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Abstract

We will show the existence, uniqueness and regularity of global solutions for the Cauchy problem for
nonlinear evolution equations with the damping term

W)+ MIA P u@P)Au@) + 80 = f (1) (5> 0).

As an application of our results, we give the global solvability and regularity of the mixed problem with
Dirichlet boundary conditions:

W'(x, D+ (=DM ([ [ VEu(x, t)lzdx) Au(x, ) +8u'(x, 1) = f (x, 1)
Q
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1. Introduction

We consider abstract Cauchy initial value problems in a Hilbert space H for nonlinear
evolution equations of the form

W'(8) + M(A?u(@®) ) Au(r) + 84'(1) = f (1) on (0, 00),

P u0) =uy, u'(0)=u,

where the operator A and the function M (-), which satisfy convenient assumptions,
are given, and § > O is a constant.
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The problem (CP) has attracted the attention of several researchers (see [1-4, 6
10, 12] and references therein) because of its intimate connection with mathematical
physics. In fact, we consider the following nonlinear partial integro-differential
equation

1
(L)  u'(x,t) - <a+ﬂ/ {Du(x, t)|2dx> Du(x,t) +8u'(x,t) = f (x,0),
0

forx € (0, 1) and ¢ > 0, subject to the boundary conditions

(1.2) w0, )=u(l,t)=0, >0,

with initial conditions

(1.3) u(x,0) = up(x), u'(x,0) =ux), xe€(,1),

where D = d/dx, D* = d*/dx? and a, B, § are positive constants.

Then it is well known that the problem (1.1)—(1.3) describes the damped small
amplitude vibrations of an elastic and stretched string (see [1,4]). Actually, the
problem (1.1)—(1.3) can be written abstractly as the problem (CP) and hence solutions
u(?) to the problem (CP) can be regarded as solutions to the problem (1.1)—(1.3) by
considering pointwise evaluation of solutions, (u(#))(x) = u(x, 1).

When 8 = 0, Dickey [2] and PohoZaev [10] have shown the existence and unique-
ness of local solutions to the problem (CP) with A = —A and A* = (—A)* by using
a Galerkin procedure, respectively (see also [6]). In case of A = —A in L?(R"), Ya-
mada [12] has shown the existence of global solutions to the problem (CP) with small
data by using an iteration procedure. Later, Ikehata and Okazawa [4] have obtained
global solutions to the problem (CP) by using the Yosida approximation method under
compactness argument and the special small initial data. We note that in this paper,
the Yosida approximation of A plays a central role in deriving some a priori estimates
of solutions to the problem (CP).

The purpose of this paper is to show the existence and uniqueness of global solutions
to the problem (CP) under the presence of the damping term 6u/(¢)(§ > 0). We will
study the regularity of solutions. Moreover, as a general result of PohoZaev [10],
considering an operator A* instead of A in (CP), we will also show the existence
and the regularity of solutions. The proof of the solvability of the problem (CP) is
carried out by the Yosida approximation method. Note that result of this paper is a
relative generalization of [1] and [10, 12] with A = — A in L?(S2) as a special operator.
Furthermore our study may be extended to more general situations. For example, we
can apply our methods to the generalized damped extensible beam equation of the
form:

W' (t) + A%u(t) + M(JA 2 u(@)|HAu(t) + 84/ (1) = f (2).
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The content of this paper is as follows. In Section 2, we give the abstract setting and
main results. In Section 3, we mention some useful facts about Yosida approximation
of a nonnegative selfadjoint operator. Section 4 and Section 5 are devoted to the proof
of our main results and an application for our abstract results.

2. Abstract setting and results

Let H be a real Hilbert space with an inner product (-, -} and a norm | - |. Suppose A
is a densely defined nonnegative selfadjoint linear operator in H. Then the powers of
degree y > O of A, A”, may be computed via the elementary spectral calculus and are
known to be nonnegative selfadjoint operators themselves. In fact, A’ is defined by

2.1 AY =/ A dE(A) with domain D(AY),
0

which means that (A7 u, v) = f0°° AY(dE(\)u, v) holds forall u € D(AY)andv € H,
where {E(}) : 0 < A < oo} is the resolution of the identity associated with A (for
details, see [11]).

Note that in this case, the resolution of the identity { E (A1) },0 is uniquely determined
so that AY can be represented as (2.1) and also it is well known that D(A?) is a real
Hilbert space with the graph norm |vl%,,,, = [v|* + |A”v| and for 0 < y; < 1,

(2.2) D(A™) C D(A™).

