TRACE FORMULAS FOR POWERS OF A
STURM-LIOUVILLE OPERATOR

RICHARD C. GILBERT AND VERNON A. KRAMER

1. Introduction. Let H, be the mth power (m a positive integer) of the
self-adjoint operator defined in the Hilbert space L2(0, =) by the differential
operator — (d*/dx?) and the boundary conditions #(0) = u(w) = 0. The eigen-
values of Hy are u, = n*™ and the corresponding eigenfunctions are ¢, =
2/m2sinnx,n =1,2,....

Let p be a (2m — 2)-times continuously differentiable real valued function
defined over the interval [0, «] satisfying the conditions p?(0) = pP(7) = 0
for 7 odd and less than 2m — 4. (This condition is vacuous in the cases m =
1, 2.) Let H; be the mth power of the operator defined in L2(0, =) by the dif-
ferential operator —d?/dx* 4+ p(x) and the boundary conditions #(0) = u(r) =
0. Then H, and H,are self-adjoint operators with a common domain. We define

Vas Hy, — H,.
Let )\, be the eigenvalues of H; arranged in increasing order. Let u,V,
w,?, ... be the coefficients in the perturbation series

77n(€) = Hn + €IJ-n(l) + 62,‘-"71(2) =+ ...

for the eigenvalue 7,(€) of Hy 4+ €1 corresponding to u,.
In (2, Theorem T7) it is stated that if all odd order derivatives of p vanish at
0 and =,

(1) z_:l {>\n  Mn — [ln(l) —_ .. - #n(x)} =0

for all s sufficiently large. The only cases considered in the proof are m = 1,
s=1or2 and m = 2, s = 2. In Section 3 of this paper we present a simple
proof which is valid for each m and for all s > 2m. The conditions on p are
those given above in the definition of H;. The method offers the prospect of
wider application, and generalizations are under study. In Section 4 other
methods are used for the cases m = 1, s = 1 and m = 2, s = 2. Additional
conditions on p are necessary in this section.

Dikii (2) uses equations very similar to (1) to obtain approximate values for
the first few eigenvalues of H; for p(x) = cos 2x and m = 1. Also (1) may be
regarded as an extension of the result (true in some cases) that the average
value of the perturbation terms is zero.
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2. A contour integral formulation. In this section we shall be con-
cerned with operators in a Hilbert space §. The uniform norm of a bounded
operator H will be denoted by ||H|. For H in the Schmidt class S we denote
the Schmidt norm of H by ||H||». For H in the trace class T we denote the
trace norm of H by ||H||; and the trace of H by S{H}. For H in S we have
|H|| < I|H|l; and for H in T we have ||H| < ||H|: < ||H||.. If H is in S [or
in T] and 4 is any bounded operator, then AH and HA are in S [or in T] and
both ||[4H|» and |[HA]|; are less than or equal to [|4]-||H|. [or both |4 H]
and |[HA||, are less than or equal to ||A]| -||H]|.]. The product of two operators
A,BinSisin Tand |[ABl: < [|4]]: |B]..

From the identity

A@B(y) — A(2)B(z) = AW){B() — B(a)} + {4(y) — 4(2)}B(2)

we see that the product of two operators continuous in the Schmidt norm is
continuous in the trace norm. Also, if 4 is continuous in the Schmidt [or trace]
norm and B is continuous in the uniform norm, then the product is con-
tinuous in the Schmidt [or trace] norm.

For further information we refer the reader to Schatten (4).

The resolvent set of an operator will be denoted by A(H) and its domain by
D(H).

Note that if Hyand V are operators with D (H,) C D(V) such that H, and
Hy + e V(e # 0) are self-adjoint and VR, (w) is bounded for some w in A (H,)
then H. = H, + €V is self-adjoint for all e sufficiently small. It is easily seen
that H.is svmmetric for all e. From the resolvent equation

Ro(w) = Ro(2) = (0 — 2)Ro(w)Ro(2)

it follows that VR,(z) is bounded for all z € A(H,). Taking z = zand 3 = —1¢
in the equation

H() + eV — 2l = ([ + 6VR()(Z))(H() —_ ZI),

one sees that H . is self-adjoint for all e sufficiently small.
The following lemma is a modification of a result of Kato (3).

