] be the defining ideal of the K-algebra A. If in.(]) is generated
by quadratic monomials, then for all k > 1, the S-module Ay has linear quotients with
respect to a minimal generating set and hence it is componentwise linear.

Proof Let k>1 be an integer. For any element h = f; ... f;, € Ay, we set h* =
Yii .- Yi.-Let {h{,..., h;} be the set of all standard monomials of bidegree (*, k) in T
which are of the form h*. Then by [7, Lemma 3.2], Ky, . . ., h; is a system of generators
of Ai. We show that this is indeed a minimal system of generators of Aj. Since
fi»- .. fm isaminimal generating set of A;, there is nothing to prove for k = 1. Now, let
k > 1. By contradiction suppose that there exists an integer j such that h; = 3,..; pehe
for some homogeneous polynomials py € S. Then g = h} - ¥.; pchy € J. Without
loss of generality, assume that g has the least initial term among all the expressions
of the form h} — 34, ; pyhj €. Since h7 is a standard monomial, we have in.(q) =
inc(p;)hi einc(J) for some i + jwith p; # 1. By assumption, there exists an element
¢ in the Grobner basis of J such that in.(g) has degree two and in.(g) divides
inc(pi)h;. If inc(g) = y,y: for some r and ¢, then y,y, divides h}, which implies
that h} € in.(J), a contradiction. So in.(g) = x,y; for some r and ¢ and then x,
divides in.(p;) and y, divides h}. Let g = x,y; — Xj_; ceuey;, for some ¢, € K and
monomials u; € S. Then

) X fe =Y couefi,-
=1
We have uy # 1 for all £. Indeed, if u) = 1 for some A, then

3) fiv =% fe = 30 &3l earse i,

£

This is a contradiction, since f;, ..., f,, is a minimal generating set of A;. Thus uy # 1
for all £. We have

inc(pi)hi = (inc(pi)/x:)x, fi(hil fi) =
(in<<pi>/xr><;ceuef,-e)(hi/ft).

Hence in(p;)h; = Yy, cewehy, for the monomials wy = (in<(p;)/x,)us # 1 and
elements hy = f;,(hi/f;) € Ax. Let p; = p; —in(p;). Then
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4 T. Hibi and S. Moradi

(4) hj=(inc(pi) + pi)hi + Y, pehe = cowehy + pihi+ Y poh.
L#i,] £=1 L+i, ]

We show that hj # h; for all 1</ <s. Indeed, by the equality (2) and that
ug #1, we have deg(f;) > deg(fj,). Hence deg(h;) < deg(h;). While deg(h;) =
deg(pi) + deg(h;) > deg(h;). Hence deg(h;) > deg(h;) which implies that hj, # h;.
Also y;, <" y, implies that (h;)* <" h}. By (4), we have

(5) q, = ]’lj - ZC@W@(I’!Z)* —pih? — Z pgh; €.

=1 e+,
Since (h;)* # h forall £and in.(q") < in<(q), by the assumption on g, we conclude
that there exists at least one integer 1< ¢ <s such that the monomial (h;)* is
not standard. By [7, Lemma 2.2], for any such /, there exist standard monomials

hi, >, hi,, withhy <. <hj < (hy)* and homogeneous polynomials v¢,) such
that

b
(6) (hp)" =Y veahs,, €J.

A=1

Again notice that j ¢ {t,1,..., s}, since deg(h;) > deg(h;) > deg(h,,,) for any
1<A<b.Setl; ={f:1<{<s, (h})*isnotstandard} and I, = [s]\I1. By (5) and (6),
we obtain an expression

b
q" = h; - Z Z CyWyVy.d h;,d - Z CgWg(hz)* —p;h: - Z pghz € ]

Lel; A=1 Lel, L#i,j

in terms of standard monomials. Since in<(g") < in<(q), we get a contradiction.
Thus, hy, ..., hy is a minimal system of generators of A;. Now, using [7, Theorem
2.3], we conclude that for each k, Ay has linear quotients with respect to its minimal
set of generators. Thus, it follows from [6, Theorem 8.2.15] that A is componentwise
linear. [ ]

Applying Theorem 2.1 to the Rees algebra of a graded ideal, we obtain the following
corollary which generalizes [6, Corollary 10.1.8] and [7, Theorem 3.6].