Now we shall consider nonlinear evolution equations of the form

2.3) W'ty + M(IAPu()|HAu(t) + 84/ () = f(f) inH,
2.4 u(t) e D(A) foranyt € [0, 00),
(2.5) u©) = up € D(A), u'(0) =u, € D(A'?).

Throughout what follows we will use the notation V := D(A) and W, := D(A'?),
respectively. In particular, we let W, := Wand W, := H.
We assume the following about A, M(t), and f (¢):

(A.1) A is a nonnegative selfadjoint operator and the injection from W into H is
compact.

(A.2) M(t)isa C'[0, 00) class function satisfying M () > myq (mo > Ois a constant).
(A3) f € LY(0,00; W)N L®(0, o0; H).

For the later use, we set

(2.6) M(r) =‘/rM(s)ds, E(t)=%[Iu'(t)|2+A7(|A”2u(t)|2)].
0
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Note that E(¢) may be regarded as the total energy of the problem (2.3)—(2.5) at
time ¢ and by assumption (A.2),

2.7 M(r) > mgr on [0, 00).

DEFINITION 2.1. A function u(#) : [0, T) — H is called a solution for the problem
(2.3)~(2.5) on [0, T) (T may be 00) if

(1) ue L0, T;V)NBCO, T); W), W/ € L¥O, T, WyN BC(0, T); H),
W elL®0,T;,H),

(ii) u satisfies (2.3) on [0, T);

(ii)) u(0) = up and u'(0) = u;.
Here BC([0, T); H) denotes the set of all H-valued bounded continuous functions on
(0, T).

We put D(y) := {(uo, ur, f )i luoly < v, lulw < v, [ If @lwdt < y}. We
now state the main result.

THEOREM 2.1. Let all assumptions (A.1)~(A.3) be satisfied and (uy, uy, f) € V x
W x L'(0, 00; W). Then there exists vy (vo > 0) satisfying the following. If

(2.8) (uo, w1, f) € D(y),
then there exists a unique solution u(t) on [0, 00) to the problem (2.3)~(2.5).

REMARK 2.1. i) When M(t) 2 a+Bt(a >0,8>0)and f(r) =0, our
result coincides with that of [1]. Thus this may be a generalization of the result in [1].
(ii) As a special condition on D(y), Ikehata and Okazawa [4] showed that if

ByB 1 172 1 00
- [(lAuo\%ElA‘/zul\z) + «/%fo |AV2f (t)ldt] <5,

my

then there exists a unique global solution u(¢) to the problem (2.3)-(2.5). Here

2.9) By = V2E(0)' + f ) If (s)|ds,

0
(2.10) By =max {IM'(s)| : 0 <5 < B}/my).

For the regularity of solutions to the problem (2.3)—(2.5), we have:

THEOREM 2.2. Let ! € N be arbitrary and fixed. If in addition to the hypothesis of
Theorem 2.1, (ug, uy, f) € Wy x W, x (L1(0, 00; W) N L®(0, 00; Wi_1)), then the
solution u(t) to the problem (2.3)—(2.5) has the following properties:
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(i) u € L*(0, 00; W) N BC([0, 00); W)).
(i) u' € L*(0, 00; W) N BC([0, 00); Wi—y).
(i) u” € L*(0, 00; Wi_y).

As a direct result of Theorem 2.2, if f is continuous on [0, c0), then we obtain the
following.

COROLLARY 2.1. Let uy € Wy, and u, € W, Ifin addition to the hypothesis of
Theorem 2.2, f € C([0, 00); H), then the solution u(t) to the problem (2.3)~(2.5)
satisfies u € C([0, 00); Wi) N C'([0, 00); Wi) N C*([0, 00); W), (I > ).

REMARK 2.2. In Corollary 2.1, when ! = 1, we immediately obtain the solution
u(t) such that u € C([0, 00); V) N C'([0, 00); W) N C*([0, 00); H).

Generalizing the above results, we can consider the following nonlinear evolution
equations of the form (see [8])

(2.11) W' (t) + M(|A*u()|))A*u(r) + 84/ (t) = f (1) in H;
(2.12) u(t) € Vi(:= D(A%) forany ¢ € [0, 00);
(2.13) u(0) = up € D(A*), u(0) = uy € Wi(:= D(A"?).

We let Dy(v) = {(uo, ur, f )i luoly, < v, lmlw, < v, [y If Olwdr < v} The
following results (Theorem 2.3 and Theorem 2.4) may be obtained using a similar
approach as in the proof of Theorem 2.1 and Theorem 2.2.