LemMa 1. Let Hy and V be operators such that D(Ho) C D(V) and H. =
Hy + eVis self-adjoint for e = Qand e = €o #= 0. Suppose Ro(w) = (Ho — wl)™?
and VRo(w) are in S for some w in A(H,). Let u be an isolated simple eigenvalue of
Hy, let T be a closed contour in A(Ho) which surrounds u but no other point of the
spectrum of Ho. Then for sufficiently small e, T is in A(H.), surrounds precisely
one simple eigenvalue n(e) of He and

n(e) = u+ eu® + @+ ...

where
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@) u? = 5{— (2m)~" f . 2Ro(2)[— VRo(z)]de}

= S{—(Zm')_l J‘ (z — p)Ro(z)[—VRo(z)]jdz} .
T J
Proof. From the resolvent equation it follows that
[Ro(w) = Ro(2)]2 < o = 2 [[Ro(@) ]2 [|Ro(2) ],

and
[[VRo(w) — VRo(3)|] < |0 — 3] [ VRo(w) |2 [[Ro(2) ]|

for any zin A(Hy). Therefore Ro(z) and VR,(z) are in S and are continuous in
the Schmidt norm (as well as in the uniform norm). For any positive integer ¢,
Ro(2) [VRo(2)]* will be in T and continuous in the trace norm. It follows that
the series

=)

2. €' Ro(z)[— VRo(2)]*

=1

converges in the trace norm to R(z) — Ro(z), uniformly for z on I and for
le] < €, where 0 < ¢ < min, on 1 ||VRo(2)[2~%. (We consider the difference
R. — R, because neither R, nor R, is necessarily in T.) Since the same is true
in the uniform norm, we have that T'isin A(H,) for || < €, and

(—2m)" fr R.(2)dz

= —©2m)" ero(z)dz + ; e’{(—2m')“‘ fFRo(z)[—VRo(z)]’dz}.
It follows that

tj

E. = Eo+ 2 “q(—2r)! fr Ro(z)[—VRo(zn'dz},

where E. is the projection corresponding to that part of the spectrum of H,
which is enclosed by T, and E, is the similar projection for H,. Hence by
Kato (3, Corollary to Lemma 1.2), dim E. = dim E, = 1. Thus for |¢| < e,
H  has one simple eigenvalue 7 (e) within T.

From

oo}

Re(z) = Ro(2) = 2. €'Ro(a)[— VRo(2)]',

t=1

the series converging in the trace norm, uniformly for z on T, it follows that
3) (=2m)! f 2R (2)dz + (271)™" f 2R (2)dz
r r

- i (—2m)~" fre’zRo(z)[—VRo(z)]'dz.
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The first term on the left is the operator H, E.. Thus this term is in T and its
trace is n(e). Similarly the trace of the second term is —u. Taking the trace of
both sides of (3) and using the fact that the series converges in the trace norm
we obtain the first equality of (2). If we multiply by z — u instead of z, we
obtain the second.

LEMMA 2. Let Ho, V, i, T be as in the previous lemma except that u s to be of
multiplicity w. Then for sufficiently small €, T' contains precisely w eigenvalues
(counting multiplicity) n,(e), n = 1,...,w, of H.. Each 1,(¢) is an analytic
Sfunction of e:

n.(€) = 4+ eu, "V + €, + ...,

where
w

4) > ow? = S{—-(Zwi)_l fr zRo(z)[—VRo(z)]’dz}'.

n=1

The proof of (4) is essentially the same as that of (2). Kato (3) gives a similar
lemma.

THEOREM 1. Let Hy and V be operators such that D(Hy) C D(V) and Ro(w)
and VR,(w) are in S for some w in A(H,). Suppose H. = Ho + €V 1is self-
adjoint for e =0 and e = 1. Let Q be a closed contour in A(Ho) M A(Hy).
Suppose that Q surrounds k eigenvalues u; < s < ... < ux of Ho and k eigen-
values M1 < N2 < ... < N of Hy and no other spectral points of either operator.
Then for sufficiently small e, the operator H. has k eigenvalues

ﬂn(f) = Mn + eﬂn(l) + 521-’%(2) + ...

wnside T and for s > 0,
k
2_;1 M=t — 1 — = 1,V = —2m)7! J; S{zR,(2)[— VRo(2)]" "} dz.

Proof. Note first that we have no assurance that the conclusions of Lemmas
1 and 2 hold for € = 1. The operator H.is used only to define the perturbation
coefficients.

