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Abstract

In analogy to classical spherical ¢-design points, we introduce the concept of 7-design curves on the sphere. This
means that the line integral along a #-design curve integrates polynomials of degree ¢ exactly. For low degrees, we
construct explicit examples. We also derive lower asymptotic bounds on the lengths of 7-design curves. Our main
results prove the existence of asymptotically optimal 7-design curves in the Euclidean 2-sphere and the existence of
t-design curves in the d-sphere.
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1. Introduction

Spherical designs are point sets in the sphere S¢ = {x € R%! : ||x|| = 1} that yield exact quadrature
rules with constant weights for polynomial spaces. Thus, a finite set X; C S¢ is a t-design (or X; consists
of t-design points) if for every algebraic polynomial f in d + 1 variables of (total) degree ¢, one has
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ﬁz‘f(xh/gdf. (1)

xeX,;

This concept plays an important role in numerical analysis, approximation theory and many related
fields, and the theory, construction and applications of spherical designs has become a highly developed
art. See [10, 40, 41] and [5, 21, 42, 48] for a sample of papers on spherical t-design points. In particular,
the existence of asymptotically optimal #-design points in the d-sphere has long been an open problem
and has eventually been proved by Bondarenko, Radchenko and Viazovska in [3].

In this paper, we study a variation where points are replaced by curves. The goal is again to obtain
quadrature formulas along curves in the sphere that are exact for polynomials of a given degree.
The central notion is the definition of a 7-design curve. Precisely, a closed, piecewise smooth curve
y : [0,1] — S¢ with at most finitely many self intersections and with arc length £(y) is called a
t-design curve in S¢ if the line integral integrates exactly all algebraic polynomials in d + 1 variables of
degree t,

1
m[yf— sdf. )

The use of curves instead of point evaluations in definition (2) is motivated by numerous analogous
applications of curves for the collection and processing of data on the sphere. Here is a short list of
applications of curves in a similar spirit: Low-discrepancy curves were discussed in [35] as an efficient
coverage of space with applications in robotics. See also the textbook [30] on robotics, where curves
are derived for motion planning to obtain an optimal path under several side constraints. Space-filling
curves are used as dimensionality reduction tools in optimization, image processing and deep learning
cf. [20, 8, 44]. Curves are applied in [ 14] to approximate probability measures. The concept of principal
curves is discussed in [24, 23, 28, 31] to best fit given data. In another statistical context, the information
tuning curve quantifies discriminatory abilities of populations of neurons [37, 27]. Motivated by more
geometric questions, length and thickness of ropes on spheres are studied in [17, 18] as variants of
packing problems. In the context of optimization problems, the shortest closed space curve to inspect
a sphere is determined in [19]; variations are discussed in [50]. Energy minimization and geometric
arrangements in biophysics lead to optimality questions of knots and ropes [7, 33, 49]. In mobile
sampling, curve trajectories provide sampling sets that enable efficient signal reconstruction [2, 25, 22,
26, 46, 45, 36].

Our goal is to study integration on the sphere by using information along closed curves rather than
point evaluations. The new notion of #-design curves in (2) addresses exact integration on the sphere
along curves and the related problem of the exact reconstruction of bandlimited functions on the sphere.
The pertinent questions of 7-design curves on spheres are similar to those of spherical #-design points.

Problem (A): What is the minimal (order of the) arc length of a ¢-design curve?

Problem (B): Do t-design curves exist on S$¢ for all t € N?

Problem (C): If yes, are there 7-design curves on S¢ achieving the optimal order of arc length?

Problem (D): Provide explicit constructions of 7-design curves.

The answers to the analogous questions for t-design points have a long history and culminate in the
solution of the Korevaar-Meyers conjecture by Bondarenko, Radchenko and Viazovska [3] mentioned
above.

Our program is to make a first attempt at these questions for 7-design curves on d-spheres. We will
offer answers to (A) and (B) and give a solution of problem (C) on the sphere S2. As a contribution to
Problem (D), we will construct some examples of smooth #-design curves for small degrees .

Results. In the following, we denote the space of algebraic polynomials of d + 1 real variables of
(total) degree ¢ by I1,. As a necessary condition for the length of a t-design curve, we obtain the following
answer to Problem (A).
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Theorem 1.1. Assume that a piecewise smooth, closed curve y : [0, 1] — S satisfies

1
m/y.f:./sdf forall fell,.

Then its length is bounded from below by
€(y) > Cqt?™!

with some constant C4 > 0 that may depend on the dimension d but is independent of t and y.

By comparison, a spherical ¢-design requires |X;| < ¢ points [9, 40, 10].!
The next challenge is to prove the existence of ¢-design curves that match the asymptotic order ¢!,
For the unit sphere in R?, we succeeded in proving the existence. This solves Problem (C) for S2.

Theorem 1.2. In S? there exists a sequence of t-design curves (y;),cy with length €(y;) < t.

Note that even for d = 2, the corresponding problem of the existence of spherical z-designs points was
solved only in 2011 [3]. In our proof, we will make substantial use of the result from [3]. In dimension
d > 3, we prove the existence of #-design curves. This is a solution to Problem (B).

Theorem 1.3. In S¢ for d > 3, there exists a sequence of t-design curves (y;),cy, such that £(y;) <
(d(d-1)/2.

This asymptotic order does not match our lower bounds for d > 3 in Theorem 1.1. In the analogous
problem of ¢-design points, our Theorem 1.3 corresponds to the upper bounds of Korevaar and Meyers
[29] from 1993. It remains an interesting challenge to derive the existence of ¢-design curves on S¢ that
match the bounds of Theorem 1.1.

The existence theorems are constructive only in part, as they are based on the non-constructive results
of Bondarenko, Radchenko and Viazovska [3]. We will describe a procedure that associates to every
set of ¢-design points in S? a corresponding t-design curve. This part is constructive, and the result is a
closed, piecewise smooth curve that consists of arcs of Euclidean circles (by a circle in S9. we mean a
circle in the intersection of a 2-dimensional subspace of R%*! with S%).

As a small contribution to Problem (D), we will discuss some explicit constructions of smooth
t-design curves for very low polynomial degrees (¢ = 1, 2, 3). Explicit constructions of #-design points
and curves remain a difficult problem with many open threads.

Mobile sampling. Mobile sampling refers to the approximation or reconstruction of a function from
its values along a curve [45, 46]. The rationale for this mode of data acquisition is the small number
of required sensors. Sampling a function along a curve requires only one sensor, whereas the sampling
at a point set (e.g., t-design points) requires many sensors. In engineering applications, it is natural to
assume that the function f to be sampled is bandlimited on R (i.e., the support of the Fourier transform
£ is compact).

Transferred to the sphere S¢, a function on the sphere is bandlimited if it is a polynomial restricted to
the sphere. Its degree is a measure for the bandwidth. A typical and natural scenario for mobile sampling
on the sphere would be the surveillance of meteorological or geophysical data along airplane routes.
The goal would be to reconstruct the complete data globally, which means literally on the entire ‘globe’
(i.e., S?). The connection between 7-design curves and mobile sampling on the sphere is explained in
the following statement.