Corollary 2.2 Let I c S be a graded ideal, and let | be the defining ideal of the
Rees algebra R(I). If inc(J) is generated by quadratic monomials with respect to the
monomial order defined in (1), then for any k > 1, I* has linear quotients with respect to
its minimal monomial generating set and hence it is componentwise linear.

3 Cover ideals of graphs with componentwise linear powers

Let G be a finite simple graph on the vertex set V(G) = {xy,...,x,},and let E(G) be
the set of edges of G. A subset C € V(G) is called a vertex cover of G, when it intersects
any edge of G. Moreover, C is called a minimal vertex cover of G, if it is a vertex cover
and no proper subset of C is a vertex cover of G. Let as before S = K[xy,...,x,]
denote the polynomial ring in » variables over a field K. We associate each subset
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C c V(G) with the monomial u¢ = [],cc X; of S. Let Cy, ..., C; denote the minimal
vertex covers of G. The cover ideal of G is defined as I = (uc, ..., uc,). The Rees
algebra of I; is the toric ring

R(IG) = K[Xl,. ..,Xn,UClt,. . .,qut] C S[t]

Let T = S[y1,...,yq] denote the polynomial ring and define the surjective map 7 :
T — R(Ig) by setting 7(x;) = x; and 7(y;) = uc,t. The toric ideal Jg ¢ T of R(Is)
is the kernel of 7. Let <jx denote the pure lexicographic order on S induced by the
ordering x; > --- > x,, and suppose that uc, <lex " <lex Uc,. Let <[y denote the pure
lexicographic order on K[ y1,. .., y4] induced by the ordering y; > -+ > y,. We let <
be the monomial order on T which is induced by the orders <], and <jex.

Given finite simple graphs H, .. ., H, with V(H;) = {zl(i), ce 2y, )} we construct
the graph G(H, ..., H,) on V(G)u V(H;) u--- U V(H,) whose set of edges is

E(G)UE(H) U UEH,) u| U {x,2"}

1<i<n
1<j<r;

TIheorem 3.1 Suppose that each Jg, satzsﬁes the x-condition with respect to z(l)

.....

0 >Z§1) D5 ,@ 5 5 ,® L m

> >z > 2 >z, >y > X > > Xy

Proof LetS=K[x,...,%n, Z1( ), zg:')] denote the polynomial ring in n + r; +

-+ r, variables over a field K. Let Cl( ), ce Cs(f) denote the minimal vertex covers of
H;. Given a vertex cover C of G, we introduce a subset C' = Cu C() u---u C(") of
V(G)u V(H;)u---u V(H,) for which

o - V(H;), if xi¢C,
- c(’ if x;¢C,

where 1< j <'s; is arbitrary. It follows that C’ is a minimal vertex cover of G and that
every minimal vertex cover of G is of the form C’.

Let <jex denote the pure lexicographic order on S with respect to the above ordering
zl(l) > - > x,.Let Cy, ..., C, denote the minimal vertex covers of G(Hj, ..., H,) and
suppose that uc, <jex ** <lex Uc,-

Let T; = K[zl(i), . ,ZS, ),y( D ,ys ] denote the polynomial ring in r; + s; vari-
ables over K and Jp, c T; the toric ideal of R(Iy,) which is the kernel of 7; :
T; > R(Iy,). Let w = Z(.l) w'’ be a monomial belonging to the minimal system of
monomial generators of ing (Ju,), where w" is a monomial in y( D, ys(f). Let

mi(w) = z( )”c( ht.. c< nt. Let C;, be a minimal vertex covers of G(H,,..., H,)

with C¢, N V(H ) = C( ) for each 1 < i’ < a. It follows that z( )y( . ¥, belongs to
ina(Jo(my,..om,)) € T = S[)’b--w)’q]

https://doi.org/10.4153/50008439524000201 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000201

6 T. Hibi and S. Moradi
Let C be a minimal vertex cover of G(H;, ..., H,) with x; ¢ C and
C' = ((CufxH\V(H))ucl,

where 1 < j <s; is arbitrary. Then C’ is a minimal vertex cover of G(Hj, . .., H,, ) with
ucr <lex tc. Let C = C, and C" = Cy. Then e < f and

xiye— |1 ZJ(-ri))’f € JG(H,,...H,)
z(i>¢C(,i)
i

whose initial monomial is x; y..

