ON THE STRUCTURE OF HALF-GROUPS
JAMES V. WHITTAKER

1. Introduction. Furstenberg (1) and the author (4), among others,
have exhibited postulate systems for groups in terms of the operation
x —y =« 4+ (—y). Furstenberg also investigated a system obtained by
removing one of his postulates which defines what he called a half-group. A
structure theorem for half-groups was given in (1). In the present paper, we
prove another structure theorem for half-groups. A more restricted entity,
called a pseudo-group, is introduced, and its structure, together with that of a
half-group satisfying the left and right cancellation laws, is studied. Finally,
some topological questions concerning their structure are also considered.

2. Pseudo-groups. Let G be a set of elements over which is defined a
binary operation x — y which satisfies, for any x, 9,z € G, the following
conditiong:

(i) x —y € G,

(ii) There is an e € G such that x — y = e if, and only if, x = y,

(iii) (x —2) — (y —2) =x —y.

It was shown in (4) that, in terms of the operation x +y =x — (e — ¥), G
is a group. It was also shown that if G satisfies (i), (ii), and

(iv) (x —2) — (x —y) =y — 3
then G is a commutative group.

We define a half-group to be a set with an operation satisfying (i) and
(iii). A half-group which also has the property

(v) Thereisan e € Gsuch thatx — x = ¢
will be called a pseudo-group. Before proceeding to a discussion of half-groups,
we shall consider briefly the structure of pseudo-groups.

We define a set S to be an extension of a group G if G C S and if there exists
a single-valued function f defined on S such that f(x) € G for all x € S and
f(u) = uforall u € G. The set S becomes a pseudo-group under the operation

1) xoy = f(x) — (), x,y €S
Indeed, x oy € G C S, and x o x = f(x) — f(x) = e. Finally,
(xo2)o (yo3) =f(flx) — f(z) — fFFG) — f(2)
= (fx) — f(2)) — () = f(2)) =f(x) —f(y) ==x0,
and (i), (iii), and (v) are satisfied.
TueorREM 1. Every pseudo-group S contains a group G such that S is an
extension of G and the operation in S satisfies (1).
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Proof. Let x — y be the operation in S, and set f(x) = x — ¢. We will
show that S is an extension of the group G = f(S). For any x, v € .S, we have
x—y) —e=@@—-y)— -y =x—17.
Setting y = ¢, we obtain f(f(x)) = f(x), whence f(#) = u for all u € G. It
also follows that if u,v € G, then  — v = f(u — v) € G, and G satisfies
(i). Since (ii1) and (v) hold in S, they hold also in G. To verify the remaining
half of (ii), we observe that if #,v € G and u — v = ¢, then, since f(u) = u
and f(v) = v,
u=u—e=wu—v)— (e—9v) =e¢— (e — )

=@w—-—9v)—(e—v)=v—e¢=u.
Hence, G is a group. Finally, it follows from (iii) that, for all x,y € S,
x —y = f(x) — f(y), and the proof is complete.

In any pseudo-group S, we may introduce the sum x +y = x — (e — )
for all x,y € S. Then

x+y=f@) = fle =) =f&x) = (e~ fO) = f&) +f().
Hence, this operation is associative. A pseudo-group is said to be commu-
tative if x +y =y 4+ «x.

THEOREM 2. If S is a set with an operation satisfying (1) and (iv), then S is
a commutative pseudo-group.

Proof. For any x,y,z € S, we have
x—2—@—2=>(—2—(E—x) — ((z—2) — (—1y)
=E—-y - (—-—x)=x-y,
which proves (iii). Next,x —x = (x —y) — (x — y) = y — y = e. Since the
group G = S — e also satisfies (iv), G is commutative. From the remark
preceding Theorem 2, it follows that x +y = y 4+ x for all x,y € S.