The equation

(5)  Ri(2) = Ro(2) + Ro(a)[—VRe(2)] + ... + Ro(2)[— VRo(2)]°
+ Ri(2)[— VRo(2)]**!

holds for all zin A(H,) M A(H,) and therefore on all points of Q. It follows
that

—@m)™" fn 2R, (2)dz
= —(2m)™" fﬂ zRo(2)dz — (2mi)™ fﬂz{Ro(z)[—VRo(z)]}dz. ..

— (2mi)™" fﬂz{RO(z)[—VRo(z)]s}dz—(21ri)"1 fﬂz{m(z)[—VRo(z)]”l}dz.
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The term on the left is the operator H, reduced by the projection on the sub-
space corresponding to the eigenvalues )y, ..., \.. Hence the trace of this
term is the sum A; + A2 + ... 4+ A\ Similarly, the trace of the first term on
the right is g1 + p2 + . .. + w. Each remaining term on the right except the
last can be replaced by a sum of contour integrals over contours TI'y,..., T,
each surrounding an isolated eigenvalue of H,. By (4) the trace of the sum of
all such terms is

k
Zl o+ + w4+ o+ Y
P

We obtain

k
‘241 {)\n — Mn — “n(l) .. T #n(S)}
=

= —(271'1')—15[ fﬂz{Rl(z)[—VRo(zn“*‘;dz].

The integrand in the last term is continuous in the trace norm. Thus we can
interchange the two operations, integration and taking the trace, to obtain
the desired result.

3. Applications to powers of a Sturm-Liouville operator. ILet H,
and H, be the operators defined in the Introduction. In this case VR,(z) is an
integral operator with kernel:

H(x,y;2)
2m—2 . 2m—3 \ .
2 & ao(x)n™ “sinnx + ai(x) n "cosnx + ...+ Qop_o(x) sin nx .
== i sin ny,
T n=1 n — 2
where ao(x), a;(x), . . ., @d2n_2(x) are polynomials in p and its derivatives up to

order 2m — 2. If zis in A(H,), then VR,(2) is in S; indeed, we may estimate
IVRo(2)|2 as follows:

[|VR(2)||." = f: J:r |H (x, v 2)|*dydx

where A4 is a constant.

Lemma 3. If z lies on a circle T, with centre at the origin and radius p;, =
(B + 3)™, where k is a positive integer, then

4m—4
> n

n=1 Ian -

ik O™ and ||VRo(g)||: = OE™") as k—ow.
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Proof. Since [n2™ — z| > |n2™ — p;l,

© n4m—4 4m—4
nz—l In2m _ 2 \ Z Pk|2
k—1 n4m—-4 © n4m—4
= ngl |n2m — (k + %)2rn|2 + n=Elﬁ—2 Ian__ (k + %)mlz
k4m—4 (k + 1)4m—4
+ lk2m _ (k + %)2m|2 + l(k+ l)Zm_ (k + %)2m|2-

Clearly each of the last two terms is O(k~2). The first sum on the right is
dominated by the integral

k 4dm—4
J‘ —5 X w73 X
0 = (k45T
The substitution x = (k& 4+ )2 and the inequality

4m—4
v c
(v2m_ 1)2< (U"“ 1)2)

where C is a constant, shows that this integral is O(k~%). Similarly

© 4m—4 “co 4m—4
n X

2m m <J 2m 2m 2d~
D ey v A N e e g e

o 4m—4
=+ 17 f 2 d
(ke + %) (k+1) /(+3) (7) - 1) v
2 4m—4
-+ O = 0.
v e @ — 1)

This completes the proof of the lemma.

LEMMA 4. If z les on the circle Ty of Lemma 3 and |I(z)| > k2"~ for some
a > 0, then |[VRo(2)|| = O(k* %) as b — .

Proof. We can express VR,(z) as a sum of operators of the form

a(x) E

where ¢ is an integer such that 2 < ¢ < 2m, ¥, (x) is either (2/7)'/? sin nx or
(2/7)1/2 cos nx, and a(x) is a bounded, continuous function. To prove the
assertion of the lemma we must show that

2m—

» b)Y (%),

n4m—2q 11/2 s
{sup |nom 212[ = 0(k")

for all z satisfying the conditions. It is clearly sufficient to show this for the
case ¢ = 2 and 2z = 2z, = oy + i, where 7, = B2 @ and o = (o2 — ) /2

https://doi.org/10.4153/CJM-1964-043-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1964-043-4

418 RICHARD C. GILBERT AND VERNON A. KRAMER

Let f(x) = x4 4[(x®™ — ¢,)? 4+ 72|~ Then by elementary methods
dmax @)} = (312 = m 4 (' + 4lm — 1) (/o))

0<2<00
X (3l=m 4+ (m" + 40m — 1) (r/0)"} T + (16/00)"} 7 X 07"
Since 7/0r = k~[1 + O(k~1) + O(k~2)]~% we obtain
g max f(x>§“2 < ME?
0<r<0

for all k sufficiently large, where M is a constant. This completes the proof of
the lemma.

