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An Explicit Formula for the Generalized
Cyclic Shuffle Map

Jiao Zhang and Qing-Wen Wang

Abstract. 'We provide an explicit formula for the generalized cyclic shuffle map for cylindrical modules.
Using this formula we give a combinatorial proof of the generalized cyclic Eilenberg—Zilber theorem.

1 Introduction

The cyclic shuffle map on a tensor product of cyclic modules associated with algebras
is defined by many authors, including Rinehart [8], Getzler-Jones [2], and Loday [6].
Later Kustermans—Rognes—Tuset [5] described the cyclic shuffle map for the case of
a tensor product of cocyclic modules. It is the key map that used to define prod-
ucts and coproducts in cyclic (co)homology, to obtain Kiinneth type formula, and
furthermore to prove the Eilenberg—Zilber theorem for cyclic (co)homology. This
theorem has also been proved by several authors with various methods. For a com-
parison of these methods one can refer to Bauval’s article [1].

The Eilenberg—Zilber theorem is further generalized by Getzler—Jones [3] with a
topological proof to any cylindrical module. This extension is important because in
many examples the cylindrical module may not be decomposable as a tensor product
of two cyclic modules (e.g., the cylindrical module defined in [9] and many concrete
examples therein). This Eilenberg—Zilber theorem for cylindrical modules is called
the generalized cyclic Eilenberg—Zilber theorem by Khalkhali-Rangipour [4]. They
reprove the theorem using the homological perturbation lemma. In this paper we
extend the cyclic shuffle map defined in [2,5, 6, 8] to the case of cylindrical modules.
An explicit formula for the generalized cyclic shuffle map for cylindrical modules is
provided. Using this formula we give a combinatorial proof of the generalized cyclic
Eilenberg—Zilber theorem.

In Section 2, we provide a reasonable and natural extension of the cyclic shuffle
map to any cylindrical module that may not even be decomposable into a tensor
product of cyclic modules. Using this generalized cyclic shuffle map we can construct
a morphism of mixed complexes and prove the generalized cyclic Eilenberg—Zilber
theorem directly. In Section 3, some combinatorial properties of shuffles are proved.
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In Section 4, using these properties, we prove the generalized cyclic Eilenberg—Zilber
theorem.

Since the notions of cylindrical module, its total complex and diagonal module,
and shuffle and shuffle map have been given numerous times (cf. [3, 4, 6, 7]), we
collect these preliminaries in Appendix A at the end of this paper for the reader’s
convenience.

Notation

Let K be a commutative unital ring. We take K as our ground ring.

Let (X, di,si,t,0;,0;,7) be a cylindrical K-module. The total complex of X
is denoted by (Tot(X),b,B), and its normalized mixed complex is denoted by
(Tot(X), b, B). The diagonal cyclic module of X is {A(X)}u>0,didi, 5i0j, taTy).
Denote its associated mixed complex by (A(X), b, B) and the corresponding nor-
malized mixed complex by (A(X), b, B). One can refer to Appendix A.1-A.3 for
definitions.

There are two equivalent definitions of shuffles. One uses the language of parti-
tions (cf. [7]), and the other uses the language of permutations in a symmetric group
(¢f. [4]); both are widely used. In this paper we mainly use the first one (see e.g.,
Definition A.3), since it clarifies our discussion of the combinatorial properties of
shuffles. Denote the set of (p, q)-shuffles by S, ; and set S, = S, = {id}. The
(p, q)-shuffle map from X, ; to X, 514 is denoted by ¢, 4, and the shuffle map is
denoted by (.

In order to construct the generalized cyclic shuffle map, we define a subset 85’7 "jq of
Spaq by

Sf]q ={(n,v) € Spyq | i <vij}.

Moreover, fixing 11; and v; in 8/ we define a subset T}, of 8/ by

rJ4?qu ={(,v) € Cpq | pi =k—1,v; =k}

1

2 The Generalized Cyclic Shuffle Map

The cyclic shuffle is first described by Rinehart [8, p. 220, condition (10.14)]. The
multiple version is stated by Getzler—Jones [2] using a lexicographical order. Inde-
pendently, Loday [6, p. 128] also provided its explicit definition. However, there is
some confusion in Loday’s definition. Indeed, if a permutation

{w@),...,w(p+q)}
of {1,...,p+q}isa(p,q)-cyclic shuffle, then it should satisfy the condition w(1) <
w(p + 1), not the condition that “1 appears before p + 1” as in [6], which means
w™ (1) < w™(p + 1). Note that for an algebra A the permutation w acting on an
element (1,4, ...,a,.) belonging to A®P*2 yields

w-(laalv e -aap+1) = (Law*](l), e 'aawfl(erq))'
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If w(1) < w(p + 1), then a; appears before a,; after the action of w. That is exactly
what we need for a cyclic shuffle. For this reason the cyclic shuffles defined in [8] and
in [2] coincide with each other. We will use cyclic operators and simplicial maps to
express the action of any cyclic shuffle. The conclusion is that there exists a natural
extension of cyclic shuffle map to the case of any cylindrical module which may not
be decomposable to a tensor product.