In terms of subtraction, the left and right cancellation laws take the
following forms: for all x, y,2 € S,

(vi) x —y = x — z implies y = 2,

(vii) x — 2z = y — 2 implies x = y.
The next theorem shows, incidentally, that (vi) implies (vii) in a half-group.
That (vii) does not imply (vi) can be seen by considering what we shall call

the simple half-group, a set in which x — v is defined to be x. The structure
of half-groups satisfying (vii) will be taken up in the next section.

THEOREM 3. 4 half-group in which the left cancellation law holds is a group.

Proof. Suppose that S satisfies (i), (iii), and (vi). For any u,x, v,z € S,
we have
(u—x)—z=((u—x) —(x—x) — (- (x—x)
=(u—-x) — (z— (x —x)).
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Hence, z— (x —x) =2=2— (y—9y),and x —x=y—y=¢ [f x—y
= ¢ = x — x, then x = y and (ii) is satisfied. Therefore, G is a group.

3. Half-groups. Following Furstenberg (1), we introduce the following
definitions. We call an element a of a half-group H an idempotentifa — a = a.
A subset K C H is called invariant in H if x — (x — K) C K for all x € H.
If K is a sub-half-group of H which contains all idempotents in H, then the
relation x = y defined by x — y € K is an equivalence relation. In fact,
x = xsincex — xisanidempotent. [f x = zand y = 2, thenx — y = (x — 2)
— (y — 2) € K, and x = y. The resulting quotient space will be denoted by
H/K. A weaker form of the following theorem was proved in (1, Theorem 4).

THEOREM 4. In the half-group H, let K be an invariant sub-half-group con-
tatning all idempotents of H. Then H/K is a group.

Proof. We refer to (1) for the proof thatif #,v,x,y € Hand u = x,v = y,
then 4 — v = x — y. Thus, if x* and y* are the equivalence classes con-
taining x and y, respectively, then (x — ¥)* = x* — y*. Clearly H/K satisfies
(i) and (iii). If ¢* is the equivalence class containing K, then x* — x* = ¢*,
since x — x is an idempotent. Finally, if x* — y* = ¢*, then x* = ¥*, and (ii)
is satisfied. Hence, H/K is a group.

Let G be a group and {S.}..s a family of disjoint sets, indexed by the
set A, with the following properties:

(a) For each a € A4, there exists a single-valued function f, mapping S,
onto G,

(b) For each a, 8 € 4, there exists a one-to-one function ¢.s mapping G
into S, such that f,(¢.s(g)) = g for each g € G.

We now define an operation x oy in H = U S, as follows: if x € S, and
y € S, then

@) x0y = ¢as(fulx) — f5(¥))-

We note that x oy € .S,. Under this operation, H becomes a half-group.
Since (i) is clearly satisfied, we have only to verify (iii). If z € S,, we have

(x02) 0 (¥032) = daslfa(day(fa(®) — /,(2))) — fo(der (fs(¥) — fr(2)))}
= das((fu(x) — f4(2)) — (fs(3) — /,(2)))
= ¢as(fa(®) — f5(¥)) = x 0.

Each S, becomes a pseudo-group in which ¢..f. plays the role of f in the
representation of pseudo-groups given in § 2. If ¢ is the identity of G, then
daa(€) = €, is the identity in S,, since x o x = ¢, for all x € S,. The idem-
potents in H are precisely the elements e, for all « € 4. It follows from (2)
that ¢us(fa(x)) = x 0 es for all x € S,. In particular, S, o e, is isomorphic to G.

THEOREM b5. Every half-group H can be represented as the union of dt5]omt
pseudo-groups in which the operation is defined by (2).
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Proof. Let E = {ea}a s be the set of idempotents of H indexed by the
set 4, and, for each « € 4, let S, = {x € H:x — x = ¢,}. If x € S, and
y € H, then clearly x — y € S,, and S, satisfies (i). Since (iii) holds in H, it
holds also in S,. Finally, S, satisfies (v) with ¢ = e,, so that S, is a pseudo-
group. In addition, @ 5 8 implies S, N\ Sg = @, and H = U S,.