Let A denote the set of monomials of the form either zjm Yo oo Ve, OF Xiye
constructed above. Let B denote the set of monomials in y;, ..., y, belonging to the
minimal system of monomial generators of ini (Jg(m,,....H,))-

Let (A, B) denote the monomial ideal of T generated by A U B. One claims that
ing (J(m,...,n,)) = (A, B). One must prove that, for monomials u and v of T not
belonging to (A, B) with u # v, one has n(u) # n(v), see [9, Theorem 3.11]. Let
u=uyuzu, and v = v,v,v, with u # v, where uy, v, are monomials in xy,..., x,
where u,, v, are monomials in zﬁi),l <i<n,1<j<r;, and where u,, v, are mono-
mials in y1,..., y,. Suppose that u and v are relatively prime and that 7(u) = 7(v).

Let, say, u, # 1 and x; divide uy. Since x; does not divide v, and since degu, =
degv,, it follows that there is y, which divides u, for which x; ¢ C,. Hence, x;y, € A,
a contradiction. Thus, u, = v, = 1.

Let m(u) = u, - uc, t...uc,,t and (v) = v, - ”Ca{t' .. Mcu; t. Let, say, u, # 1 and

zgi) divide u,. In each of 7(u) and 7(v), replace each of x;, . . ., x,, with 1 and replace

in ) with 1 for each i’ # i and for each 1 < j < r;. Then m(u) comes to

y p-p'
’ (1)
uz-uc(,-)t...uc(,-)t ||Zj
a p’ j=1

and 7(v) comes to

. p-p'
/ i
Vz'uc(i)t...uc(i)t(HZ](-)) ,
C{ C,

p \J=l
where each of 1}, and v, is a monomial in zl(i), AU zsii). One has p’ > 0 and
woy Dy vy D e g,

)4

Since Z;i) divides u, one has u -ygf) yE;,) - v;~y£,i) . ..yE,i) #0 and its initial
1

monomial belongs to int(Jy,). Since Jy, satisfies the x-condition, it follows that
either u € (A, B) or v € (A, B), a contradiction. Thus u, = v, = L.

Sinceu = u,,v=v,,u-v #0and 7(u) = 7(v), one has either u € (B) orv € (B),
a contradiction. ]
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Theorem 3.2  Suppose that each Jy, has a quadratic Grobner basis with respect to
some monomial order. Then each power of the vertex cover ideal I(p,,....n,) possesses
an order of linear quotients on its minimal monomial generating set, and hence it is
componentwise linear.

Proof =~ We keep the notation used in the proof of Theorem 3.1. Suppose that Jy, has

a quadratic Grobner basis with respect to zl(

the ideal J = J (g,

Vs zﬁf) for each i. By Theorem 3.1,
n,) satisfies the x-condition with respect to the order < induced

.....

by the orders zl(i) > > sz). Hence by the proof of [7, Theorem 3.3], for any positive
integer k, the ideal (Ig(n,,...n,) )* has a system of generators hy, . .., h, each of them
of the form h; = Uuc, ---Uc, which possess an order of linear quotients h; < - < h;

and such that h} = y; ... y;, is a standard monomial of T with respect to <! and J. We
prove that {hy, ..., h} is the minimal generating set of monomials of (IG(p,,..., Hn))k.

Suppose that h; = wh; for some integers i and j and a monomial w € S. We should
show that w=1and i = j. Let h; = uc, T and h; = uc; UG, - If w=1and
i # j, then h — hj € ]. So either hj or h} belongs to in;(J), a contradiction. Hence
i = j and we are done.

Now, assume that w # 1. Let w = w,w,, where w, is a monomial in x;, ..., x, and
w, is a monomial in z(.i),l <i<n,1<j<r;. Assume that w, # 1 and x,|w for some
integer t. So we have x; ¢ C;, for some 1 < a < k. The set

C' = ((Ci, u e D\V(H,)) u CH,

where 1< ¢ <, is arbitrary, is a minimal vertex cover of G(Hy,...,H,) with
Ucr <lex Uc. Let C' = Cp. Then i, < b and

(1)
xyi,— |] Zj Yo € J(Hy,... Hy)
Pgcl?

whose initial monomial is x;y;,. Since x;|w and uc, |h;, we may write wh; = w'h’,
;7 _ (1) ’_ oI s
where w' = (w/x;) HZ;;)¢C$) z;,’ and h' = (hi/uc,, )uc,. Therefore h; =w'h’ with

deg(w;,) < deg(wy). Repeating this procedure, we obtain h; = uf, where u is a
monomial with u, =1 and u, #1 and f = Ucy, - Ucy, for some /;,..., 0. Let
w''(h")* be the unique standard monomial in T with respect to <! and J such that
n(w" (h")*) = f, where w" is a monomial in S.