THEOREM 2.3. Let assumptions (A.1) and (A.2) be satisfied, and (uy, uy, f) €
Vi x Wi x ((L'(0, 00; W) N L®(0, 00; Wi_1)). Then there exists y, (> 0) satisfying
the following. If (ug, uy, f) € Dy(yy), then there exists a unique solution u(t) on
[0, 00) to the problem (2.11)—(2.13) such that

(i) u € L*(0, oo; V,)NBC([0, 00); W), u' € L*™(0, oo; WHINBC([0, 00); W,_y),
u’ € L*(0, 00; Wi_1);

(ii) u satisfies (2.3) on [0, 00);

(ii1) u(0) = ug and u'(0) = u,.

THEOREM 2.4. Let | € N be arbitrary and fixed. If in addition to the hypothesis
of Theorem 2.3, ug € Wis1y, 4y € Wiy, and f € L' (0, 00; W) N L®(0, 00; Wea-1),
then the solution u(t) to the problem (2.11)—(2.13) has the following properties:

(i) u € L=(0, 00; Wiqrn) N BC([0, 00); Wiy).

(i) u € L*(0, 0o; Wy) N BC([0, 00); Wiu-ny)-

(i) u” € L=(0, 00; Wi-1)).
Here Vo = Wy = H.
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3. Preliminaries

In this section we state some useful facts about Yosida approximations of nonneg-
ative selfadjoint operators.

Define the Yosida approximation A, of A by A, = A~'(I — J,) = AJ, for A > 0,
where J, = (I + AA)™! and [ is the identity on H. Then it is well known that
Al < 1/A (A > 0), J, — I strongly as A — Oandso Au - Au (A — 0) for
u € D(A). Next we consider the power of degree 1/2 of A,:

(3.1) A=A (0> 0),

where J/2 = (I + AA)~"2 and A'72 is the power of degree 1/2 of A (see [11]). We
obtain several basic properties of the operators .I; /> and Al/ 2,

LEMMA 3.1. Let k € N be a fixed number and . > 0. Thenfor 1 <j <k,
Q) 19”1 < 1and |A{*u| < |Au] for u € D(A'/?);
(i) AL < A7
(i) |u— J/%u) < jAV2AV2u), u € H.
Moreover,
(v) |u—Jjul <jr|lAul,ueH.
Here A] is the power of degree y of A,.
PROOF. Since (i) can be easily shown by the definition of J;/2
only prove (ii), (iii), and (iv).
Let u € D(A//?) for 1 < j < k. Then we have

WA U = (W A u, ) < (T + 2AY u, ) = [(I + AAY Puf?,

and A%, we will

which implies (ii).
Now we shall prove (iii). Note that (iv) can be proved similarly (use | — Ju| =
AA,u|, u € H). First, note that

(3.2) lu— J%ul < AV*AY*u|,  u e H (see [4)).
From (i) and (3.2), we obtain for 1 <j <k,
lu— J%u| < jlu— 3%l < jAV2A P,
which completes our proof. O

Next we introduce the Bihari-type inequality without proof (see [5]).

LEMMA 3.2. Let F and G be nonnegative continuous functions on [0, T], (T > 0).
If[FOP < C+ j; F(s)G(s)ds on [0, T}, then F(t) < C'* + %f(; G(s)ds on
[0, T), where C is a positive constant.
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4. Proof of theorems

4.1. Proof of Theorem 2.1 (Existence and Uniqueness). In this section we shall
prove Theorem 2.1 using the Yosida approximation. Throughout this section we let
A > 0 be any number and A, be the Yosida approximation of A.

First we consider the approximate problem of the following differential equation
by applying the Yosida approximation
4.1) u (1) + M (A2 (D) A (1) + (1) = £ (1),
4.2) w0 =u eV, u(0)=u e W.
Using the mean value theorem for M (¢), we can easily show that the mapping u —
M(lA l/ 2u|?)A,u is locally Lipschitz continuous for each A. Then it is well known that
the problem (4.1)—~(4.2) has a unique local approximate solution u, € C!([0, T,); H)
on some interval [0, T;) and moreover, u, (¢) is absolutely continuous and (4.1) holds
a.e.on [0, T;) (see [4]).

Now we shall see that u; () can be extended to [0, 00). To see this, we need a
priori estimates for the solution u, (¢).

A priori estimates

PROPOSITION 4.1. If ug € V and u, € W, then there exists a positive constant M|,
which does not depend on A such that

4.3) lux ()l < My on [0, To).

We need the following lemma in order to prove this result. In fact, this lemma is
shown by applying energy methods to the problem (4.1)-(4.2).

LEMMA 4.1. Letuy € Vandu, € W. Then the following inequality holds on [0, T;)

t
4.4 sup [qu\(t)lz, molA;/zuA(t)|2,25/ Iuj\(S)lzdS} < B,
re(0,T1) 0

where By is given by (2.9) and my is the constant given in assumption (A.2).