We turn now to the construction of G and the functions appearing in (2).
For any x, ¥y € H and a € E, we have

x—a)—y=(x—a)—(a—a) —(y— (a—a)
=@x—a)— (@ —a) =x—y.

Similarly, if & € E, then x — (y — ) = x — y. Combining these relations,
we obtain

®3) x—a)— (-0 =x—y

(For the sake of compactness, we shall also let (3) stand for the two preceding
relations.) If we set F = E — E = {u — v:u,v € E}, then F is a sub-half-
group by virtue of (3). Repeated application of (3) also shows thatx — (x — 2)
=ux —x € Fforall x € Hand z € F. Hence, by Theorem 4, H/F = G is
a group. The corresponding equivalence relation will be written x = y, and
the quotient mapping from H onto G will be denoted by .

For each a € 4, let G, = S; — e.. We now define functions y¢.: H — G,
as follows:

Va(x) = o — (€a — %).

For any x € H, we have ¢, — x € S,. From Theorem 1 it follows that the
difference of any two elements in S, lies in S, — ey = G, whence ¥u(x) € Ga.
In addition,

h(Ya(x)) = h(ea) — (h(ea) — h(x)) = € — (e — h(x)) = h(x),
where ¢ is the identity of G. Hence, x = y,(x) and
4) x — Yo(x) = €, — €.

If x € Sp, then x — yu(x) € Sg and e, — ¢; € S,, whence v = 8. (Further
calculation shows that § = «, but we shall not need this fact.) Thus every
equivalence class intersects each G,. Furthermore, no two elements of G, are
equivalent, that is, G, N F = {e,}. In fact, if y € G, and y = e. — €3, then
Yy =19 — e, = (ea — €s) — €« = €,. Hence, the restriction of # to G, is an
isomorphism %, between G, and G.

The functions f, are now defined to be the restrictions of % to S,, and the
¢as are defined, for each a,8 € A4, and each g € G, by

bas(g) = ka'(g) — e

Since x — ¢ = x for all x € S, because of (3), it follows that f,(¢as(g)) = g
for all g € G, and conditions (a) and (b) are fulfilled. Moreover, if x € S,,
then 4, '(f.(x)) = x — e, for each member is equivalent to x and lies in
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G, and such elements in G, must be identical. Similarly, if y € Ss, then
ha ' (fs(¥)) = ¥a(y), for each member lies in G, and is equivalent to y. Finally,
if x € S and y € S, then, using (3) and (4),

x—y=(r— ) - - )
= ((x — ea) — Ya(y)) — (eﬂ — es)
= (ha' (falx)) — k" (fs())) — es
= ha' (fa®) = f3(3)) — &8 = das(fulx) — fo(¥)).

This completes the proof.

CoROLLARY. Let K D E be an invariant sub-half-group of H. Then there
exists an invariant subgroup N of G such that K/F = N and H/K =~ G/N.

Proof. We adopt the notation of the proof of Theorem 5. Let A(K) = N.
Then N is clearly an invariant subgroup of G. Since the restriction of 2 to K
is the canonical mapping from K onto K/F, N and K/F are isomorphic. Now
let L = A~1(N) and & be the canonical mapping from H onto H/K. Clearly
x —y € K implies x — y € L for all x, y € H. Conversely, if x —y € L,
then there exists a 2 € K such that x —y = z (mod F). Since K D F,
x —y =z (mod K) and

k(x) —k(y) = k(x — ) = k(2) = ¢,

where & is the identity in H/K. Hence, k(x) = k(y) and x — y € K.

Let 6 be the canonical mapping from G onto G/N. For any x,y € H, the
relation 6(k(x)) = 0(k(y)) is evidently equivalent to k(x) — A(y) € N and,
hence, to x — y € L. Thus, the correspondence between H/K and G/Ndefined
by x* < 0(h(x)), where x* is the equivalence class (mod K) containing x,
is one-to-one and onto. Finally,

=yt = (x—* itk —y) =0(x) —0(r(y),

and the correspondence is a group isomorphism.