For the case m = 1 it is well known that A, = n2 + O(1); see, for example,
(1, Chapter VI). Then for any m, A, = #>™ + O(n?™2) and consequently for
zon I,

[R1(2)] < max {INe = pil ™8 Perr — ol 71
Therefore, ||R1(2)|| = O(k'2™) as k — .

THEOREM 2. Let Hy be the mth power (m a positive integer) of the operator
defined in L2(0, ) by the differential operator —d?/dx* and the boundary con-
ditions u(0) = u(w) = 0. Let p be a real valued, (2m — 2)-times continuously
differentiable function defined on the interval [0, 7] such that pP(0) = pP(r) = 0
for j odd and less than 2m—4. Let H, be the mth power of the operator defined by the
same boundary conditions and —d?/dx?* 4+ p(x). Let u, = n®™ be the eigenvalues
of Ho, and let \, be the eigenvalues of H, arranged in increasing order. Let u, Y,
1.2, . .. be the coefficients in the perturbation series

)\n(e) = up + fﬂzz(l> + fgﬂ-n(z) + ...
for the etgenvalue \,(€) of Hy + €V corresponding to u,. Then, if s > 2m

5 ) ®
()\rz—ﬂn_'—#rz _---_.U«nb)zo-
1

n==

Proof. By Theorem 1, for k sufhiciently large,

k v
S On = b= == )= = @)™ [ SleRi(e) [~ VR .
n=1 Ty

We shall show that the integral tends to zero as k — .
Since s > 2m, there exists a positive a such that 2m — s < a < 2(s — m)/s
or2m —a — s <0and 2m + (@« — 2)s < 0. For z on T such that

[I(2)] < k2",
we use the estimate
|S{zR1(2)[— VRo(2)]"™}| < [o] |[Ru(2)]] [|VRo(2)|[5"

— O(k‘Zm) ‘O(kl—2m) ‘O(k_(8+1))
= 0(k™").
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Since the length of this part of the contour is O (k2™), its contribution to the
integral is O (k2™~2=%), which tends to zero as k — «.
For zon T such that [I(z)| > k2" we use the estimate

|S{zR1(2)[— VRo(2) "} | < l2| ||Ru(2)]] || VRo(2)||*™" || VRo(2) ]2
_ O(k2m)0(k—(2m—a))O(k(s—l)(a~2))0(k—2)
= 0(F“79).

Since the length of this part of the contour is O(k%™), its contribution is
O (k2m+@=2%)  which also tends to zero as k — «. This completes the proof
of the theorem.

Remark 1. It is a trivial consequence that

S o =0 for s > 2m.
n=1

Remark 2. By similar methods with a circle centred at w; as our contour and
with the second of equations (2), we may show that for all & sufficiently large
[>\Ic — Mg F’-k(l) ... #k(s)l < Cl(c2/k) stif2m,

where C; and C, are constants independent of s and k. This expression shows
that for all % sufficiently large,

Further,if s > 2m — 1,

. 1) ()
llmlxk—,uk_',uk —‘--~“#k5|=0§
k00
and if s > 2m,
- <1> ®
Zl ()\k_#k""#k '“---—I-lks)
k=

converges absolutely.

4. Other methods. In this section we shall show by other methods that
the conclusion of Theorem 2 can hold for smaller values of s provided p satis-
fies additional restrictions. The section is intended only to illustrate the
methods involved.

The conditions and notation of the previous section are retained without
further comment.

Lemma 5. If s + 1 > 4m/3, then
(6)  lim 7°S{R,(ir) — Ro(ir) — Ro(ir)[— VRo(ir)]

T 500

— ... — Ry(@r)[—= VR (27)]°} = 0.
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Proof. By the estimate given in the previous section,

4m—4

[|VRo(ir)| |2 < Z --------

Using methods similar to those used for Lemma 3, we can show this sum is
O(r<=8/2™) where ¢ is an arbitrary positive number. From equation (5) it
follows that the trace of the expression within braces in (6) is of order

O (7= GB/4m)G+D—1+e(s+ D),
This is sufficient to establish (6).

