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A generalisation of Dirichlet's multiple integral
By S. K. LaksamMana Rao.
The well-known multiple integral
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where R, is the region defined by 2, >0, 2,>=0, ...., z,>0,
Zy+ 23+ ... + 2, <1, and where ay, a;, ..., a, are positive constants, .
can be evaluated either in the classical way using the Dirichlet trans-
formation or by the use of the Laplace transform ®. I, J. Good @
has considered a more general integral and has proved the following
result by induction:—

If fi(t), foft), ..., fa(t) are Lebesgue measurable for 0 <<t <1, m,,

Mg, . .vy My, My,q (= 0) are real numbers, M, =m, +m, 4 ... + m,,
%y, %5, ..., ¥, are non-negative variables and X, ==z, +x, + ... + z,,
then
n-l( m, X ) m,
—) X,)dz, ...d
_[ 'Ellxr f’(XhH)an Ja(X) d, x,
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It does not seem to be possible to establish this relation by
employing the Laplace transform, but we show below that it can be
obtained using the Mellin transform.

The Mellin transform of a function ¢(r), defined for x>0, is

defined by
0l = My(e) = | paer1ds,

and the inverse relation is

1 e+t
H(x) = M~ '®(s) = 5mi )i D(s)x ~*ds.
We need below the convolution theorem for the Mellin transform,
viz.,
My(x). Mps()...... M (z) = Mip(z),
where

\ du, ...du,
oY
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P(x) = I: cese J.: Ba(ts)pa(us) . . . Pulu,) b, (
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Proof of (1)

Let fy(x), ..., fo(x) be functions defined for 0 << 2 < 1, and consider
the functions ¢,(x) defined by

(1) e -fi(x)(l—x)mi+1fo,0<x<l,
¢t(x) = {0’ 2> 1,

where 1 =1, 2 ..., n, the real numbers ﬁal, eeymy and Ny, ..., N, are
such that the functions ¢,(x) possess Mellin transforms, and m, ; = 0.
Then, by the convolution theorem (2), we obtain
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J: falug) (1 — ug)™ ulfs -1 —1du2J-:2 N h <\u2.f.un> (1 —uz.:f.u,) 2
M a1y, (3)
We now introduce the variables X, ..., X, where
z =X, U =X,/ Xy, ug = X/ X, .o, U1 = X, 1/X,, u, = X,.
Then
<X, <X, <..< X, <1, dedu, ... du,=(X;X,...X,)"1dX, ...dX

and the right-hand side of (3) becomes
o () s (52 gt m

(0<X <.<X, <D

n-1

ny

fo (X)X N0 ~Mamromy -1 GX, . dX,.

Finally, writing X, =2, X, — X, =2,, ..., X, — X, ==, we
have
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j f1(x) (1 — x)Pe a1 +-1da, j: folz) (1 —ax)ymsxMe+s-1dg ...

j f“ ) (1 — @)mugu-ite1da, j fol) @ +-1 dz

Z;};;J“N””f <X) f2< >x3'"313<x> o 1K)
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This reduces to (1) if we choose the numbers N,, ..., N, such

‘that
Ni=N,_1+m+1
.and take Ny = —s.
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