Definition 2.1 Let(X ,d;,si,t,0;,0;,7)beacylindrical module. Forany p,gq € N,
define a map
Epat Xpg = Xprgra,prgr2

by

iqj+ i j
Epg = E E (=P P sgn(p, v)sy,,, - - S S—1tpOpyy O 01T).
0<i<p (mv)€
i +1,9+1
OSJSq Slp+l ]q+l

We call £, ; the generalized (p, q)-cyclic shuffle map. The generalized cyclic shuffle map
&: Tot,(X) — Api2(X) is defined by setting £ = Zp+q:n -

The generalized (p, q)-cyclic shuffle map is a natural extension of the (p, q)-cyclic
shuffle map defined in [6], since the actions of cyclic operators can be regarded as
cyclic permutations.

We will show that the generalized cyclic shuffle map plays the same role as the orig-
inal one while constructing a morphism of mixed complexes from Tot(X) to A(X).
Hence the generalized cyclic Eilenberg—Zilber theorem follows immediately. The key
formula we should check is

b — b+ BC — (B =

Note that since X could be any cylindrical module, the operator B contains T, in its
expression (cf. Appendix A.2). The combinatorial method is used to prove the above
formula directly.

3 Combinatorial Properties of Shuffles

In this section we provide some combinatorial properties of shuffles that will be
needed in the proof of the generalized cyclic Eilenberg—Zilber theorem.

Lemma 3.1 Let (u,v) bea (p,q)-shuffle.

(i) Foralll <r < pandl <1< g wehaver —1 < pu, < qg+r—1and
1<y <p+l-1.

(ii)) Porl <rn <n<pandl <L <l <gq,wehave u, +(r, —r) < pr, <
pr + (o —r)+qandv, + (L — 1) <wv, <y, + (L —1h)+p.

Lemma 3.1 follows directly from the definition of (p, q)-shuffles.

Recall 77 qk is the set {(u,v) € Sy | i =k—1 V= k}, by the definition of
shulffles, the set TP ]qk is not empty if and only if k = i + j — 1. First we explore some
combinatorial properties of ‘J'p .
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(Jap+1,q+1
p+lgtl,p+g+l

1%

Proposition 3.2 There is an isomorphism of sets Sp g

Proof Define a map

. qptlgtl
v 7p+1,q+l,p+q+l - GPJJ
by setting W(u,v) = (u’,v’) for any (u,v) € ‘J’ﬁﬂ:gﬁwqﬂ with u] = u, and v/ = v
for1 <r < pand1l << gq.Since V is a bijection, we get the isomorphism. ]

Proposition 3.3 Forl < k < p+q+ 1, we have the following isomorphism of sets

p+lg+l  ~, ptlgtl
U Ti+1,j+1,k - ‘Ip+l,q+l,p+q+l'
0<i<p

0<j<q

Proof Since ‘Ipﬂ’qﬂk # @onlywhenk=(G+1)+(j+1)—1,and 0 < j < g, we

i+1,j+1,
get
min{p,k—1}
pt+lgtl p+l,g+1
(3.1) U Tt ik = U Tir ki
0<i<p i=max{0,k—g—1}

0<j<q

Note that if the fixed k equals p + g + 1, then the right hand side of (3.1) is just

p+1,g+1
ptlgt+l,p+q+l*
. . o e p+1,g+1 p+1,g+1
First we will construct an injective map from T, ;71 t0 Ty 101y piger- Define a
permutation
. 1 2 m m+1 m+2 --- m+n
Xmn =\n+1 n+2 - n+m 1 2 . no )’

For any (u,v) € i]'f:ll‘,fjil.k, let

(3.2) 1y = Xkt prgr1—k(thy, i + 1) — 1 for1 <r<p+1,
V] = Xkstprgrn Wy + 1) — 1 for 1 <1< q+1.

