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Abstract

In this paper, employing a very recent local minimum theorem for differentiable functionals, the existence
of at least one nontrivial solution for a class of systems of n second-order Sturm-Liouville equations is
established.
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1. Introduction

Leta,beRwitha <b, p; > 1, p;, s; € L*([a, b]) with essinfj, p0; > 0, essinf, p)5; > 0,
A;, B; € R, and let a;, B;, vi, 0; be positive constants for 1 <i < n.
Consider the following second-order Sturm-Liouville system on a bounded interval
[a, b] in R:
{_(pi¢pi(u;)), + Sipp, (ui) = AF (X, w), (1)
aiu(a) - Biui(a) = A;,  yiu;(b) + ojui(b) = B; '

for 1 <i<n, where ¢,,(#;) = t;1P %1, u=W,...,uy) €ER"and F : [a, b] X R" - Risa
measurable function with respect to x in [a, b] for every t € R", it is a C'-function with
respect to ¢ € R” for almost every x in [a, b], F(x, 0) = O for almost every x € [a, b],

n

sup " |F, (x, 0] < (%)

ln<s 539

for all s > 0 and some g, € L', and F,, denotes the partial derivative of F with respect
to u;.
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In this paper, using a very recent local minimum theorem for differentiable
functionals due to Bonanno [1], we establish the existence of at least one nontrivial
weak solution for the system (1.1).

Here, as an example, we present a special case of our main result.

Turorem 1.1. Let f, g : R? — R be two continuous functions such that the differential
I-formw := f(&, 1) dé + g(&,n) dn is integrable and let F be a primitive of w such that
F(0,0)=0. Fix p > g > 1 and assume that

F&mn) _
&m—©0) £ L
p q

Then there exists A* > 0 such that for each A € (0, 1*) the system

—(p18,(u)) + s1¢,(w) = Af (u, v),
—(P20,(V")) + $5204(v) = Ag(u, v),
au'(a) = Pru(a) =0, yu'(b) + oud) =0
@V (a) = Bov(a) =0, y2V'(b) + o2v(b) =0

admits at least one nontrivial weak solution (uy, vo) € W'P([a, b]) x W4([a, b]).

Problems of Sturm-Liouville type have been widely investigated by using
topological degree theory, the supersolution and subsolution method, or critical point
theory (see [9] and the references therein). We also refer the reader to the papers
[2, 3,5, 8, 11, 10]. Finally, we cite the papers [4, 6], in which the local minimum
theorem for differentiable functionals has been successfully employed to ensure the
existence of at least one nontrivial solution for differential equations.

The paper is arranged as follows. In Section 2 we give preliminaries and our main
tool, that is, Theorem 2.1, while in Section 3 we present our main results.

2. Preliminaries and basic notations

First, we recall for the reader’s convenience [I, Theorem 5.1] (see also [I,
Proposition 2.1]) which is our main tool. For a given nonempty set X and two
functionals @, ¥ : X — R, we define the functions

su =1 ((ry,r Y(u) - P(v)
B(ri,r2) = inf Puea-1((ri,)
ved~1((ry,r2)) ) — CD(V)

and
Y(v) — su ooy P(1)
p(ri, )= sup (II))ME(D (Coor)
ved1((r1,r)) V) —n

for all r,neER, r <nm.
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TaeorEM 2.1 [1, Theorem 5.1]. Let X be a reflexive real Banach space, ® : X —» R
be a sequentially weakly lower semicontinuous, coercive and continuously Gdteaux
differentiable functional whose Gdteaux derivative admits a continuous inverse on X*
and ¥ : X — R be a continuously Gdteaux differentiable functional whose Gdteaux
derivative is compact. Put I, = ® — AY and assume that there are ri,r, €R, r| <rp,
such that

B(r1, ra) < p(ry, r).

Then, for each A€ (1/p(r1, r2), 1/8(r1, 1)) there is up, € O ((ry, 1)) such that
Li(uo.) < () for all u € ®'((ry, rp)) and I (up,2) = 0.

Here and in the following, X will denote the Cartesian product of n Sobolev spaces
WPi([a, b]) for 1 <i<n,thatis, X =[], W'i([a, b]), endowed with the norm

n
e = > ul
i=1

where
b 1/p,
il = ( f PP + s:(0lu(0P) dx)

for 1 <i<n.Set p:=min{p;:1<i<n}and p:=max{p;: 1 <i<n}. Here, and in the
sequel, we assume P2
In the sequel we need the following proposition.