Let {Ga}a e be a family of disjoint groups, indexed by the set A, satisfying
the following condition:

(c) For each a, 8 € A4, there exists a unique isomorphism 6u5: Gg — G,. In
addition, for all a, 8,7 € A4, 0up.0py = Oay.

It follows from (c) that 6,.(x) = x for allx € G.. We now define an operation
x oy in H = UG, as follows: if x € G, and y € Gg, then

(5) x0y =x — Oup(y).
Thus xoy € G,. If 2z € G,, then

(xo02)o (y03) = (x — 8y (2)) — Bas(y — By (2))
= (X — Oy (2)) — (6ap(y) — n(2)) = x 0.

Hence, H is a half-group. Furthermore,if x 02 = y0 2, thena = fandx = y,
whence H satisfies (vii).
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We can define a second operation x @ yin H as follows: x @ ¥ = x 0 (¢,0y),
where e, is the identity in G,. We have

(6) x @y =1x—fuy(ey — 0,8(3) = % — (€a — Oug(y)) = x + 6ap(y).

Thus x @ y is independent of v, and it is easily verified that this operation
is associative. In addition, each e, is a right identity of H.

THEOREM 6. If H is a half-group in which the right cancellation law holds,
then H can be represented as the union of disjoint, isomorphic groups in which
the operation is defined by (5). Moreover, H is a semigroup under the operation
defined by (6).

Proof. We adopt the notation of the proof of Theorem 5. It follows from
(3) that, forallx € Handa € 4, x — e, = (x — es) — €4, Whence, by (vii),
x =% — e,. Thus S, = G,, and f, is one-to-one. From (b) we infer that
o = fal forall B € 4. If x € G, and y € Gg, then

%=y =fa (fulx) = fs(3) = & = fa (fs(»)).
If we set f,=!fs = Oag, then the conditions of (c) are fulfilled and (5) is verified.
The rest of the theorem follows from the discussion preceding it.

CoroLLARY. If H s a half-group satisfying (vil) in which the operation
x @ vy is commutative, then H 1s a (commutative) group.

Proof. If x € G, and y € Gg, then x ® y € G, and y ® x € G, whence
a=Band x®y =x +y.

4. Topological pseudo-groups. A topological pseudo-group S is a
pseudo-group with a topology J in which x — y is continuous jointly in x
and y. Thus G = S — ¢ is a topological group in its relative topology. This
definition, however, places very little restriction on the topology in the com-
plement of G, and it will sometimes be necessary to impose the additional
condition that the topology does not separate x and x — e:

(viii) Forevery U € Jandeveryx € S,x € Uif,and only if,x — e € U.

Let S be an extension of a topological group G with topology J(G), and let
f be defined as in § 2. We introduce a topology J(S) into S as follows:

™ J(S) = {/~1(U): U € J(G)}.

With this topology and the operation defined in (1), .S becomes a topological
pseudo-group. To show that subtraction is continuous, let x,y € S and
xoy € W, where W € J(S). Then there exist sets U,, Vo € J(G) such that
flx) € Uy, fly) €V, and Uy, — Vo C f(W). Hence, x € U = f~1(U,),
y €V =Ff1YVy,and Uo V C W. Since f(x) = x o e, (viii) is also satisfied.

THEOREM 7. Every topological pseudo-group S which satisfies (viii) can be
represented as an extemsion of a topological group in which the operation is
defined by (1) and the topology by (7).
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Proof. Let G =S — eand f(x) = x — e for x € S. Then G is a topological
group in its relative topology, and f is continuous on S. From (viii) it follows
that if U € J(S), then f~1(U M G) = U, which verifies (7). The rest follows
from Theorem 1.

