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A generalisation of Dirichlet's multiple integral

By S. K. LAKSHMANA RAO.

The well-known multiple integral

J J xf> - J *,«= - K ... a r j -1 ( 1 - x v - z 2 - . . . - xn)a° ' l d x x . . . dxnt

where Rn is the region defined by xt > 0, x2 > 0, xn > 0,
#i + #2 + • • • - + %n *S 1» an<i where a0, alf ..., an are positive constants,
can be evaluated either in the classical way using the Dirichlet trans-
formation or by the use of the Laplace transform (J). I. J. Good (2>

has considered a more general integral and has proved the following
result by induction:—

If/1(0,/2(0 /„(«) are Lebesgue measurable for 0 <; t < 1, mu

tn2, mn, mn+i (== 0) are real numbers, Mr = mx + m2 + . . . + mr,
xx, x2, ..., xn are non-negative variables and Xr = xx + x2 + . . . -f- xr,
then

i • • • d X n

= IT f fr{x)(l -x)m'-+ixMr+'-1dx.
r~l •'0

(1)

It does not seem to be possible to establish this relation by
employing the Laplace transform, but we show below that it can be
obtained using the Mellin transform.

The Mellin transform of a function <f>{x), defined for x > 0, is
defined by

= f
Jo

and the inverse relation is

We need below the convolution theorem for the Mellin transform,
viz.,

where

(*) = r • •. • r
J0 JO-
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Proof of (I)

Let fx{x), ..., fn(x) be functions defined for 0 .< x < 1, and consider
the functions <f>t(x) defined by

a)"'*1 «*«, 0 < a: < 1,

where * = 1, 2 . . . , » , the real numbers mlt ..., mn and Nt Nn are
such that the functions <f>i(x) possess Mellin transforms, and mn+1 = 0.
Then, by the convolution theorem (2), we obtain

(jo M») (1 - x)m> xT'+'-idx^ ••••(Jo U-i (x) (1 - a : ) " - ^ - '

U2...Un j . . . «„/ U2 . . • Un

Jo z

We now introduce the variables Xlt ..., Xn where

x = Xu u2 = X2/X3, u3 =

Then

and the right-hand side of (3) becomes

J J \-d-2/
f

Finally, writing Xx = a;̂  X2 — Zx = a;2, . . . , Xn — Zn_i = a;n, we
have
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f / i W (1 — x)m*xN> +s~1dx. f f2(x) (1 —x)1"*xlf'+*-1dx
Jo . Jo

[ / .-i(*)(l -x)mnxs"-^+^1dx. ? fn(x)xIf*+-1dx
Jo • Jo

c c / 5 T N /y
— • . . . \XX M y " X2 -J2\ v

\
Mr

(Xj + . . . + xn)
N» -**-i-mn - i dx1 ... dxn. (4)

This reduces to (1) if we choose the numbers Nlt ..., Nn such
that

Ni=Ni_1 + mi+ 1
and take No= — s.
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