Corollary 1.4. Let y be a 2t-design curve on S¢ and f a polynomial of degree t. Then

L 2 _ 2 3
iy L1e= [ G

Furthermore, f is uniquely determined by its values along y.
I'We write < if the left-hand side is bounded by a constant times the right-hand side. If < and > both hold, then we write <.
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Clearly, (3) follows immediately from the assumption because f € II; implies that | f|> € ITp;. The
uniqueness and an explicit reconstruction formula will be derived in Section 7.

We also discuss some elementary consequences of t-design curves on the sphere in high-dimensional
Euclidean quadrature. Generalized Gauss-Laguerre quadrature combined with spherical #-design curves
lead to exact integration of polynomials of total degree ¢ with respect to the measure e~ *lldx on R<.

Methods. Both Theorems 1.1 and 1.2 are based on the existence of optimal 7-design points. An
immediate guess would be to connect 7-design points along geodesic arcs in S¢ and hope that a suitable
order of points would yield a ¢-design curve. As there are O (%) points in a t-design with a distance
O(t7") to the nearest neighbor, the solution of the traveling salesman problem would lead to a curve of
the desired length O(td‘l) [14, Lemma 3]. However, so far this idea has not been fruitful, and we do
not know how such a path would yield exact quadrature.

Our idea is to connect the point evaluation f — f(x),x € S¢ to an integral over the boundary of a
spherical cap by means of a formula of Samko [39]. In S2, the boundary of a spherical cap is a circle, and
thus the union of such circles with centers at t-design points yields a first quadrature rule. To generate
a single closed curve from this union of circles, we invoke some combinatorial arguments from graph
theory, such as spanning trees and Eulerian paths. The extension to higher dimensions is by induction
on the dimension d. Here we need some additional properties from spherical geometry.

Outlook. Spherical t-design points have proved a rich field of research with deep mathematical ques-
tions. The new theory of 7-design curves offers a similarly rich playground for both challenging mathe-
matics and for the investigation of associated numerical and computational questions and applications.

On the mathematical side, the most immediate question is the existence of 7-design curves of
asymptotically optimal length in S¢ for d > 3. Another direction is the exploration of #-design curves
on general compact Riemannian manifolds (extending the work on #-design points in [13, 15, 16]).
Theorem 1.1 on the lower bound on the length of a ¢-design curve carries over to the manifold setting,
but all constructive aspects are wide open.

Next, one might want to impose additional conditions on the curves. Our construction yields piece-
wise smooth, closed curves with finitely many corners and self-intersections. For aesthetical reasons,
one might want ¢-design curves to be smooth and simple (i.e., without corners and self-intersections).
So far, we know such examples only for degrees + < 3 on S2. Other aspects to be considered
might be curvature, contractibility (or other homotopy constraints) or the ratio between inner and
outer area for closed curves on surfaces. At this time, we are far from understanding any of these
questions.

The outline is as follows: In Section 2, we introduce the concept of #-design curves in sS4 and
we derive asymptotic lower bounds on the curves’ length. Smooth spherical r-design curves in S?
for t = 1,2,3 are provided in Section 3. Section 4 is dedicated to some preparations for our
two main theorems. The first one on the existence of asymptotically optimal #-design curves in S2
is derived in Section 5. The existence of t-design curves in S? is proved in Section 6. In Sec-
tion 7, we briefly discuss the use of #-design curves in mobile sampling and for high-dimensional
quadrature on RY.

2. From points to curves
We denote the collection of classical polynomials of total degree at most # € N in d + 1 variables on
R%*! by I1,. Each f € II, can be evaluated on the unit sphere S¢ = {x € R¥*! : ||x|| = 1}. We always
use the normalized surface measure, so that /S + 1 = 1. The (rotation-) invariant metric on s4 is

dist(x, y) = arccos{x, y) . ()

It measures the length of the geodesic arc connecting x and y on S¢.
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2.1. t-design points

For ¢ € N, a finite set X c S is called t-design points (or simply t-design) in S¢ if

i fw= [ vrem. )

xeX

We call (X,);en a sequence of t-design points in S¢ if each X, is a t-design for t € N.
It turns out that each sequence (X;);en of -design points in S9 must satisfy

1X;| = 14, reN, (6)

where the constant may depend on d but is independent of ¢, cf. [6]. A sequence of z-design points
(X;)rcxv in S is called asymptotically optimal if

1X,| = 14, € N.

Again, we allow the constant to depend on d. Asymptotically optimal point sequences do exist [3, 13,
15, 16].

2.2. t-design curves

We now introduce a new concept by switching from points to a curve. By a curve, we mean a continuous,
piecewise differentiable function y : [0, 1] — S¢ with at most finitely many self-intersections. Since
the sphere is a closed manifold, we only consider closed curves.

We may interpret y as a space curve in R%*!| so that its length is

1
ty) = /0 1y(s)llds.

where the speed ||y|| of the curve is defined almost everywhere. The line integral is

1
/7 f= /0 FO NI ()ds,

so that £(y) = fy 1. Note that fy f does not depend on the parametrization and orientation of the curve.
In analogy to (5), we now introduce 7-design curves.

Definition 2.1. For 7 € N, we say that y is a t-design curve in S¢ if

1
— | r= , 10, 7
) /yf Sdf fe (7

A sequence of curves (y;);en is called a sequence of t-design curves in S? if each vy, is a t-design for
teN.

Analogously to (6), one now expects lower asymptotic bounds on £(y,); see also [14, Theorem 3 in
Section 5]. The following is Theorem 1.1 of the Introduction.

Theorem 2.2. If (;);en a sequence of t-design curves in S%, then

C(y) 217!, reN. (8)
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Proof. We use some results from [6] and [4]. Let I'; = y,([0, 1]) be the trajectory of v,. The covering
radius p; of I'; is defined as

pr = sup (inf dist(x, y)). ©)

xesd yely

By this definition, there is x € S¢ such that the closed ball By, >(x) = {y € 9 : dist(x,y) < &} of
radius p; /2 centered at x does not intersect I';; that is,

By, p(x)nT; = 0. (10)
Let us denote the Laplace-Beltrami operator on the sphere S¢ by A and the identity operator by I.

According to [6, Lemma 5.2 with s = 2d and p = 1], see also [4] for the original idea, there is a function
fi supported on B, />(x) such that

0= flpen <1 and g2 s [ g (an

Since (10) implies /y f; =0, the t-design assumption and [4, Theorem 2.12] lead to

L5

By combining (12) with (11), we deduce p?>¢ < 724, so that

St NI =2 fllp. (12)

pPr < L (13)

To relate p, with €(y,), we apply a packing argument. Let n be the maximum number of disjoint
balls of radius 2p; in S¢ (i.e., By, (xj) N Bop, (xx) = 0 for j,k =1,...,n with j # k). Then the balls
Bup, (x;) cover S4; otherwise, there is x € $7, such that x ¢ U'j_, By, (x;) and By, (x) is disjoint from
all By, (x;), contradicting the maximality of 7.