In each of the following corollaries, S denotes a topological pseudo-group
satisfying (viii). We define S to be T'; (+ = 1,2) if S — e is T, in its relative
topology. A topological space is 77 if each of its points is closed, and T if
every two distinct points have disjoint neighbourhoods. A space is first
countable if every point has a countable base of neighbourhoods.

CoroLLARY 1. If C C S 1s closed, and x € S is such that x — e ¢ C — e,
then there exists a continuous ¢: S — [0, 1] such that ¢(x) = 0 and ¢(y) =1
for y € C.

Proof. Since f(x) ¢f(C) and f(C) is closed in G, there exists (3, p. 188)
a continuous ¢o: G — [0, 1] such that ¢,(f(x)) = 0 and ¢o = (f(y)) =1 for
y € C. Hence, ¢ = ¢of has the desired properties.

COROLLARY 2. If S is first countable, then S is pseudo-metrizable with a
right-invariant pseudo-metric.

Proof. Since G is first countable in its relative topology, it follows from (3,
p. 210) that G is pseudo-metrizable with a right-invariant pseudo-metric
r(x, ). Then s(x, y) = r(f(x), f(»)) is the desired pseudo-metrix for S. Since
flx — 2) = f(x) — f(2), s is also right-invariant.

CoroLLARY 3. If S is T'1 and locally compact, then there exists a right-invariant
Haar measure u in S.

Proof. Since G is T and locally compact, there exists a right-invariant
Haar measure uo on the Borel sets of G (cf. 2, p. 254). Each Borel set BC S
is evidently of the form f~1(B,) where B, is a Borel set relative to G. Hence,
u#(B) = uo(f(B)), and the right-invariance follows as in the proof of Corollary 2.

To show the necessity for some additional assumption such as (viii) in the
preceding corollaries, we give the following example, based on one in (1), in
which S'is a topological pseudo-group which does not satisfy (viii). In addition,
S is compact, connected, first countable, and 7', but not T, and hence, not
pseudo-metrizable. Let S be the interval [0, 2], and let the operation in .S be
defined as subtraction (mod 1). Then S is evidently a commutative pseudo-
group, and G = [0, 1). The neighbourhoods of the points in (0, 2] are those
of the relative Euclidean topology, while the neighbourhoods of 0 are of the
form [0, p) U (o, 1), where p, ¢ € (0, 1). Evidently S is a topological pseudo-
group, and the other properties of S are easily verified. In particular, 0 and 1
have no disjoint neighbourhoods.

5. Topological half-groups. A topological half-group H is defined as
a half-group with a topology in which x — y is jointly continuous in x and y.
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For the theorems in this section, we do not need as strong a condition as
(viii), and we shall require only the following:
(ix) Forevery U € J(H) andeveryx € H,x € Uimpliesx — (x — x) € U.
The notation of the proof of Theorem 5 will be adhered to throughout this
section. From the foregoing definition, we see that each G, is a (not necessarily
T,) topological group in its relative topology, and each S, is a topological
pseudo-group.

THEOREM 8. Let H be a topological half-group satisfying (ix) and K D E an
invariant sub-half-group of H. Then the quotient mapping from H onto H/K
becomes an open, continuous mapping when H/K is given the quotient topology,
and H/K becomes a topological group.

Proof. We first consider the case K = F and show that, for any open
U CH, U* = b1 (h(U)) is open. Let V = Ug ea¥a'(U). Since ¢, is con-
tinuous on H and y,(x) = x forall x € H, Visopenand V C U* If x € U*,
then x = u for some u € U. Now u € S, for some a € 4, and u = u — e,
=u— (4 — u) € Go/MN\ Uin view of (ix). Thus, we can assume that u € G,.
Then ¥, (x) = ¢o(#) = u, and since ¥a.(x) € G, we have ¥,(x) = u. Hence,
x € Vand U* CV, so that U* = V is open. It follows immediately that %
is continuous and open, and G is a topological group in the quotient topology.