Then hj=uf = uw”h". Leth" = uc, ...uc, Ifx/w" for some integer £, then we
have x; ¢ C,, for some a and then x,y,, € inu(J). Since x,y;, divides w"'(h"")*, this
implies that w” (h")* € iny(J), a contradiction. Hence w!/ = 1. Note that (h")* is
a standard monomial as well. So the equality &; = uf = u,w_ h"" shows that we may
reduce to the case that w, = 1. Hence w = w, with w, # 1and h; = w_h;.

Let, say, z}i) divides w. In each of hj, h; and w, replace each of xy, ..., x,, with 1

and replace Z](.i ) with 1 for each i’ # i and for each 1 < j < ri. Then hj comes to

. p=p'
T,()
Mc(i)t...uc(i)t | |Zj
‘a p’ j=1
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and h; comes to

. p-p'
. , T.()
ucf:)t...ucf:)t(nzj ,
1 j=

o’

and w comes to v, where v is a monomial in zl(’), ceos zS:). One has p’ > 0 and

(7) y Oy D —v Wy ey,
1 PI

Moreover, since h; and h} are standard monomials in T, yﬁl’ ). yg,) and
yg,l ). yg,l ) are standard monomials in T}, i.e., they do not belong to in.(Jg, ). Since
1 »’

Ju, has a quadratic Grobner basis with respect to Z1(

in the proof of [7, Theorem 3.6], the monomials u

D552 as was shown

Cgi) ...ucéi) and uc(,i) ...uc(li)

1 p’ q cp,
belong to the minimal set of monomial generators of (Iy,)? . This contradicts to
equation (7). [ |

The following corollaries are derived from Theorem 3.2.

Corollary 3.3 Let G' = G(Hy, ..., H,), where G is any graph on n vertices and each
H; belongs to one of the following families of graphs:

(a) Unmixed chordal graphs.

(b) Cohen-Macaulay bipartite graphs.

(c) Path graphs.

(d) Cameron-Walker graphs whose bipartite graphs are complete graphs.

Then any powers of the vertex cover ideal I/ possesses an order of linear quotients
on its minimal monomial generating set and hence it is componentwise linear.

Proof  Foranygraph H; belonging to one of the families (a) to (d), the defining ideal
of R(Iy,) has a quadratic Grébner basis, see [5], [7, Corollary 4.7], and [8, Theorem
2.7]. Hence, the desired result follows from Theorem 3.2. [ |

Let Gbeagraphwith V(G) = {x,...,x,}. A coneon Gisagraph G’ with V(G’) =
V(G)u{y}and E(G") = E(G) u{{x;, y} : 1< i< n}, where y is a new vertex. The
vertex y is called a universal vertex of G’ and G’ is called a cone graph.

A friendship graph F,, is a planar graph with 2n + 1 vertices and 3n edges. It can be
constructed by joining n copies of the cycle graph C; with a common vertex. A fan
graph F, ,, is a cone on a path graph with » vertices.

Corollary 3.4  Let G be one of the following graphs:

(a) A Cameron-Walker graph with the bipartite partition (X,Y) for which there
exists one leaf attached to each vertex in X and at least one pendant triangle
attached to each vertex of Y.
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Ideals with componentwise linear powers 9

(b) A cone graph with a universal vertex x such that G\{x} is one of the graphs (a)
to (d) in Corollary 3.3. Examples of such cone graphs are the fan graphs Fy ,,
friendship graphs F,, and star graphs.

Then all powers of the vertex cover ideal I have linear quotients and hence are
componentwise linear.

The following result is an immediate consequence of Corollary 3.4 and the charac-
terization of Cohen-Macaulay Cameron-Walker graphs given in [12, Theorem 1.3].

Corollary 3.5  Let G be a Cohen-Macaulay Cameron-Walker graph. Then all power
of the vertex cover ideal of G have linear resolutions.
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