We note that every ball B, (x) in §¢ withradius 0 < < 1has volume vol(B, (x)) =< r?. Consequently,

1< vol(Byp, (X)) < np,d,

n
j=1
so that we obtain

nz p,_d.

This is known as the Gilbert-Varshamov bound in coding theory, cf. [1].

Since By, (x;) N B2y, (x) = 0, the distance between two distinct balls B, (x;) and By, (x) is at least
2p;. Due to the definition of the covering radius p; and the compactness of I'; and S¢, the trajectory I';
intersects each ball B, (xx). Therefore, the length of v, must satisfy

tov) 2 npr 2 p % (14)
Since (13) is equivalent to p; ! > , the bound (14) leads to
)z pr 2 o

The lower bound on the length of y, leads to the concept of asymptotic optimality for curves.
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Definition 2.3. A sequence (Y, ),y of t-design curves in S¢ is called asymptotically optimal if
£(ys) = 471, t €N,

In the remainder of the paper, we study the existence of #-design curves on the sphere S¢.

3. Some spherical t-design curves for small ¢ in S>

Here we construct smooth 7-design curves in S2fort=1,2,3.Forl <keNanda € [0, 1], consider
the family of curves (5@ : [0, 1] — S? given by

acos(2rs) + (1 —a) cos(2n(2k — 1)s)
y & (s) :=| asin(2ns) — (1 — a) sin(2x(2k — 1)s) |. (15)
2+y/a(1l —a) sin(2rks)

If k = 1, then y(*% describes a great circle, and it is easy to see that every great circle in S¢ yields a
1-design. The family y(¥-%) also gives rise to spherical 2-design and 3-design curves.

Proposition 3.1. The curves y*® have the following properties:

() y*9 is a 1-design curve for all k € N.
(ii) Thereis ay € (%, 1) such that y>%) is a 2-design curve.
(iii) For k > 3, there is ay € (%, 1) such that y%-@) is a 3-design curve.

To verify Proposition 3.1, recall that the surface measure on S? is normalized, so that /82 1 =1.Due
to the sphere’s symmetries, integrals over the sphere of every monomial of odd degree vanish. Moreover,
when x, y, z denote the coordinate functions in R3, we have

0=/xy=/xz=/yz, (16)
s s2 s

1

—=/x2=/y2=/22. (17)
3 S2 §2 S2

By definition of length, we directly observe

1 ! 1
l1=1=2 —— y (k) d =—/ 1. 18
/S 2 e /0 It = s [ (18)

To treat line integrals of the other monomials, will use the following lemma.

Lemma 3.2. There are real-valued coefficients (cf,k’a))neN € ¢'(2) such that

Iy & ()l = D, e cos(4mkns),
neN

and y*9 has an arc length parametrization.

Proof of Lemma 3.2. The arc length parametrization exists whenever ||y%@ (s)|| is positive. Indeed,
an elementary calculation reveals that

9 ()17 = a* + g9 cos(4mks) (19)
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with the nonnegative constants

o) = 4ﬂ2((2k )2 = 2a(3k2 — 4k + 1) +2a2(k — 1)2) (20)
=47rz(a2+(2k—1)2(1 —a)? +2k2a(1 —a)), @1)
BED =8r2a(l - a)(k - 1) 22)

Their difference
ald) — glea) - 47r2(a2 +(2k - 1D?(1 —a)® +2a(1 — a)(2k - 1)) (23)

is positive for all a € [0, 1], so that also ||7%% (s)||? is positive for all s € R. The theorem of
Wiener Lévy implies that s — ||7%@ (s)|| possesses an absolutely convergent Fourier series. Since
[l %@ (5)||> has period 1/(2k), its square root has the same period, and thus only terms of the form
cos(4rkns) appear in the Fourier series of ||y (s)]|. O

Proof of Proposition 3.1. (i) Exact integration of the constant function has already been checked in
(18). Since y'%-@ does not contain any term of the form cos(4rkns) for n € N, Lemma 3.2 and the
orthogonality relations of the Fourier basis imply

1
/0 y &9 (5)[|7 9 (5)[|ds = 0,

which matches the requirement that integrals of degree 1 monomials vanish.

(ii) For k > 2, by the definition of y(¥-4)its x and y-coordinates are trigonometric polynomials of
degree < 2k —1 and the z-coordinate is a trigonometric polynomial of degree k, consequently the product
of two distinct components of y(¥-%) is a trigonometric polynomial of degree at most 4k — 2 without a
constant term. Therefore, the products xy, xz, yz do not contain any term of the form cos(4nnkt), for

n € N, and we deduce
0 :/ Xy =/ Xz =/ yz,
),(k,a) ),(k,a) y(k,a)

which matches the identities (16) for the monomials of degree 2.
One sees directly from the definition of the coordinates of y(¥-¢) that

.X2 = y2 .
.y(k,a) ,y(k,u)

Let cék’a) = {(y*9) and cik’“) be the coefficients in Lemma 3.2. We now need to investigate
1 % cka)
2 1
—_— z2=2a(l-a)|l - =:n(a). 24
f(y(k,a)) ‘/y(k,a) ( )( C(()k,u) ) n(a) (24)

We aim for a parameter a; such that (24) equals %, but we cannot solve this directly. For a = 0 and
a = 1, the expression vanishes. We will verify that (1/2) > 1/3. Then the continuity in a and the
intermediate value theorem ensure that there is a; € (%, 1) such that n(ay) = 1/3.
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we note that r]( 5) = 3 , if and only if
(25

Rewriting (24) for a = %
1 (k%)
3¢ " < 1 .
3

(k.3)
)

1
(k’z), we observe that by (23), ok ?) —ﬁ(k’%) = 471%k?. Therefore, we have

To obtain a lower bound on [oN
\/a/(k 2 + Bk:2) cos(drks) > \/a/(k 2 —gtka) > 2nk

which leads to

(k D / \/a(k 3) + Bk 3 cos(4nks)ds > 2wk .

k1 o
(k.2) , we first observe that the substitution s” = 2ks and periodicity lead

To obtain an upper bound on 3¢,
1
(k 2 / \/a(k 2) + Bk 2) cos(4nks) cos(4nks)ds

to

/ \/a(k’%) +ﬂ(k’%) cos(2ms) cos(2ms)ds
separately. The observation a%-2) +

and the negative part f
i

We bound the positive part f
-1
B3 = 472(2k% = 2k + 1) < 872k leads to
/1 \/a(k ) 4 B3) cos(27s) cos(2ms)ds < / V8rk cos(2rs)ds = V8k .