ProrosiTion 2.2. Let T : X — X* be the operator defined by
b
T(wh = f (i), (U; N (X) + 5:(X)Bp, (ui(xX))hi(x)) dx

, Z(pmawm(m#w)hi@ ity (B2, )

1

for every u, h € X. Then T admits a continuous inverse on X*.

Proor. Forany u= (uy,...,u)€Xandv=(v,...,v,)€X,
(T =T, u-v)

= fa b imi(x)(¢p[(”;(x)) = ¢p, (VO (x) = vi(x))

+l;i1(x)(¢p,»(ui(x)) = ¢, (i()))(ui(x) = vi(x))) dx

L 1

- Z(pz(b)(asp,( P - g, (2T ) - o),

t 1
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Hence

b n

(Tw)-T(V),u—-v) > f Z(pf(x)(¢pi(u§(x)) = ¢p, (V) (U (x) = vi(x))
a =1

+ 5i{(0)(Bp, (ui(x)) = ¢p, (ui(x)))(ui(x) — vi(x))) dx.

Then, by [7, Equation (2.2)],
n b
TwW-TW,u-v)=2C Z f (i(0)lu; (x) = Vi + si(x0)ui(x) = vi()l”") dx
i=1 va
for some constant C > 0. Therefore, if max;<;<, ||#; — vi|| < 1 then

(T = T@),u=12C Y = vill" 2 C Y Iy = vill”
i=1 i=1

1 - P
> Co o (D =il
i=1

that is,

(Tw) - T(),u—-v)=C llue = viI?.

2F-D(n-1)
Moreover, if max<;<, ||u; — v;|| > 1 then

n
Tw-TW,u-y=C Z ll; = vill” = € max [lu; — vil|”
- - - 1<i<n

i=1

1 (< 14
> C(max e = vil) = C—( 3" s = v}
1<i<n n— s}

that is,
1
(T@) =T, 1~ 1) 2 C—llu - vlI7.

It follows that
(Tw) —TW), u—y)=Ka(llu—vll.)|lu = vl

for all u,v € X, where K = C min{1/2?7=V®=D 1/n2)} and a(t) =tP~' if t < 1, a(t) =

27 if > 1.
Hence, T is uniformly monotone. From [12, Theorem 26.A(d)], T-! exists and is
continuous on X*. This completes the proof. O
Put

. {ma’”—”]'”()‘)' € W, )\ (01}
T
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for 1 <i <n. One has m; < +oc0. For our goal it is enough to know an explicit upper
bound for the constant m;. In this context [3, Proposition 2.1], setting

ki = 2(pi=D)/pi

1 b — a)Pi\!/pi
e
(b —a)l/pi essinf s; " essinf p;

for 1 <i < n, one has m; < k;. Hence,
lletilloo < maglugs|

for every u; € W'Pi([a, b]). Further, we also put

max yefqp) Ui ()P .
M:max{ sup ctant MO ) Sn}. 2.1)
wEW i ([a.b\ (0) 1P
From (2.1),
lluilloo < MYPiu| fori=1,...,n,VueX. (2.2)

For all ¢ > 0 we denote by Q(¢#) the set

{gz(tl,...,tn)eR":thilsﬂ}.
i=1

Moreover, we set
n
M= (Mp)'".
i=1

Now, put

n

Sl o

Ai +,Bl'T

a;

Pi N api(a)
Bipi

)

forall t = (74,72, ..., 7)) €R" and

fab maxegq) F(x, 1) dx — fab F(x,7)dx
() —F (@)
forall e R", ¢ > 1 and v > 0, with (v/ M)? # F (7).