Now let K D E be an arbitrary invariant sub-half-group of H, k the quotient
mapping from H onto H/K, and 6 the quotient mapping from G onto G/N,
where N = h(K). From the corollary to Theorem 5, it follows that, for each
x € H, x* = k1 (k(x)) = A~1(6~(0(h(x)))). Since A and 6 are each open,
continuous mappings, we conclude thatif U C H isopen, then U* = k=1 (k(U))
is open. Hence, & is open and continuous, and H/K is a topological group in
its quotient topology.

A topological half-group H will be said to be T; (z = 1, 2), provided
I' = UG, is T in its relative topology. If H satisfies (ix), then each &, is a
topological, as well as an algebraic, isomorphism between G, in its relative
topology and G. The continuity of k. follows directly from Theorem 8. Let
U C H be open. Since the range of ¢, is G, and ¥,(x) = x for all x € H,
each x € y,~1(U) is congruent (mod F) to some element in U M G,. More-
over, Yq.(x) =x for each x € G,, so that ¢, '(U) D UM G.. Hence,
E(UN G,) = k(Y"1(U)) is open, and h, is open. Thus, if H is T;, then G
is also Ty

Consider now the set G X E and the operation defined in it as follows:

(glr ea) (o] (gZy eﬁ) = (gl - g2 ea)'

Under this operation, G X E evidently becomes a half-group satisfying (vii)
(cf. the discussion preceding Theorem 6). If we introduce the product topology
in G X E derived from the quotient topology in G and the relative topology
from H in E, then G X E becomes a topological half-group. In fact, if U; XV,
and Us X V; are open in G X E, then (U X V1) o (U2 X V3) = (U — U,, V).
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Let ¢: H — G X E be defined as follows: if x € S,, then ¢(x) = (h(x), ea).
Since, for any y € H, x — y € S,, we have

olx — ) = (h(x) — h(3), ea) = ¢(x) 0 ¢(y).

The restriction of ¢ to T is clearly one-to-one and onto, but, in general,
x —y # ¢ o(x) op(y)) for x,y € T.

TureoreM 9. If H is a topological half-group satisfying (ix), them ¢ is a con-
tinuous, open homomorphism of H onto G X E.

Proof. It remains to prove that ¢ is continuous and open. Let w(x)=x—x
for all x € H. Then w is continuous on H, w(S,) = e, for each @ € 4, and
¢(x) = (h(x), w(x)). If UX VCG X E is open, then ¢~ (UXV) = b~ (U)
Nw™1(V) is open in H, and ¢ is continuous. Now let U C H be open and
y € ¢(U). By an argument used in the proof of Theorem 8, we can assume
that y = ¢(x), where x € U M G, for some a € 4. Since x = e — (€« — %),
there exist neighbourhoods V, W, of x, e., respectively, such that W — (W— V)
C U Let V.= h(V) and W = WMNE. Then V' X W is open in G X E,
and clearly y € VVX W'. If v € V and ¢ € W, then ¢ — (eg — v) € U,
h(es — (eg — v)) = h(v), and w(es — (g — v)) = e5. Hence,

(h(v), es) = d(es — (es — v)) € &(U),

and V' X W' C ¢(U). Therefore, ¢ is open.
A further consequence of the continuity of w is that, in a 7'; topological
half-group H, each .S, is closed in H.

TuaEOREM 10. If H s a connected, T, topological half-group with a finite
number of idempotents, then H is a (topological) pseudo-group.

Proof. We have w(H) = E, whence E is connected and T in its relative
topology. Since a finite T space is discrete, E reduces to a single point.

CoROLLARY. If, in addition, the right cancellation law holds in H, then H is
a (topological) group.

To show the necessity for the assumption that E be finite, let H = [0, 1]
with the relative Euclidean topology and the structure of the simple half-
group mentioned in § 2. Evidently H is a compact, connected, T topological
half-group in which every element is an idempotent.
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