2k2 and obtain

i
For the negative part, we recall a%+2) + g:2) cos(2xs) > ak-2) — pk:2) = 47
3
I

/ \/a(k 2) + Bk2) cos(27s) cos(2ms)ds < / 2mk cos(2ns)ds = =2k
s

'y

Combining these bounds, we derive
I (k1)
26 S (V8 - 2)k < k.
Therefore, we do have
k,l
e 11
27 37

(k.3)
¢y’
The intermediate value theorem ensures that we can match (17)
(iii) The integrals over S? of the monomials of degree 3 vanish. For k > 3, a product of 3 components
of %@ does not contain any terms of the form cos(4rkns), where n € N. Lemma 3.2 implies that the
O

integral over y(K-%) of every degree 3 monomial vanishes
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(a) y*2) (b) y*3)

Figure 1. Curves in Example 3.3: T%%) and y3-%) are smooth curves, and y>%) resembles the seam
of a tennis ball.

Example 3.3. The values a; ~ 0.7778 and a3 ~ 0.7660 lead to the trajectories I'"(>%2) and I"(3-3)
depicted in Figure 1. The lengths satisfy £(y(>%)) ~ 9.786, and £(y>%)) ~ 14.232.

4. Preparatory results

We will derive two preparatory results that are needed for our main theorems in subsequent sections.
The first one is about the connectivity of a graph associated to a covering, and the second one is about
the integration along the boundary of spherical caps.

4.1. Connectivity of graphs associated to coverings

The spherical cap of radius 0 < r < 7 centered at x € s9 is
B, (x) = {z € % : dist(x,z) < r}.
To every finite set X € S¢ and r > 0, we associate a graph G, as follows: its vertices are the points of
X. Two points x, y € X are connected by an edge if B, (x) N B, (y) # 0.
Lemma 4.1. Let p be the covering radius of X. If r > p, then the graph G, is connected.

Proof. Since r > p, the covering property

U B, (x) =4

xeX

holds. We fix xo € X and consider its connected component C, which consists of all vertices connected
to xo by some path. The set S¥\ | ¢ B, (x) is open since |, ¢ B, (x) is closed. If S\ U, cc B, (x) # 0,
then there is a sequence (v,)nen € S\ Uyec By (x) such that y,, — y € U,cc By (x). This means that
y € B, (x) for some x € C. Each y, is contained in a spherical cap B, (x) for some x € X \ C. Since
there are only finitely many, there is a subsequence y,, and some X € X \ C such that y,, € B, (%) and
Yn, — ¥. Consequently, for given € > 0 and k large enough,

dist(%, x) < dist(%, y,, ) +dist(yn,,y) +dist(y,x) <r+e+r.

This implies dist(%, x) < 2r and, hence, B, (x) N B, (%) # 0. Since x € C, then by definition of G,, also
# € C. This, however, contradicts the earlier observation ¥ € X \ C. Hence, we derive | J, ¢ B, (x) = §¢.
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Let y € X be arbitrary. By the covering property, y € B,(x) for some x € C, and thus
B, (y) N B, (x) # 0. Consequently, y € C and C = X. This means that the graph G, is connected,
as claimed. O

4.2. Integration along the boundary of spherical caps

Due to (4), the boundary of a spherical cap B, (x) is

0B, (x) = {z € §7 : dist(x,z) = r}
={ze8%: (x,2) = cosr}. (26)

By the Pythagorian Theorem, d B, (x) is a d — 1-dimensional Euclidean sphere of radius sin r centered
at x cos r in a hyperplane perpendicular to x; that is,

OB, (x) ={z €S ||xcosr —z|| =sinr}. (27)

It is the intersection of the sphere S¢ with a suitable hyperplane, and we enforce the normalization

/ 1=1. (28)
OB, (x)

Next, we specify distinct functions that we integrate along 0B, (x). Let 7-{,;(’ be the vector space of
spherical harmonics of degree k € N (i.e., the eigenspace of the Laplace-Beltrami operator on S¢ with
respect to the eigenvalue —k(k + d — 1), k € N; see, for example, [43] for background material). The
dimension of Hf is

dim(?—lg) =

2k+d—1(k+d—2), 29)

d-1 d-2
and the orthogonality relations
HILHE,  kleN, k#l, (30)

hold. The space P, _, ’H,f coincides with the restriction of I, to the sphere S¢. When integrating over

S¢ or subsets or along curves in S¢, we may therefore replace IT, by Dy "Hf . The proofs of our main
results in Sections 5 and 6 rely on the following key observation.

Lemma 4.2. There are numbers cq x(r) > 0 such that
/ f=cax(r)fx), forall f € H¢ and x € S, (31)
9B, (x)

In particular, the normalization (28) leads to c4,0(7) = 1. The identity (31) is stated by Samko in
[39, (1.37)] and referred to as a variant of the Cavalieri principle [39, Remark 4]. The analogue for the
complex sphere is mentioned in [34].

Here we provide a new proof of Samko’s formula that is based on an inductive construction of an
orthonormal basis for Hg . For these facts, we follow [32].

Proof. Forx e S9. we write

X = Xgr1€a+1 +4/1 —xflﬂi, xe st
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: d-1
Let {de_] ’m}iflm’ ) be an orthonormal basis for Hf" . We denote the associated Legendre functions
by P{1=0,...,k, cf. [32]. Then

Y () = PU (g XM, 1=0,.000k m= 1., dim(H Y,
form an orthogonal basis 2 for ’Hf and

Y (east) = aa k61,0, (32)

with suitable normalization constants a4 x, cf. [32, Lemma 15].
We first verify that ./68 ) f=cax() f(x)forx =eqy..Inthis case, 0B, (eq+1) = {(z’ sinr,cosr) :

7 € 971}, and the homogeneity of de_l’m yields

/ Yg’l’m = Pz’l(cos r)/ de_l’m(sinr )
OB, (eq+1) sd-1

= PZ’l(cos r)sin’ r de_l’m
gd-1
= Pz’o(cos r)sin’ r 01.0-

After comparing with (32), we set ¢4 (1) := PZ’O(cos r)sin’ r/a4 i and obtain
d,l, d,l,
IR TN
0B, (eq+1)

For k = 0, Y(fl’o’o is constant, and the normalization fazs’ (east) 1 = 1 implies that c4,0(r) = 1 for all .

Thus we have verified that (31) holds for all f € ’Hld and x = eg41.
We now consider general x € S9. There is a rotation matrix O such that x = Oeyy; and B, (x) =
0B, (0Oegy1) = O0B,(eq41). This leads to

ALY A AR LL
OB, (x) OBy (eq+1) OB, (eqs1)

Since Hld is orthogonally invariant, f o O € Hld and our observations for e, imply

f F = carn()(f 0 O)ean) = car(rf (). .
OB, (x)

On S? Samko’s formula connects point evaluations to line integrals and thus gives a first hint of how
quadrature formulas might be related to #-design curves.

5. Asymptotically optimal ¢-design curves in S>
We now state our first main result, which is Theorem 1.2 of the Introduction.