Arg(v) =

3. Main results
Our main result is the following theorem.

THEOREIL/I 3.1. Assume that there exist vi,v, >0, TeR", with vi <M<v, and
v/ M)P < F (1) < (va/ M) such that

ag,g(VZ) < ag,ﬁ(vl ).
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Then, for each A€ (1/ar3(v1),1/azp(v2)) the system (1.1) admits at least one
nontrivial weak solution ug = (uo1, U, . . ., Uon) € X such that

14
0< Z (|22l Ip' e
MB'

Proor. Our aim is to apply Theorem 2.1. To this end, fix 4 as in the conclusion and
define ®,¥: X - Ras
Pi)

D) = z”:(llu;ll”’ + vipi(b) | Bi — oju;
= Pi ipi Yi

A; + Biui(a)
a;

a;pi(a)
Bipi

and .
P = f F(x, u() dx

for all u € X. Let us prove that the functionals @ and ¥ satisfy the conditions required
in Theorem 2.1. It is well known that ¥ is a differentiable functional whose differential
at the point u € X is

b n
W (w)(v) = f D" Fu(x, u(x)vicx) dx
a =1

for every v € X, and it is sequentially weakly upper semicontinuous. Furthermore,
Y’ : X — X* is a compact operator. Moreover, it is well known that @ is a continuously
differentiable functional whose differential at the point u € X is

b n
V' (W) = f D 0i0B (V) + 500, ()W) dx
a =1

+ Z(pi(a)qﬁpi(f‘i%zm@)vi(a) - Pi(b)fﬁp[(&%fui(b))vi(b))

1

for every v € X, and since ® is convex, from [8, Proposition 25.20(i)] we deduce
that @ is sequentially weakly lower semicontinuous, while Proposition 2.2 gives that
@’ admits a continuous inverse on X*. Now, put w(x) =7 =(71,72,...,Ty), I =
(vi/M)P and r, = (v,/ M)E. Clearly, w € X and since vi < M <vp,onehasr; <1< r,.
Moreover, taking into account that ®(w) = F (), from (v{ /M)? < F (1) < (v2/ M) one

has r; < ®(w) < r,. Finally,

b
sup P(u) = sup f F(x, u(x)) def max F(x, 1) dx. 3.1

Qw<r D(u)<ry 1€Q(v2)

In fact, from (2.2),

Ilu II”’ "

MZ [let;]

i=1
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So, in particular,
n .
_ |[et;]|Pi \ 1/ i
il < (b)), 2]
o Pi
Hence, for all u € X such that ®(u) < r, (and hence, in particular, Y., [lu;||”"/p; < r2)
one has [|ulle < (p,-M)l/”"ré/p", and taking into account that r, >1, one has
1
2y il < rz/EM = v,. It follows that (3.1) holds.
Arguing in a similar way,

b
sup Y(u) < max) F(x, 1) dx. (3.2)

D(u)<r a €0
Therefore, using (3.1) and (3.2),
SUP et ((—oo,ry)) T 1) — F (W)
r; — O(w)
. 7 supegoy Fx, D dx— [ F(x, 7) dx
) L -F@)
= ClLi(Vz)

B(ri, rp) <

and

P(W) = SUP, et ((coryy) P (W)

p(rl’rZ)Z

O(w) —r
fab F(x,7)dx - fab SUPseny) F(x, ) dx
> —
F (@) - ()7
2 az,ﬁ(vl)s

respectively. Hence, taking [8, Lemma 2.1] into account, the weak solutions of the
system (1.1) are exactly the solutions of the equation ®’(u) — AY'(v) =0, and from
Theorem 2.1 the conclusion follows. O

Now we point out the following consequence of Theorem 3.1.

TueoreM 3.2. Assume that there exist v > M, T € R", with F () < (v/ M)2, such that

Lb maXyeQ() F(x, E) dx J:) F(x, I) dx

<
Ve MEF (7)
Then, for each
F(r (5)F
e ( - © 'y =3 M )
fa F(x,7)dx fa max.co) F(x, 1) dx
the system (1.1) admits at least one nontrivial weak solution u, = (uo1, . . . , up,) € X.
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Proor. Applying Theorem 3.1, we get the conclusion by picking v; =0 and v, =v.
Indeed, owing to our assumptions, one has

(1 - f@Mﬁ) fab maxco.) F(x, 1) dx

v
v
e~ F@

as, E(V) <

p b

= —pi max F(x,t)dx
Ve ), €0 -

[ F, ) dx
F (@)
= a.5(0).
In particular,
ME (P
arp(v) < v fa gngz})vg F(x, 1) dx.
Hence, Theorem 3.1 ensures the result. O

Here, we give a special case of the main result.