LeEMMA 6. Each term within the braces in (6) s in the trace class. In particular,

)

SIRin) = 2 xn

S{Ry(in)} = 3 —+—

S{Ro(ir) VRo(ir)} = zz:

e} (2) © 2
SIRIVERGNY) = = 2 (yn’f SRR R il

Proof. It is easily seen that each of the terms is in the trace class. The first
two equations are obvious and the third follows from the relation

Nn“) = (V¢nv ¢n)

If n,(e) is the eigenvalue and x,(e) is the eigenfunction of the operator
Hy + €V corresponding to the unperturbed eigenvalue u,, then for all suffi-
ciently small e,

m(€) = py + e,V + P + ..,
and

Xn(e) = ¢, + 6¢n(1) + €2¢’n(2) 4+ ....
If we replace R(2), n.(€), and x,(e) in the equation
(1:(6) — 2)R(2) xa(€) = xa(e)
by their series expansions in powers of e and identify coefficients of like powers
of ¢, we obtain a set of equations, one of which is
(#n — 2)Ro(2)[— VRo(2)]*¢n + 1V Ro(2)[— VRo(2)]6n
F 1 PRo(2)bn + (un — 2)Ro(2)[— VRo(2)]$,V
+#n<1)R0(2>¢n(1) + (#n - Z>R0(z)¢n(2) = ¢,
Taking the inner product of both sides with ¢, and using the relation

y (Vbny 1)
=1 HMn — K7

¢n(1) = b
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we obtain

S{Ro<z>{VRo(z)]“’}
= Z

where the prime indicates the omission of the term corresponding to r = n.
The last sum is zero by virtue of the anti-symmetry of the summand in » and
r. This completes the proof of the lemma.

n = ’ (V¢7LY ¢T)(¢TY V¢n)
(,U'n - Z) n=1 + nz—: =1 (#r - Z) (/-‘n — 2) (I-‘r — Ma) ’

THEOREM 3. If p isin C?, then
; M=t — ") =0
whenm = 1. If pisin Ctand p'(0) = p'(r) = 0, then
> 0w =) =0

when m = 2.

Proof. For m = 1, (6) is vaiid for s > 1. From (6) for s = 1 and Lemma 6,
we obtain
© )

m#[f} L v 1 5 m .—{I:o,

T30 =1 )\n — T n=1 Mp — 1T n=1 (l-‘n - “-)

which may be transformed into

o A et = (n — M)* _
(7 lim 7 [ ) + Z o — if)Q] =0.

o (o — 17)° — 17) (kn

The condition p in C? is sufficient to establish the estimates

1 1 4 _
m® =L [ p@ix + 067

and
U s
Mo = bt fo p(x)dx + O(n7).

Therefore,

)

Z l)\n'— Mn — “n(l)l <°°)

n=1

converges uniformly for = > 0, and

+ I _ A o
hm Z 2En K “_)2 T = nz=:1 ()\n — Mn — p'n(l)).

T30 n=1 (I‘Ln

Similarly, since
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© 2
Z (F’-n >‘n) < ,
n=1 Mn

the contribution of the second term in (7) to the limit is zero. This establishes
the first conclusion of the theorem.
For m = 2, (6) is valid for s = 2 and yields

© o (@]
(8) lim 72[ >, ;\:_m — - + > SN

Ty n=1 n=1 Mn — 'LT n=1 (,un - 17-)

- ,U' (V¢m ¢n)2:|
* ;::1 (b = Z 0

(l-‘n - “’)

If we impose the additional condition that
[ ot =0,
JO
then it can be shown that pin C*and p’(0) = p’(x) = 0 implies (Vo,, ¢,) = O(1),
_ LI 2

and that A\, — gy — 8P — 1,® = O(n2). The first estimate allows us to
conclude that

2
lim 1 Z Wn &) _

T 500 (I-"'n /LT) :

so that (8) may be rewritten as

o (1 ®» 2
(9) lim T2[ Z Mn + M + P-n . __|_ Z ()\ (:U'n A ) ] = 0.
T n=1

(ko — 27) — 1) (4 — 97)°

The remaining two estimates applied to (9) yield the desired conclusion
2_:1 ()\n — Mn #n(l) - #n(Z)) = 0.

An auxiliary argument allows us to dispense with the condition

J:rp(x)dx =0
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