Theorem 5.1. There is a sequence of asymptotically optimal t-design curves in S?; that is, there exists
a sequence of piecewise smooth, closed curvesy, : [0,1] — S?, fort € N, of length €(y,) = t, such that

1
- = Il II, .
eD) /y,f ./s2f forall f €

The trajectory of every vy, is a union of Euclidean circles.

2Note that for the next step of the induction, we need to relabel the Y: Lm g de e
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—_—
O

Figure 2. Circles centered at t-design points with radii increasing from left to right. The top row shows
2-design points and the bottom row 5-design points.

Proof. According to (27) with d = 2, the boundary of the spherical cap B, (x) = {z € S? : dist(x, z) < r}
is a Euclidean circle of radius sin r given by

I'y,={ze€ S?: |lxcosr —z|| = sinr} c §%, (33)

cf. Figure 2. The asymptotically optimal z-design curve will be constructed from a union of circles I'y .,
where x runs through a set of #-design points and r is essentially their covering radius. For each circle,
we choose an (arbitrary) orientation and obtain a closed curve y , with trajectory I'x ,-. The formal sum
Yt = +xex,¥Yx,r is usually called a cycle with trajectory |, ex, I'x, and integral /7, f=2xex, /';/x ) f
[38]. ’ '

Note that in S? the submanifold 9B, (x) and the circle I'y , coincide, so that the normalization (28)
leads to fr” f= m fy - f, where yy , is the actual curve that traverses I'x ,-. In higher dimensions,
this slight inconsistency between I'y , and dB,-(x) no longer occurs.

(i) According to [3], there is a sequence (X;);cx of asymptotically optimal z-design points in S?; that
is, there exist finite sets X; c S, such that |X;| < ? and

IJE_II E) =/Sz fo forall fe (PH . (34)

x€Xy k<t

(i) Letr > 0,17 := Uyex, I'x,r»and y; := +xex, ¥x,r be the corresponding cycle. We first show that
this cycle provides exact integration on I1;.
For the component 7—[(2) = span{1}, we observe

1 /
1=1= 1.
tvy) v sd
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We now consider f € ’Hi for 1 < k < t.Lemma 4.2 with ¢ (r) := ¢z 1 (r) and the definition of #-design

points yields
1 / 1 1
om L N )
f(’)/t) v |Xt| X;(t f(yx,r) Vx,r

P
=— S
| Xz x;(t .

_cx(r) Z £

Xl &

~a [ 1.

Since 7—[(2) L Hi fork =1,2,...,cf. (30), we obtain /SZ f=0for f e 2. and the factor cj (r) does not
matter. We derive

lr/f: f forall f € H2, (35)
Cyi) Jyr 52

and, by linearity, exact quadrature holds for all f € EBZ:O Hi.

(iii) Identity (35) holds for every 0 < r < 7, and thus every cycle y; (formal sum of closed
curves) yields exact integration. We now determine radii » = r, depending on the degree ¢, so that
I, =17 = Uxex, I'x,r, is indeed the trajectory of a single continuous closed curve.

Let p; = sup,.x (infyexr distx (x, y)) be the covering radius of X; as in (9). We choose r; := p;, so
that

s? = U B, (x). (36)

xeXy

The circles I'y ,, = 0B, (x), forx € X;, induce a graph G as follows: the vertices of G are the intersection
points of the I'y ,,, and its edges are associated to arcs on these circles between the intersection points,
cf. Figures 2 and 3. For each circle I'y ,,, we have fixed an orientation. As a result of this construction,
we obtain a directed graph G_, [47].

Lemma 5.2. The graph G is strongly connected (i.e., the directed graph G_, is connected).

Proof. We first verify that the undirected graph G is connected. Pick two arbitrary but distinct vertices
vi,v2 € G. Then there are points x1,x2 € X; such that v; € dB,, (x;) fori = 1,2. If x; = xp, then v, v
are connected in G since they lie on the same circle.

We may thus assume that x; # x,. In this case, we consider the auxiliary graph G,, treated in
Lemma 4.1. Its vertices are the points of the #-design X,. Two points x, y € X; are connected by an edge
if and only if B,, (x) N B, (y) # 0. According to Lemma 4.1 and r, > p;, the graph G,, is connected.
Thus, there is a path from x| to x in G,,, say x; = x;,,...,X;, = X2, so that B,, (x,-j) N By, (xij+1) * 0.
This also implies 4By, (x;;) N 4B, (x,-jH) # 0. Clearly, vertices v;;, v;;,, of G with v;; € B, (xi;) and
Vi;,, € 0By, (xi;,,) are connected in G. Eventually, there is a path from v; to vz in G.

We still need to verify that the directed graph G, is also connected. If two distinct vertices v;;, vi,,,
lie on the same circle d By, (x1), then we simply get from v;; to v;,,, by following the chosen orientation
of 0B, (x1). No further difficulties arise, and we deduce that G_, is connected. O

By construction, each vertex of G_, has as many incoming as outgoing edges, cf. Figure 3. Euler’s
Theorem about directed, strongly connected graphs implies that there is an Euler cycle [47]. Hence, all
circlesin Uy ey, 0By, (x) = Uxex, I'x,r, can be traversed by a single, closed, piecewise smooth curve v,
on S? with trajectory I'; = Uxex, Txr-
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Figure 3. A set of connected circles induces a directed graph, whose vertices are the intersection points
and whose edges are the associated arcs of the circles. Each vertex has equal in-degree and out-degree,
namely, the number of circles running through this point.

(iv) To compute the length of y;, we relate the covering radius r, of X, to the degree r. The same proof
as in (13) shows that r, < t~1; see also [4, 6]. Therefore, (yxr) =2msinr, xr; S =1, This leads to

E(ye) = 1Xell(yx ) = Pr st

In view of the lower bound for the length of 7-design curves in Theorem 2.2, our construction yields a
sequence of asymptotically optimal 7-design curves. O

6. General existence of spherical #-design curves

We now prove the existence of #-design curves in S¢ for all # € N in dimension d > 2. This is Theorem
1.3 of the Introduction.

Theorem 6.1. Let d > 2 be an arbitrary integer. There is a sequence (y;);en of t-design curves in S¢
such that

d(d-1)

E(y:) St 2

Furthermore, the trajectory of every y; consists of a union of Euclidean circles.

We will prove this theorem by induction on the dimension d. Similar to the proof of Theorem 5.1,
we first show the existence of a cycle (a formal sum of closed curves) that yields exact integration. Then
we use a combinatorial argument to build a connected trajectory.

6.1. Some geometry on the sphere
Let us first state few simple observations about the action of the orthogonal group on S¢.

Lemma 6.2. Let d > 2 and A, B C R? be two finite sets. If 0 ¢ A, then there is a rotation O € O(d)
such that OA N B = 0.

Proof. For the sake of completeness, we provide the simple arguments.
The claim is verified by induction. For the induction step, we identify O(d) as a subgroup of O(d+1)
via the homomorphism O € O(d) — j(0) € O(d+1), j(0)(x) = (0O, x441) forx = (X, x441) € R
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The case d = 2 is obvious. Consider now A, B C R%*! Let A, B C R be the orthogonal projections
of A, B onto the first d coordinates.

