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GROWTH OF FUNCTIONS IN HP

Hwa1-cHIUAN WANG

There are two Hardy and Littlewood theorems which describe the

rate of growth of functions in Hp on the unit circle 7 . In

this paper we first establish their analogues on Euclidean space
Rn and then apply them to solve multiplier and factorization

problems on HP(Rn] .

0. Introduction
Hardy and Littlewood [61, [7] gave two fundamental inequalities to

describe the rate of growth of functions in Hp on the unit circle T .

The inequalities can be stated as follows.

THEOREM 0.1. If f €H'(T), 0 <p <2, then

- . 1/p
Y P 2e P<w ad [T 2o |P|  =ellfl
n=1 n n=1 n p Hp

where e depends only on p , and a, = fn) .

Theorem 0.1 is usually called the Hardy-Littlewood inequality for
0 <p =2 and the Hardy inequality for p =1 .

THEOREM 0.2. If Ffe€H(T), o<p =<1, then, for n=>1,
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(1/p)=1) )
P

where ¢ 18 independent of n, f and where a, = f(n) .

la,| =cn

Theorem 0.2 is due to Hardy and Littlewood [7] although Soviet

Mathematicians ascribe it to G.A. Fridman.

The original proofs of Theorems 0.1 and 0.2 are complicated and use
complex methods which cannot be extended to higher dimensions. In this
article we use real methods to establish analogues on Euclidean space Rn
of Theorems 0.1 and 0.2. Moreover our real methods could be applied to

give a simple proof of Theorems 0.1 and 0.2. Finally we apply our results

to solve multiplier and factorization problems on Hp(Rn) . The main tools
of our proofs are from Peetre [10], Fefferman and Stein [4] and Latter [§]

(see Theorem 0.3 below).

For the later use we recall that, for 0 <p =1 , a p-atom is a
function a on R’ satisfying

(i) a 1is supported in a cube I in R? ,
(ii)  lall _ = |I|_l/p , where |I| is the volume of I ,
L
(iii) J a(x)x®dx = 0 for any multi-index o with
7

R
la] = n((1/p)-1)

THEOREM 0.3, 4 distribution f is in H(R'), 0<p <1, if and

only if
o o 1/p
F= Y Xa, with | Y AP <,
j=l Jd J'=l J

where a; are p-atoms and Aj are complex numbers. Moreover, there are
positive constants ey and e, vhich are independent of functions f

with
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w 1/p

eylifl j, < int j§1 L PL = e el .

The "inf" runs over all representations

Z Aa. .

o

Theorem 0.3 was established by Latter [8] for n =1 and 0 <p =
by Fefferman [3] for p =n =1, and by Coifman [1] for 0 <p <1 and

n=121x,

Throughout this article, we will use ¢ to denote a constant which

may be different in the same proof.

1. Hardy and Littlewood inequalities

In this section we prove analogous results on Rn of Hardy and

Littlewood inequalities for Fourier coefficients.
THEOREM 1.1. If f ¢ #W[R'), 0<p =1, then the Fourier
transform ? of f satisfies

((1/p)-1)

17(€)] = elg)” Ifl . for 0#E ¢R
o

where ¢ depends only on n and p .

We need the following lemma.

LEMMA 1.2, Let a be a p-atom, 0<p =1, and ¥ a rapidly
decreasing function on R' such that $ does not vanish anywhere on the
unit disk. Let wt(x) = t-nw[t-lx) for t >0 and ulx, t) =a * wt(x) .

Then

sup |ulz, )| = ct_n/pﬂa” t>0.
=& P

Proof. Denote the nontangential maximal function u* of u by

u*(x) = su luly, )|
|ly-x|<t
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By Fefferman and Stein [4], u* € 74 (Rn) and there are constants ¢, and

e, with c_llall = = llu*ll <ec llall . Fix t >0, =z € R ; we have
2 1 P2

‘u(y, t)| < u*(x) for |y-x| =t . Thus

Iu(x, t) |antn = J Iu(x, t) lpdy
ly-= |t
< J Iu*(y) Ipdy
ly—x|5t
< fJux|?
LP
< cnanzp

where Qn is the volume of the unit ball in Rn . We obtain

lu(z, 8)] = ct™Plall .
- #

This proves our assertion.
Proof of Theorem 1.1, We divide the proof into several steps.

(1) Let a be a p-atom and Y as in Lemma 1.2. Let
M = min I\T’(g)l', then ¥ >0 . For ¢ >0 we have

El=1
la(e)d(ee) | = [{aww,) ()]
< J lu(z, t)|dz
ﬂ[ .
< lu(z, t)lpdx]( lu(z, t)])1P
UR" gy

A

chHipt’("/p)(l'p)uan;;p by Lemma 1.2
= ot (/)T g

= ct-n((l/p)-l) .

The last equality is due to the fact Hallﬂp < ¢ for some ¢ > 0 and all
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p-atoms a . Choose t >0 with [t&] =1 , since |@(t£)| =M,

lae)| = ol 1/P)-1)

N
(2) Let f € Hp(Rn) with f= ) Ajaj , where a; are p-atoms

J=1
N 1/p
and Z Ilep

J=1

1A

ellfll . . By (1), the inequality (a+b)P <P + PP

#
bzo

for 0<p=1, azo, , and Theorem 0.3, we have

N
(1.3) lFe)l = ¥ Ixlla.(8)]
j=1 J J
1/p
= {% |A-|p] e|€|n((l/p)—l)
g=1 7
< o|gt (/P ygy
#
Set

i

1/p
=1 79 g2 ]

k k )
D={f€Hp(Rn) f=3Y Aa [Z |AJ.|p <elfll ., k=1, 2, f
)

Fix £ € R' | By inequality (1.3), the mapping U : f > %(S) is a
continuous linear functional on D . By Theorem 0.3, D 1is dense in # .