PROOF. If we multiply (4.1) by 2u; (¢), then we obtain a.e. on [0, T,),

diu 2 d
(4.5) % + M(|A1’2ux<t)|2>Emi’zulmf + 281U, (1) 1> = 2(f (1), 4, (2)).

Integrating (4.5) on (0, ¢), t € [0, 7,) and using (2.6), and (2.7) we have

(4.6) |u’A(t)|2+mo|A;/2ul(t)I2+28/|u;(s)|2ds52E(0)+2f[f(t)llu;(s)lds.
0 0
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If we set
' 12
F() = [Iu;(t)lz +mol Ay () + 28 f |3 () ds] :
0
then (4.6) implies
!
@.7) [F())> <2E©0)+2 f If (5)|F(s)ds.
0
Therefore, the desired result follows by applying Lemma 3.2 to (4.7). O

PROOF OF PROPOSITION 4.1. If we multiply (4.1) by u, (¢), then we have a.e. on
[0, 7)),

d éd
@8 — @, m®) - 1, (D1 + M(A i (DA 2w () + m:um)ﬂ
= (f (1), ur(1)).
Integrating (4.8) on (0, 7), ¢ € [0, T;) and using the Schwarz inequality, we obtain
5 I 4
(4.9) 5|m(t>|2+ f M (A2 u ()AL uy (s) 2 ds
0
8 /7 ! ! !
< §|u0|2+|u0| |u,|+|ul(r>uul(r>|+f |} (5))? ds+f If ()llua(s)| ds.
0 1]

Using the inequality [u, (£)|]ux(£)] < 2|us (£)[* + $1u} (£)]%, we obtain from (4.9)

5 8 1, v '
ZI“A(’)IZS §|u0|2+Iuolluxl+glux(t)lz+/lu,\(8)|2ds+/[f(S)IIuA(S)IdS-
0 0

From the last inequality and (4.4), we can see that

4 t
lur (D> < Mi(8) + 5—/ If ()1 {ur(s)| ds,
0

where Mi(8) = 2|uo|* + (4/8)|uol |u1| + 6B2/82. Therefore (4.3) follows from
Lemma 3.2. O

From Propositio'n 4.1, it follows that u,(¢) is uniformly bounded, hence can be
extended to {0, 00).
Now we prove that u, (t) and «} (¢) are uniformly bounded in V and W, respectively.

PROPOSITION 4.2. Let (up, u1) € V x W. Then there exists yo > 0 such that if
(2.8) is satisfied, then there exists a positive constant M,, which does not depend on
Yo such that sup, (o o, {IA,\uA(t)l, |Ai/2uj\(t)l} < M,.
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PROOF. If we multiply (4.1) by 2A,u, (1), then we obtain a.e. on {0, 00)

4.10) [ AV OF + MOAY i () A ()| + 261410, ()P

=2(4,"f (1), AUy (1))
+ 2|Am(t)|2M (A u, (1) XA U (1), A un ().

Integrating (4.10) on (0, 1), ¢t € [0, 00), we have
@11 1A% 0P + MA u () Arun(0) [ + 28 f |44, (s) " ds
= | 2 + M(A o)) | Auol +2 / (Af (), A*ui (s)) ds
+ 2/ M (A u () ) (ALY (5), Ay un ()| Arun ()] ds.
Using the Schwarz inequality, the assumption (A.2), (4.4) and (4.11), we get
4.12) LAY U ()2 + molAyu, (0)* + 25 / |AY U (s)| ds

< |4 2,2 + BylAuol +2 f IAMF ()11, (s)) ds
0
BoBl

f |24 ()| Ay (5) 2 ds,

where B;, i =0, 1, are the constants given by (2.9) and (2.10), respectively and B, is
given by ‘

(4.13) B, := max{|M(s)| : 0 < s < B}/my}.

If we multiply (4.1) by A, u, (z), then we have a.e. in [0, 00)

(4.14) —{(A‘” (D), A Pu () + —IA”ZuA(t)I Y+ M(A P u (D)) A (1))
=AU (01 + (Ai”f (), AY*u, ().