TueorEM 3.3. Let f; :R" - R for i=1,...,n be continuous functions such that the
differential 1-form w := !, fi(é) dé; is integrable and let F be a primitive of w such
that F(0) = 0. Assume that
LR
T
- =1 p;
Then, for each A € (0, (1/ ME(b — a)) sup,.,(v2/ maxco) F(2))) the system

—(pipp,(u) + si¢p, (i) = Afi(x, w),
au;(a) — Biuia) =0, yu;(b) + oui(b)=0

for 1 <i<n, admits at least one nontrivial weak solution u;, € X.
Proor. For fixed A as in the conclusion, there exists a positive constant v such that
A< (1/ME(b — a))(V2] max,eq) F(1)), that is,
b
fa max,co) F(H)dx 1
<=
F)r 2

Taking into account that lim‘§|ﬂo+ F (é) J(XE, &P/ pi) = +o0, and, hence,

FO _ .,
im = +00,
lr-0+ F(7)
we can choose 7 satisfying
v \2
F(r) < (—)
@ <\
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and such that
Fo 1 1

> = .
F@ Ab-a

Hence, one has
b b
[, maxeor F)dx 1 [T F(x)dx

(7 15T o

and from Theorem 3.2 the conclusion follows. O

RemARk 3.4. Theorem 1.1 in the Introduction is an immediate consequence of
Theorem 3.3 when n = 2.

Now, we present the following example to illustrate the result.
ExawmpiE 3.5. Let p = g = 4. Consider the system
w3
%
(V' PVY + Py = ——, (3.3)
Vit + A
W) —u0)=0, u'()+ul)=0,
V(0)—v(0)=0, v(1)+v(1)=0.

—(u'PuY + lufPu =2

Taking into account that the differential 1-form (u®/Vu* + v*) du + (V* /Vu* +v*) dv is
integrable and its primitive is F(u, v) = (1/2)Vu* + v*, one has

F(u,v)
1m00) e
@n—00) £ 4 ¥

Hence, owing to Theorem 3.3, by choosing py =p2=s1 =2 =a;=ar == =1,
and by picking v = 1, for each 1 € (0, 1/8(1 + 2/#)2), the system (3.3) has at least one
nontrivial weak solution (g, vo) € WH*([0, 1]) x W4([0, 1]).

Here we want to point out the following consequence of Theorem 3.1 whenn = 1.

Let py=p,s1=s,a1=a,B8,=8, 01=0, Aj=A, Bi=B and p;=p. Let
f:[a,b] xR — R be an L'-Carathéodory function. Let F be the function defined by
F(x,t)= [ f(x,s)ds for each (x, 1) € [a, b] X R. Put

max yeq p) [1(x)|

m:= sup

15 l/p*
ueWELabDNO) (fab(p(x)lu’(x)lp + 5(x0)u(x)[P) dx)
Now, put

A+pBt
1%

P N ap(a)
Bp

b _
F(r)= ((f s(x) dx)% + ys_(;) B )/O-T

)
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for all T € R and

fab max<, F(x, 1) dx - fab F(x,7)dx

br( )::
' L2y —7(1)

for all T €e R and v > 0, with (1/p)(v/m)? # ¥ (7). Then, we have the following result.
THEOREM 3.6. Assume that there exist vi,v, >0, TeR, with vi < p/’Pm<v, and
(1/p)vi/m)? < F(7) < (1/p)(v2/m)” such that

b:(v2) < b:(v1).
Then, for each A € (1/b.(vy), 1/b:(v;)) the problem

{—wp(u'))' + s¢p(u) = Af (x, u),
au'(a) — Bu(a) =A, yu'(b)+ oulb)=B

admits at least one nontrivial weak solution uy € WP ([a, b]) such that

b
0< f (POl I + s(x)lu(x)[P) dx<(,vn_2)p‘

Finally, as a special case of Theorem 3.3, we point out the following result.

THeorREM 3.7. Let f : R — R be a nonnegative and continuous function such that

lim @ = +00
£50* é_“p—l

Fix v> 0. Then, for each A € (0, (1/pm?)(v*/ fov f(¢) dt)), the problem

—u" +u=Af(u),
au'(a) — Bu(a) =0, yu'(b) +ou(b)=0

admits at least one nontrivial classical solution ug such that ||ug||e < v.
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