Case 1: 0 ¢ A. By the induction hypothesis, there exists O € O(d) such that OA N B = 0. Then
0 =j(0) € O(d +1) satisfiess OAN B = 0.

Case 2: 0 € A. Since 0 ¢ A, there is O € O(d + 1) such that 1A N (Regs1) = 0. Let A} = 014
and A be the projection onto the first d coordinates. Then 0 ¢ O A, and by the induction hypothesis
there is O» € O(d) such that 02A; N B = 0. Then O = j(05,)0 satisfies OA N B = 0. O

Corollary 6.3. Let d > 2, v € S% and A, B C S two finite sets. If +v ¢ A, then there is a rotation
0 € O(d + 1) such that Ov =v and OAN B = 0.

Proof. Without loss of generality, we may assume that v = e, € S¢. Let A, B C R? be the orthogonal
projections of A, B onto the first d coor@irlates. Since +e4,1 ¢ A_, we deduce 0 ¢ A. According to
Lemma 6.2, there is O € O(d) such that OA N B = 0. The O = j(O) € O(d + 1) does the job. O

As in Section 4, we now consider spherical caps and their boundary

B, (x) = {y € 8¢ : distga (x, y) < r},
OB, (x) ={z € S : |lxcos p; — z|| =sinr};
see (33) for d = 2. Clearly, 9B, (x) is homeomorphic (diffeomorphic) to the d — 1-dimensional sphere

S9=1. For our analysis, we will use the following homeomorphism.
Letx € 9,0 <r < £ and O = O, € O(d + 1) a matrix in the orthogonal group acting on R%*!

such that x = Oegy, where egy; = (0,...,0,1)T € R%*!. Now set
_ . [sinrz d-1
$xr(2) = O(Cosr), ze S, (37)

and recall that e € R¢ is the north pole in S,
Lemma 6.4. The map ¢, : S?™' — S9 has the following properties.

() ¢x.r is a diffeomorphism between S~ and 3B, (x).

(i) Let x, y € SV with distga (x,y) < r < 7. Then there is a unique radius o € /3, n/2], such that

Ox.r (aBa'(ed)) =0B,(x) N 0B (y).
In particular, the intersection dB,(x) N 0B, (y) is diffeomorphic to S,
Proof of Lemma 6.4. (i) If ||z|| = 1, then ||¢X,r(z)||2 = ||z]|? sin? r + cos? r = 1, and

dist(x, ¢ r(z)) = dist(Oegs1, O(zsinr, cosr)

= arccos{egy1, (zsinr,cosr)) =r.

Clearly, ¢,., is a bijection between S¢~! and 9B, (x).
(ii) For z € R, we write z = (2, za41) = (2”7, 2d» Za+1) With 27 € R¢ and 7 € R4~!. By applying

a suitable rotation, we may assume without loss of generality that x = ey and y = /1 — y(zi L €d T

Yari€ar1 = (0, /1 - y§l+1,yd+1). Then the assumption dist(x,y) = arccos(x,y) < r yields {x,y) =
Yd+1 > COST.
Now take z € B, (eq+1) N OB, (y). By Step (i),

9B, (¢qs1) = deyy.r (S77) = {(sinr,cosr: 2’ € S971Y,
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80 7441 = cosr. Since dist(z, y) = arccos(z, y) = r as well, we obtain

(2.¥) = 2ayJ1 = ¥4, +2ds1Yar1 = 2aa|1 = Y3, +COSF yas1 = cosr.

Solving for z4, this implies that

1=
Z4 = COST T ddrl . (38)
/ 2
1- yd+]
Let us abbreviate the occurring fraction by 7 = H—d;. Then
1_derl

2 2 2
2717 =1=25, — 24
=1-cos’r—t2cos’r (39)

=sin’r — 72 cos’r =: s2.

We may switch from z” to sz’ with z”7 € S472, so that every point in z € dB,(x) N dB,(y) has

coordinates

144

5z
z=|rcosr], 7" esd?, (40)
cos r

By comparison, a point z € 0B, (eq) € S¥7! is of the form (z”sino,cos o) for 7”7 € S92
Consequently,

Z”sino sinr
Geg.r(2)=| cososinr |. 41)
cosr

We have to show that every point in B, (x) N dB, (y) can be represented in this way. For (40) and
(41) to represent the same set, we need to verify that the following identities

s =sino sinr and COSF T =COSO sinr 42)

can be satisfied with a suitable choice of o . Clearly, o is determined by

sing = —— . 43)
sinr

Then using (39),
cos® o sin®r = (1 —sin’ o) sin? r = sin’r — s> = 72 cos’ r,

and the second identity in (42) is also satisfied.

. . 1- . .
Finally, since y44+1 = cosr and 7%= ﬁ, we estimate the size of o as
I+
5 52 cos’r 1= yau
sin“or = ——=1-—
sin’ r sin®r 1+ ya+1

cos?r 1 —cosr

sinzr 1+cosr ’
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For u = cosr > 0, we observe

cos’r 1 —cosr _ w? 1-u u? .3

sin2r 1+cosr — 1—-u?2l+u  (1+u)?~ 4°
so that we obtain sin? o > 3 Consequently, /3 < o < n/2, which means that B (e4) covers a fixed
portion of 41, O

Next, we check how curves in S9! —in particular, -design curves — are mapped by ¢, .
Lemma 6.5. Suppose that y is a t-design curve in S~ Let x € S and 0 < r < .

(i) Thenyx, = ¢, oy isacurve in dB,(x) C S¢ with length €(yy.,) = £(y) sinr, such that

! / f=/ /s forall f €T, .
f('}’x,r) YVxur OB, (x)

(ii) For a given point w € 0B, (x), there is a t-design curve y' in S?=', such that w lies on ¢, oy’.

(iii) Ify consists a union of circles, then so does yx » andy’ can also be chosen to do so.

(iv) Assume thaty and ¥ C S¢ both consist of a finite union of circles and w € W. Then there exists a
t-design curve y" in S~ consisting of a union of circles, such that w is contained in the trajectory
[y, of the curve ¢ o y” and the intersection I'Y . N'W is finite.

In the following, we refer to y, , as a r-design curve for 0B, (x).

Proof. (i) First we consider the north pole x = e441. The curve y,,., » = e ,,.r 0y = (y sinr,cosr) "
has arc length £(y,,,, ) = sinr £(y), and we derive

_ f= / f(y(s) sinr,cosr)| sinry(s)||ds
C(Yegn,r) Yegsir smr{’()/)

:m‘/yf(~ sinr,cosr).