Integrating (4.14) on (0, ¢), t € [0, co) and then using (A.2), we obtain
t
(4.15) — AU, 01A P 0] + 'IA]/Zux(f)P + mo / |Ayus(s) | ds
0
8 t
< 1AV 1A 0]+ S14 P+ [ 1Y )P ds
0

t
+ / IAY2F (5)] 1A 2, (s) | ds.
0
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We now assume that the data (uo, 1, f) € D(y).
Multiplying (4.15) by é§ and adding it to (4.12), we obtain
1
416 SIA i 0f + (|A”2 (01 = 814w (1)) + 8 / A4, () ds

o BoB:

< 1A + BalAuol” + 514" ui] 1A o] + = 2141 g

t
+ mo| A ur (1) ]* + / (moa-— |A‘/2 '<s>|) |Asu(s)|* ds
0

12
x

+2/ IAY2f ()] 1A 24 (5)| ds

< L(y)+2 / AP f (1A 24 (5)] ds,

where L(y) := y*(1 + By + 8 + 82/2) + (8By//mo)y. Once if we assume that the
inequality
BoBl

J_

holds, then we can obtain using (4.16) and Lemma 3.2

4.17) med — |AY* U, ()] = 0 on [0, 00),

@18) AV OF + 2mol A (D2 < VL) 42 / AV (5)] ds
0
<Ly) (=v2L()"*+2y).

Noting that L(-) is an increasing function of y and L(0) = 0, we can choose y, > 0

such that / L(y) < mg/zé/(2BoBl). Hence it says that IA,'\/Zuj\(t)l < JLp) <
my/*5/(2BoB,), that is, (4.17) is satisfied. Consequently, for (uo, u, f) € D(w),
(4.17) is verified, which completes our proof. O

PROPOSITION 4.3. Let ug € V and wy € W. If (2.8) is satisfied, then there exists a
positive constant M3, which does not depend on A such that |u](t)| < M5 on [0, 00).

ProOF. If we multiply (4.1) by u} (), then we have a.e. on [0, 00)
O + (M (A, 10 (DA (1) + 81, (1) — f (1), (1) = O
Using the Schwarz inequality and Proposition 4.2, we obtain by (4.13) and (4.4),
[ul(t)| < ByM, + 8By + esssup{|f (s)|: 0 < s < 00},

where B; (i = 0, 2) and M, are constants given by (2.9), (4.13) and in Proposition 4.2,
respectively. This completes our proof. O
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As a direct result of Proposition 4.2 and Proposition 4.3, we have the following:

COROLLARY 4.1. Let ug € V and u, € W. Assume that (2.8) is satisfied. Then for
any A > 0, {uy (-}, {45 ()}, and {4 ()} are bounded in L*(0, oo; V), L*(0, 00; W),
and L*(0, oo; H), respectively.

Passage to the limit

In this section we establish the uniform convergence of solutions to the problem
(2.3)«2.5) on finite intervals of arbitrary length as A — 0. In what follows we will let
T > 0 be arbitrary and let {A,}, be a sequence such that A, > 0 (n € N)and A, - 0
asn — 00.

LEMMA 4.2. If for any A > 0, u, () is a solution to the problem (4.1)~(4.2), then
there exist a subsequence {u,, ()}, of {ua(-)}, and u(-) € BC([0, o0); H) such that
(4.19) u, (-) > u(:)in C(0, TI; H)y as n — oo.

Moreover, if (2.8) is satisfied, then there is a subsequence {u, ()}, of {u., (")}, and
u'(-) € BC([0, o0); H) such that

(4.20) w, ()= u(-)in C([0, T H) as n — oo.

Here the convergence is uniform with respect to t € [0, T1].

PROOF. First we show that for any ¢ € [0, 00), {J uk(t)},t is precompact in H. In

fact, we have for any ¢ € [0, 00),

4.21) 12w () = I, () |w
= 12w () = I Pu (0] + 14, un (1) = ALu, ()]
< i (O] + [ua (O] + 1420 (O] + 1A uu (1),

where A > 0 and u > O are arbitrary.

From (4.3), (4.4), and the definition of A}’?, (4.21) implies that for any ¢ € [0, c0),
{J;/ u, ()}, is bounded in W. Thus we see from the assumption (A.1) that for any
t €0, 0),{ JA'/ 2u,\(t)} » 1s precompact in H. Moreover, from Lemma 3.1 (i) and (4.4),
we easily observe that {J,"*u; ()}, is equicontinuous. Hence, applying the Arzela-
Ascoli theorem to {J,:/zu,\(-)}A in C([0, T]; H), we find a subsequence {Jl'"/zu,\n(-)},\
and u(-) € BC([0, 00); H) such that

4.22) JPu () = u() in C([0, T); H) as n—> oo.