For general f € Hp(Rn) , take a sequence {fk} in D with fk + f in

o o]
k=1
Hp . Therefore {fk}z;l is a Cauchy sequence in Hp . As a consequence

of inequality (1.3), {?k(g)}z;l is a Cauchy sequence in the complex

numbers € . Take 7 € C with 7 = lim ?k(&) . Define

koo

Fe) =1 .

We have
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I?@)I=iMnﬁgeH
< 1im c|€|n((l/p)-l]ﬂfk” by inequality (1.3)
koo i

g (/P
elel 171

Note that since fk + f in H implies that fk + f and %k + f in the

sense of distribution, and % is locally integrable, the Fourier transform
? defined here and the Fourier transform f in the sense of distribution

coincide.
Next we come to another description of the rate of growth of Fourier

transforms of functions on Hp .

THEOREM 1.4. Let F e¢ #W([R'), 0<p=2. Then

~ 1/p
| 1er®2 e pa] < sl
R #

Proof. (1) 0<p =1 . Let a be a p-atom supported in a cube §

in Rn with sides parallel to the axes centered at O and with side

length 7 . Then

la(g) ]

1A

J la(x) | |e™2™% 51 | de
Q

A

o jQ 2| €] @]~ Ptz

CZl+n_(n/p) Igl ’

]Ein(p—E)la(g)lpdg < lgln(p—2)zp*ﬂp—n|£|pd€

lg|<z7t )=zt

A
o

[}
o

k]
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](2-p)/2

A

. N p/2 _
1£1™P-2) 15(¢) |Pag [J Ia(€)|2d€] [J €| 72"
lg>17t BE

p/2 (2-p)/2
[J ]a(x)|2dx] [J ]£|’2"d€]
HE

1A

= op(np/2)-n n-(np/2)

=C.

Combining the above inequalities we have

R 1/p
(1.5) [J |g|”‘P‘2)|a(g>|pdg] so .
R’

Note that the translation of a p-atom does not change inequality (1.5).

Let f €D, where D is as in the proof of Theorem 1.1. From (1.5)

we get

R 1/p
| 1ere® e e e,
- P

For general f € Hp(Rn] , since D 1is dense in Hp(Rn) , if we apply the

Fatou Lemma, we have the desired inequality.

(2) 1 <p =2 . The operator

5 i/p
5er || 16?3 P
Rn

is a bounded sublinear operator of type (Hl, Ll) and (L2, Lz) . By a

result of Macias (see Coifman and Weiss [Z, p. 597])

DY, 1/p
i 622 ey Pag) = sl
& P

This completes the proof.

2. Multiplier and factorization problems

The following multiplier theorem is a consequence of Theorem 1.1.
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THEOREM 2.1. For 0<p =1, m 1is a mitiplier of K (R') into
I”(R") if and only if

m(e)| = ele](/PIY) pn g0

1A

Proof. Let |m(£)]| c|g|‘"((l/p)'l) for £ # 0 . By Theorem 1.1,

1A

|Fe)| = cI&l"((l/p)'l)llfIIHp for f €H and all E#0 .

We obtain

|F(em(e)| < clIfIal , for all £ #0 .

oo
Therefore m(§) is a multiplier of # into I .
©o
Conversely, suppose m 1is a multiplier of #  into L . We have

(2.2) Im(E)F(E)| = cIIfIIHp for fe€H(R') anda £ ¢ R,

Let ¢ € LGTRn) such that supp ¥ C Bl(O) , where Bl(O) is the unit
ball centered at 0 , j Y(x)a®dz = 0 for lal =¥ =n((1/p)-1) ,
|N)||L°° =1 and $ never vanishes on Bl(O) . Let wt(m) = t_nw(t_lx] for
t > 0 . Routine arguments reveal that we can decompose wt into
b (z) = a(z)b(x)

((a/p)-1)

where b(x) is a p-atom and |a(t)| < et By Theorem 0.3,

v, € #(R") ana

Choose f = wt in inequality (2.2). We have

Im(£)(28) | = ot ((1/P)-1)

Take ¢ > 0 with [t&] =1 for £ # 0 ; then
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Im(e)| = e]g| " ((2/R)-1)

This proves the theorem.
We next give an application of Hardy inequality to factorization

problem of Hl(Rn) .

DEFINITION 2.3. A homogeneous Banach algebra on R’ is a Banach
algebra (B, || ||) of integrable functions on R' satisfying

Izl , ,and
Jal

Hl. for all f €B, x € R then f, €B and lf = Il

where f&(y) fly~x) for all y € R',

H2. the mapping x fé is continuous from R’ into B, 111 .

Ll[Rn) is the largest homogeneous Banach algebra on R’ . Moreover
Hl(Rn) is a homogeneous Banach algebra on R" (see Neri [91, wigley [13],
Wang [113, [712]). Therefore we have Hl(Rn) * Hl(Rn) c Hl(Rn) . Wigley
[13] asked if HlﬂRn) * Hl(Rn) = Hl(Rn) . The answer is negative just by
Theorem 1.4 for p = 1 and the following result of Feichtinger, Graham and
Lakien [5].

THEOREM 2.4. Let B be a homogeneous Banach algebra on R’ , and
du an unbounded regular measure on R® . If B * B =B, then there is

f € B with % ¢ 1P (du) forall p, 0<p <=,
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