The last integral fy is the line integral of the function y € S4~! — f o Pegnrr(y) = f(ysinr,cosr)

along y in S?~!. For f € II, and y € S¢7, the function f(ysinr,cosr) is a polynomial of degree
restricted to S?~!. The r-design property leads to

1

_— f:/ f(sinr -,cosr)
g()’edﬂ,r) Yegior §d-1

. / f
0By (eas1)

where the latter equality is due to the normalization /Sd,] 1=1= f63 (east) 1, cf. (28).

For general x € S there is a rotation matrix O such that x = Oeg,; and rotational invariance
of the distance function on S¢ yields B,(x) = OB,(eqs1) and 9B, (x) = OB, (eqs1). The curve
Yxr = OVeyoi r = Ox,r 0y satisfies || yx || = [[Ve,.,,r|l. For f € Il;, we also have f o O € II; and deduce

9B, (x) 00B; (ed+1) OB, (eq+1)
1 1
1 foo=—1_ / 7.
f()’edﬂ,r) Yegoror f(yx,r) Vour
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(ii) If y is a t-design curve in S, then for every orthogonal matrix U € O(d) the rotated curve
¥’ = Uy is also a t-design curve in $¢~!. By suitably choosing U, we can always achieve that a given
point v € S9! lies on the trajectory of Uy. Now let w € 9B, (x) € S¢ and v € S¢7! its pre-image under
¢x.r- Consequently, w = ¢, ,(v) lies on the curve y; , = ¢y, o (Uy).

(iii) Clearly, if 7 is a union of (Euclidean) circles in S9~!, then y,, = O(sinry,cosr)T is a union
of Euclidean circles in S¢. The same holds for y’ = Uy.

(iv) Letv = ¢;}r (w) and let ¥y = ¢;}r o (¥ N JdB,(x)). Then Wy is again a finite union of circles or
arcs of circles. Two circles are either disjoint, or they intersect in one or two points, or they coincide.
This can happen only when the two circles have the same center. Let C,, C S9! be the set of centers of
the circles of the given curve y and Cy, be the centers of ¥y (including centers of parts of circles).

We may assume that +v ¢ C, (otherwise apply a rotation to y).

Since C,, and Cy, are both finite and +v ¢ C,, Corollary 6.3 yields an orthogonal matrix U € O(d)
such that Uv = v and

UC, N Cy,=0.

The curve y” = Uy consists of circles whose centers are disjoint from those of ¥y; consequently,
v"" and Wy have only finitely many points in common. After mapping via ¢, we obtain a trajectory
I/, =¢x, oy inS? consisting of circles, such that w € T’} and T’/ N ¥ is finite. m

Lemma 6.6. Let y be a closed curve in S with trajectory T, so that its covering radius satisfies r < /4.
Then T intersects the boundary OB, (x) for all x € S and o € (n/4,7/2):

I'NdB,(x)#0.

Proof. Since the covering radius of I is r < /4, there exists a point z € I', such that dist(z,x) < r,
and thus, z € B, (x) C B (x). Similarly, there exists a point 7 € I, such that dist(Z, —x) < r, and thus,
7 € B,(—x) € By(—x). Since

7 =dist(x, —x) < dist(x, ) + dist(Z, —x) ,

we see that dist(Z,x) > 7 —r > o and 7 ¢ B,(x). Consequently, the continuous function
W(s) = dist(y(s),x) takes values < o and > o. As a consequence, there exists sp, such that
W (so) = dist(y(sp),x) = o. In other words, the point y(sp) is in 9B (x) or ' N dBs(x) # 0. O

By combining Lemma 6.5 with Lemma 4.2, we obtain that

1
(yx,r)

As in Section 5, this formula paves the way to make a transition from #-design points to #-design curves.

/ f= / f=car()f(x) for all f € Hi . (44)
Yx.r 9B, (x)

6.2. Part I of the proof of Theorem 6.1

Proof. We first prove the existence of a cycle (a formal sum of closed, piecewise smooth curves) in
S¢ that yields exact integration for IT,. We prove this claim by induction on the dimension d. The case
d = 2 corresponds to Theorem 5.1 and shows that the optimal design curve can be realized as a union
of circles. We now assume that the claim holds for d — 1 with unions of circles.

ForO<r < Zandx € S, the induction hypothesis combined with Lemma 6.5(i) shows that there

is a sequence of 7-design curves (yx,r,,) repy TOr 0B, (x) of length

(d-1)(d-2)

C(yx,rt) Ssinrt 2 s (45)

whose trajectories I'x , ; = yx.».+ ([0, 1]) consist of unions of circles.
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As in the proof of Theorem 5.1, we use a sequence (X;),en of asymptotically optimal ¢-design points
in S¢ and verify that the cycle y; = +xecx, yx,r,r associated to the trajectory I'y := U,ex, I'x,r,r provides
an exact quadrature on I1,. A careful choice of the radius » will then yield a single closed curve instead
of a cycle.

For the component 7—[(2) = span{1}, we observe

1
— / 1=1 :/ 1
Cyi) Jyr sd
Next, we consider f € ’HZ for 1 < k < r. On the one hand, since €(y%) = |X;|€(yx.r.r), Lemma 6.5(i)
yields
1 1 1
Rl
5(71) v |Xt| Z 5(7)6 r,t) V.ot

T X Z./aB (x)

xeX;

On the other hand, by Lemma 4.2 for f € ’Hf , we have

Wi L, et 3 s =cax) [ r=0= [ 1.

xXeX; xXeX;

In combination, we obtain

1
(o0 / I= )t

t

forall f € @2:0 ’Hz. This concludes the first part of the proof. O

6.3. Part II of the proof of Theorem 6.1: Existence of a single closed curve

If r is too small, then the trajectory I'/ is not connected. If r is too big, then we may not match the

desired asymptotics £(I'7) < ¢ 45 Since |X;| = ¢4 and the induction hypothesis yields £(yx ;) <
S in r, the total length of y; is

@-n@=2) 4 d(d 1)

E(yr) = C(yxr )| Xe| <sinre 2 14 <t *Lsinr. (46)

This estimate suggests that we choose = r; as r, < t~!. Precisely, let p, be the covering radius of X;;
then we set

re :=2p;.

Therefore, sinr < p; < =1, so that (46) leads to the expected total length

4 d(d-1)
f(,yfpz) <t 155+

d(d-1)
2

201 . . . .
To ensure that I} £t is connected, we will construct Yx,20.,1» fOr x € X;, in a sequential fashion.

Proof of Theorem 6.1 (Part 1I). As in Section 5, we consider the graph G,,, with vertices X; and edges
between distinct x, y € X, if and only if B, (x) N B, (y) # 0. According to Lemma 4.1, the graph G,,, is
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connected. Therefore, it possesses a spanning tree 7, [12]; this is a subgraph that contains all vertices
of G,,, such that every vertex y can be reached by a unique path from a root x.

We start at the root xo of 7, and take a t-design curve yy, 2, ,: for dBa,(xo). Recall from Lemma 6.5
that yy, 2p, .+ is obtained as the image of a #-design curve y in S9! via the diffeomorphism b 0,20, AS
Yxo0.200,t = Pxo,20, () and we suppose that the trajectory of y is a union of circles.