Noting that {u,_(¢) — J,/ zul o< A'/ZIA'/ %u,, (1] (see Lemma 3.1 (iii)), we observe
that u, () — u(-) In C([O T, H)asn—> 0%,

Noting that J '/2 2 () and A uAn (-) belong to BC([0, 00); H), we can also prove
(4.20) in the same way as in the proof of (4.19). O
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LEMMA 4.3. Let u(-), { ,}n, and {u,}, be as in Lemma 4.2. Assume that (2.8) is
satisfied. Then u(-) € L*(0, oo; V), u'(-) € L*(0, co; W) and

(4.23) Au(t) = weak lim A, u () in H,
(4.24) AU (1) = weak 11m AW, (1) in H.
Moreover, u(:) € BC([0, 00); W) and

(4.25) MA*u(t))Au() = weak lim M(1A,2u,, (DM A, 1, (1)
n—00
Here the convergence is uniform with respect to t € [0, T].

PROOF. We note that A is weakly closed and D(A%) is dense in H (@ = 1, 1/2).
From Proposition 4.1 and Proposition 4.2, we observe that A, u, () and A unu;n(~)
belong to B C([0, cc); H).

Thus (4.23) and (4.24) follow from (4.19) and (4.20). We also have

(4.26) | [Au(t)] < lim inf [A, u,, ()| < M,,

(4.27) A2 (1)] < hm mf;A‘/2 MOy

These imply that u(-) € L*(0, oc; V) and u/(-) € L*=(0, oc; W). In order to prove
(4.25), we first show that u(-) € BC([0, o0); W) and

(4.28) AY?uy () — AV u() in C(I0, T, H) as n— oo.
From the definition of A i/ % and using the Schwarz inequality, we observe that

14, u,, (1) — Au@) = AP uy, (D1 = 2(Au(), J)%u,, (1) + 1A Pu(n) |2
=14 2ur, (D) — [Au()? + 2(Au(®), u(®) — I %u, (1))
< 14 uy, (D)2 = |A2u@) P + 21Au@)|lu(t) — J) u,, (1))

Thus it suffices, by (4.22) and (4.26), to show that
(4.29) (A1, (1), up (1) > (Au(®), u(@)) in C[0,T] as n— oo.
Indeed, from Lemma 3.1 (iv) and using the Schwarz inequality, we have

[(As, 1, (1), (1)) — (Au(?), u(2))|
= (A, 11, (1) = Ar,u(D), u,, (1)) + (Jo,u(t), Ay, (D)) — (Au(D), u(®)))
= (A, 1, (1), ws, (1) —u(0)) + (Au(e), Jy, u(t) — u()) + (A, u(t), u,, (1) — u(n)|
< AalAu()® + (1Ax, 1, ()] + Ay u(@ D], (1) — u(@)l.
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So (4.29) follows from (4.19) and (4.26). Hence we obtain (4.28) and we also have
by (4.4)

(4.30) A 2u(0) = lim |4, u,, (0] < Bo//ma,

where B, is the constant given by (2.9), that is, u(-) € B C([0, 00); W). Finally, by
using the mean value theorem for M (-), our final assertion immediately follows from
(4.4), (4.23), and (4.29). 4

We are now in a position to show that u(-), given by Lemma 4.2, is a solution to
the problem (2.3)—(2.5).

PROPOSITION 4.4. Let u(-) and {i,), be as in Lemma 4.2. Assume that (2.8) is
satisfied. Then u”(-) € L°°(0, oo; H) and

W)+ MA Pu@®)P)Au(t) +8u/'(t) = f (1) ae in H.

PROOF. From Proposition 4.3, we can observe that u'(r) is Lipschitz continuous
and so it is absolutely continuous. Hence u”(r) € L*(0, co; H) exists a.e. on (0, 00).
We also see from (4.1), (4.20), and (4.25) that

4.31) F @) =8 () — M(IAu(t)|)Au(t) = weak lim u, (1).

Put w,(?) := (u,, (t) —u, (5))/(t —s)ont € [0, T]. Here s(# t) is arbitrary but
fixed on [0, 7). Then clearly, lim,_ w,(¢) = uj (s) a.e. on (0, 00) and by virtue
of (4.20), lim,_, o w,(2) = (W' () — ¥'(s))/(t — s), uniformly on [0, T]. Hence we
obtain by the continuity of (-, -),

(4.32) lim (], (5), v) = lim (lim w,(¢), v) = ("(s),v), v € H.

n—oo n n—00 f—s
So, our assertion follows from (4.31) and (4.32). O
Uniqueness

LEMMA 4.4. Let u and v be solutions to the problem (2.3)—(2.5). If w(t) €
C'([0, 00), V) is a solution of

(4.33) w”’ (1) + M(A*u(®) D) Aw(r) + 8w'(2) = F(u(?), v(1)),
w(0) =0, w'(0) =0,

where |F(u(t), v(2))| < M4|AY*w(z)| for all t € [0, 00) and some constant M, > 0,
then w(t) = 0 for t € [0, 00).

https://doi.org/10.1017/5144678870000313X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000313X

82 Jong Yeoul Park, Il Hyo Jung and Yong Han Kang [14]

PrROOF. If we multiply (4.33) by 2w’(¢), we obtain

d d
(4.34) ;l—tlw'(t)lz + M(IA”Zu(t)lz);l—tlA‘/2w(t)12 + 28|w' (1)
= 2(F (u(r), v(2)), w'(1)).
Integrating (4.34) on (0, 1), t € [0, 00) and using the Schwarz inequality, we obtain
t
WO + MIAPu@DIAPw(@)P + 25 / ' () ds
0
= / 1L maarusp)
—Jo |dt

From (A.2), (4.27), and (4.30), this inequality yields

AV w(s)* ds +2/ [F(u(s), v(s))| |w'(s)| ds.
. 0

2ByB\M, n M,

mo./Mmg /Mg

Therefore we obtain w = 0 by the Gronwall inequality (see [5]). O

[w' ()] +mol A Pw (@) < ( )/(lw'(S)I2+MolA”2w(S)I2) ds.
0

PROPOSITION 4.5. Assume that (2.8) is satisfied. Then the problem (2.3)<2.5) has
a unique solution. In fact, u(-) in Lemma 4.2 is the solution of the problem (2.3)—(2.5).

PROOF. Let u(-) be as in Lemma 4.2. Then from Lemma 4.2 and Lemma 4.3,
Proposition 4.4, and Proposition (4.2), clearly u(-) satisfies the problem (2.3)-(2.5).
Thus it remains to show the uniqueness of the solution. Let u and v be two solutions
to the problem (2.3)—(2.5). Then w = u — v satisfies

w’ (1) + M(AY u()))Aw(r) + sw'(¢)
= —~{M(A2u()®) — M(IA"*v()|)}Av(D),
w@) =0, w(0)=0.

Moreover, by the mean value theorem for M (-) and (4.30), we have

[(M(IA?u(0)]?) = M(IA" () *))Av ()|

ByM,B
< Bi(1A2u@)| + 1A o)) |APw(0)| [Av(r)| < 2——=—|A"?w(1)].
/Mo
So, uniqueness follows from Lemma 4.4. O
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4.2. Proof of Theorem 2.2 (Regularity). We consider the initial value problem
(4.35) W)+ M(A2u@)HAu(t) + 84/ (t) = f(t) in H,

(4.36) u@) =uge Wy, u0)=u €W,

Here | € N is arbitrary but fixed.

We first note that by (2.2), W, € Vand W, C W and thus from Theorem 2.1,
there exists a unique global solution u(r) to the problem (4.35)—(4.36) as constructed
in Section 4.1.

Now we shall show that under the assumption of Theorem 2.2, the solution u(r) to
the problem (4.35)-(4.36) satisfies the properties (i), (ii), and (iii) in Theorem 2.2.

LEMMA 4.5. Letl € N. Ifu(t) € W, thenu(t) € W, forj =1,... 1. Moreover
iff € L'(0,00; W), then f € L'(0,00; W;) for 1 <j <l Infact, f satisfies the
Jollowing inequality

/ |AY2f ()l ds 5[ If(~“)|ds"‘/ A f()lds (1<j <.
0 0 0

PROOF. Let {E(u) : 0 < u < 00} be the resolution of identity associated with A.
Then we obtain by (2.1)

(4.37) |AT2u(0))? = /w W d|E(wyu(®)?
0

1 [e]
< / dIEu()? + / WdIEuu())
0 1 .
< lu@)* +1A"u@®)* ae.on [0, ),

which implies that u(t) € W;, j = 1,...,l. Our second assertion immediately
follows from (4.37) (see also [4]). O

PROPOSITION 4.6. Let u(t) be a unique global solution to the problem (4.35)-
(4.36). If in addition to the hypothesis of Theorem 2.1, uy € Wi, u; € W, and
f € LY(0,00; W), thenforj =1,2,...,1,

(4.38) u(-) € L%(0, 00; W41) N BC([0, o0); W),
(4.39) u'() € L™(0, 00; W;) N BC([0, 00); W;_y).

In fact, we have on [0, 00),

; G (vo))
G+D/2 7N
(4.40) A u(n] = ==
(4.41) |42 ()| < C; (),
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where
2 2 172 72
Q(VOj)=(\/§(yoj(1+BO+5+8 /2)+8Bo//move;) +2V01) (v > 0).