Now consider the first descendant x; of x¢ in the tree 7, . Since dist(xo,x1) < 2p,, Lemma 6.4(ii)
(with r = 2p;) implies that

332/), (XO) N aBZp, (X]) = ¢xo,2p, (aBG(ed))

for some o > /4. Since 1y is a t-design curve in S97!, the covering radius of its trajectory is of the
order ~! and is thus smaller than o for ¢ large enough. Lemma 6.6 implies that ' N 9B (e4) # 0, and
after applying ¢y, 2o, We obtain that

Ixo200,0 N 832/% (x0) N 632;7[ (x1) #0.

Let w; € S? be a point in this intersection. By Lemma 6.5(iv) applied to ¥ = " x0.20:,t and wy, there
exists a t-design curve 7 in S¢~!, whose image Ox120,(¥) = Vx,.20,1 18 @ t-design for By, (x1) such
that wy € I'y, 2y, .+ and the intersection I'y, 55, ; N 'y, 2p,,r contains only finitely many points.

The next descendant x; leads to

0Bap, (x1) N 3Boy, (x2) = ¢, 29, (0B (€a))
for some o > 7 /4. The same arguments as above yield the existence of
wa € Iy 20,1 N OBy, (xp) N 0By, (x2) .

We now apply Lemma 6.5(iv) with wy and ¥ = 'y 2, s Uy, 2p,,» and obtain a r-design curve Iy, 2o, s
in 9B, (x2), such that wy € Ty, 2, ; and Ty, 2p, .+ N (Txg20,,c U Ty, 2p, .¢) is finite.

This process is repeated until we reach a leaf of the spanning tree 7,,. Then we return to the last
branch-off in 7, and proceed with the next branch of the tree.

Finally, this construction leads to a connected set of circles in S?, and the resulting trajectory
[ := Uxex, ['x,20,,: of all curves is a connected set with finitely many intersection points.

By construction, I'; is a connected set of finitely many circles. Although Lemma 5.2 is formulated
for a graph G constructed from finitely many circles in S2, its proof only uses combinatorial arguments
and hence also holds for circles in S¢. Since I, is connected, so is G. The second part of the proof of
Lemma 5.2 shows that we may fix an arbitrary orientation, and then the corresponding directed graph
G_, is also connected. Thus, I'; can be traversed by a single continuous curve. See again Figure 3 for a
pictorial argument. o

7. Some applications

We now discuss a few direct applications of ¢-design curves to mobile sampling on the sphere and exact
integration of polynomials with respect to the measure e~ !*ldx on R9.

7.1. Mobile sampling on the sphere

Here we prove Corollary 1.4 of the Introduction and show that a polynomial f of degree ¢ can be
reconstructed from its restriction to a 2¢-design curve.

For its formulation, we recall that II, restricted to S¢ is a reproducing kernel Hilbert space with
respect to the inner product from L?(S?). This means that for every x € S, there is a polynomial
ky € Il;, such that
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W=k = [

This kernel possesses an explicit description by means of zonal spherical harmonics and Gegenbauer (or
ultraspherical) polynomials [43]. Let P}, k € N, be the sequence of Gegenbauer polynomials associated
with 4 > 0. They are defined by their generating function

(l—2rx+r ZPl(x)r

Using [43, Thm. 2.14], there are real constants by 4, such that

! d-1
ke() =Y braP? (x-y)  xyesd (47)

We can now extend the formulation of Corollary 1.4 of the Introduction as follows.

Proposition 7.1. Let y be a 2t-design curve on S and f a restriction of a polynomial of degree t onto
S9. Then

! 2 : 48
it L e = [, @8)

and f is reconstructed from its values along 'y by

flx )—m/ka, forall x € S%. (49)

Proof. We only need to prove the reconstruction formula (49). Since fk, € Ily; and k, is real-valued,

the reproducing property yields
0= [ ri= [ :
X) = =— .
sd ¥ t(y) y *

7.2. Integration of polynomials on R? with respect to e~ *lldx

Next we consider the integration problem
/ Fx)eldy.
R4

Recall that the family of generalized Laguerre polynomials (Lffl_l) )nen are orthogonal with respect to
the measure r¢~'e™"dr on [0, c0). Using the zeros of L - , we obtain the following quadrature rule,
where I1; now stands for polynomials of degree at most ¢ in d variables.

Corollary 7.2. Let y be a spherical t-design curve in S4~. For every integer n > % let {rj };?: . C

(0,00) be the set of zeros of Lﬁld_l) with the associated weights {w j};.’:1 c (0,00) for Gaussian
quadrature. Then we have

Sl = YLD ﬁ/ Il f eTl,.
/Rd f(x)e ) ; rj rﬂf, forall f €

wj vol(S4-1) }

Thus, the scaled curves {r ]-y};.'zl with weights { X——— —to

, form an exact quadrature rule for I1;

with respect to the measure e~ *lldx.
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(a) The trajectories (red) 213-43) and (blue) 6I'-43) in (b) Circles centered at 3-design points in spheres
Example 7.3. of radius 2 and 6.

Figure 4. Trajectories provide exact integration of all polynomials in three variables of degree at most
3 with respect to the measure e~V dx. The unit sphere in the center is shown as a reference.

Proof. Gaussian quadrature based on the zeros of Lf,d_l)

degree at most ¢ < 2n — 1; that is,

/0 g(rrilear = ijg(rj).

J=1

is exact for all univariate polynomials g of

Let f € I,. For fixed z € S47!, the function r — f(rz) is a univariate polynomial of degree at most ¢,

and therefore,
/ F(x)e ¥y =/ / frzrite T drdz
R4 d-1

- [ (B wre)e

Since v is a t-design curve on S9! and z > f(r;z) is a polynomial in I1;, we derive

d-1

d-1
_ vol(S )Z / Friy)ly(s)lds

t(y)
_ vol(s®h)
Ty Z::rjff(rﬂ(s))Hr,)/(s)llds
_ vol(s™h) 1)
T 4 / - .
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Example 7.3. Let y>%) be the spherical 3-design curve of Proposition 3.1. The zeros of L<2) (r) =

—4r+6arer) =2and rp = 6. The associated Gaussian weights are wy = 35 3 and wy = 2. Therefore,
we obtain

3r bis
el gy = —=—2 - 50
‘/R3 fxe L(yBa@)) Jryia) F+ 3¢(y3a)) Joy Gaz) f (50)

for f € I13; see (a) in Figure 4.

Example 7.4. Consider 7-design points X, c S? and take curves Y, , whose trajectory are Euclidean
circles I'y - of radius sin r centered at x € X; as in the proof of Theorem 5.1. Analogous to Corollary 7.2,

we may scale via the zeros of L,(,d_l) and use the associated Gaussian quadrature weights to obtain

/}R3 Flo)e gy = smrlX,I Z Z y /r f fell;

=1 xeX; JYx.r

see (b) in Figure 4 forr = 3
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