PROOF. We only prove (4.38) and (4.40). Statements (4.39) and (4.41) can be
proved similarly. Let u, (¢) be a unique global solution to the problem (4.1) and (4.2).
Multiplying (4.1) by 2A% 4, (t) and A}u,(¢) and using Lemma 4.5 and a similar

process as in the proof of Proposition 4.2, we obtain that forj =1,2,...,1,
i G (n;)

4.42 AV (| < =22 on [0, 00).

(4.42) |ATV ()] < o [0, c0)

Moreover, continuing in the same way as in the proof of Lemma 4.3 and using
(4.42) we obtain [AY¥P2u(r)| < C;(y;)/+/2my and u(-) € BC([0, 00); W;) for
i=1L2,...,1L O

Finally, we shall show that 4" € L*(0, oo; W;_;).

PROPOSITION 4.7. Let u(t) be a unique global solution to the problem (4.35) and
(4.36). If in addition to the hypothesis of Proposition 4.6,

(4.43) f € L%(0, oo; W),
then u"(-) € L*°(0, oo; Wi_;).
PrROOF. Applying AY~V/2 to the both side of (4.35), we have a.e. on (0, 00).
AUy + M(AV u@) DAY 2u(r) + A2 (1) = AV ().
So using (4.40) and (4.41) we have
IA("”/Zu”(t)| < Ms(8) + ess sup{|A("”/2f (s)| 10 <5 < o0},

where Ms(8) = B,Ci(yor)/v/2mg + 8 Ci_1(Yog-1y)- Hence our assertion immediately

follows from (4.43). O
PROOF OF COROLLARY 2.1. From (i) and (ii) of Theorem 2.2, we can easily check

that

(4.44) u € C([0, 00); W) N C'([0, 00); Wi_y).

Moreover, since f € C([0, 00); H), we obtain from (4.35) and (4.44), u"(:) €
C([0, 00); H), which completes our proof. O
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5. Some applications

Let © be a bounded domain in R” with sufficiently smooth boundary 9§2. We
consider the initial boundary value problem with Dirichlet boundary conditions of the
form

.1 W' (x, 1) + (—=1)*M (/ [VEu(x, :)[de) Afu(x, 1) + 8u'(x, 1)
Q

=f@x,1), xe,tel0,00)
ak—l
5.2) u(x,t)=25=-~-=—_—£=0, x €082, t €[0,00)
on 9 1n

(5.3) u(x,0) = up(x), u'x,0) =u(x), xe,

where A and V are the Laplace operator and the gradient in R", respectively, |V¥u|> =
(A*2u)? for even k, |V*ul? = |V(A%V2u)[? for odd k, M(-) is a function satisfying
(A.2) and & > Qs a constant and » is the outer nomal to the boundary 952.

Let H = L%(S2) be the Hilbert space with inner product (, ) and norm || - ||. Define a
linear operator A* in H by A*u = (—A)*u with domain D(A*) = H¥*(Q)NHZX ().
Here H” () is the usual Sobolev space of order y and HJ (2) is the closure of C°
in H”(S2). Note that in this case we may regard the operator A as —A. It is well
known that A(= —A) is a nonnegative selfadjoint operator with compact resolvent
(I +2A)! forall A > 0, D(AY?) = H}(Q), and |A?u| = ||Vull, u € D(A'?).
By pointwise evaluation u(x, t) = (u(z))(x), the problem (5.1)—(5.3) can be written
in an abstract form (2.3)—(2.5).

Form Theorem 2.3 and Theorem 2.4, we obtain the following:

THEOREM 5.1. Let

(uo, w1, f) € (H*(Q) N HF* () x H* ()
x (L'(0, 00; Hf(Q2)) N L™(0, 00; H)).

Then there exists yo > O satisfying the following. If
[> o]
(54) luoll < o, " Vzk_llll" = Yo, f "VZk-If (C%)) " dt < yo,
0

then there exists a unique solution u(t) on [0, 00) to the problem (5.1)—~(5.3) such that

u € L®(0, 00; H*(Q) N H*(Q)) N BC([0, 00); H*'(R)),
u' € L(0, 00; HZ*™'(R)) N BC([0, 00); H*7%), " € L™(0, 00; H*7?).
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Furthermore, if ug € D(A**D/12), u; € D(A¥/?), and f € L'(0, 00; D(A¥/%)) N
L>(0, 0o; D(AX=V12)) satisfies (5.4), then the solution u(t) to the problem (5.1)~(5.3)
satisfies

u € L*(0, o0; D(A**V72)) N BC([0, 00); D(A*?)),
u' € L*(0, 00; D(A*/%)) N BC([0, 00); D(A*I"V72)),
u" € L*(0, 00; D(A*1/%).
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