Then it is easy to check that (u',v’) isa (p + 1,9 + 1)-shuffle and ., = p + ¢,

’ _ . / / p+1l,q+1
Vg = P+ q+ Lie, (', v') € Ty 0i1 pigrn- Hence the map

L eqbtlgtl pt+l.g+1
ikt Tipthmik = Tpriighl prart

with @, x(p,v) = (', v') defined by (3.2) is well defined. Since the permutation x
is invertible, the map ®; x is an injection.
It is clear that if i1 # i;, then

ptl,g+1 p+l,g+1 o
Tk N = 9-
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Moreover, we can derive that for a fixed k, if 0 < i; < i, < p, then

(I)il,k(TP+17q+l ’k) N ¢i27k(7p+l.q+l 7k) - .

i1+1,k—i, ir+1,k—iy

. . +1,9+1 +1,q+1
Indeed, if there exist (u, v) € ‘J'ﬁﬂ'j(_ihk and (u,v) € ‘J'iﬂjc_iz’k, such that ®;, (u, v)

= &, 1(u,v), thenforany 1 <r < p+1, Foxp—iy iy (1) = Uy iy i1 (1) Especially for r
equalling p — i, + 1and p — i; + 1, we get

Uy = Uy, a(p—ia+1) = Hxpoiin(p—iz+1) = Hp+2+i,—i;
and

Uiy—iy+1 = Uiy iy (p—it+1) = Hxp_i iy n(p—ir+1) = H1-

Sincei, —iy+1> 1, p+2+4+14; —ip > 1,and (u, v), (u,v) are (p + 1, q + 1)-shuffles,
we deduce a contradiction from

Uy < Ujp,—iy+1 = 1 < Mps2+iy—i, = U1.

Therefore we can define an injection

min{p,k—1}
. p+1,q+1 P+1,q+1
D U Tivtkeik = Tprigr prge
i=max{0,k—q—1}

such that @[ pien = i

itlk—ik

Next, we will compare the cardinalities of the above two sets.

Denote the cardinality of the set ‘Jﬁrllkqjll . by #Tﬁﬁ{,}@l},k. It is clear that

ptlqtl _(Pta
#(‘Tp+l,q+1,p+q+l - ( p )

andfor1 <k<p+gq+1,0<i<p,

1Lg+1 k—1\ (p+q+1—k
#TerJrl,k{ﬁi,k:( i )( p—i :

min{pk=1} 1.9+1 b k 1 p+q+1 k
+1,9+ - -
O CUI U}

i=max{0,k—q—1} i=0

So

Indeedifi > k—1ori < k—gq— 1, then

k—1\ (p+q+1—k — 0
i p—i o
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Using the Chu—Vandermonde identity, which states that

() -2 () ()

w=0

for all x, y,z € N, we get that

S =050):

Therefore,
min{p,k—1}
p+1,q+1 o p+1,q+1
# U Ti+1,k—i,k - #Tp+1,q+1-,p+q+1’
i=max{0,k—q—1}
the map @ is a bijection, and the isomorphism holds. ]

We can discuss in detail the change of the signature of a shuffle in 77 :ﬁ;{qjk after
the actions of ¥ and &.

Corollary 3.4 Let V and ® be the two bijections defined in the proofs of the Propo-
sitions 3.2 and 3.3. For any (u,v) € ‘J'f:ll’,"f_)ril’k, where max{0,k —q — 1} < i <
min{p, k — 1}, we have

(3'3) sgn(,u, V) _ (_l)pi+q(k7i71)+(k71)(p+q)+p+k+1 sgn(\I/(I)(,u, V)) )
Proof Assgn(x,,) = (—1)"", we have

sgn(@(u,v)) = sgn(Xp—iir1) SGN(Xqrir1—kk—i) SGN(Xke1,prqr1—k) sgn(L, V)
_ (_1)pi+q(k—i—1)+(k—1)(p+q)+p+q+k+l Sgn(u, I/).

It is clear that sgn(W(u,v)) = (—1)?sgn(u, v) for any (u,v) € ‘J'gj:ll:gﬂ?pwﬂ. So the

relation (3.3) holds. [ |

ptlg+l

Next we study some combinatorial properties of 8;| (A

Lemma 3.5
(i) Forl <i<pand0 < j<gq, wehave the isomorphism of sets
+1,+1 o opt]
{(uv) € Sfﬂ,ﬂrl | =0} = Sfﬂl .

(ii) For0 < j < g, we have

[nw) €SP |y = 0} = Gy
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(iii) For0 <i < pandl < j<gq, wehave

{(#’ l/) c Sp+1,q+1 | v = 0} ~ Spﬂ,q

i+1,j+1 i+1,]

(iv) For0 < i < p, we have
{(v)esfT =0} =2

Proof For (i) and (ii), define 4, = pyy; — landv; = vy — 1 for1 < r < p and
1 <1< g+1. Let ¢y(p,v) = (u,v). We can easily check that ¢, is bijective and
sgn(p, v) = sgn ¢1(u, v).

For (iii), define u} = p, — land v/ = vy —1for1 <r<p+landl1<I[<gq.
Let ¢p(p,v) = (u',v’). We can easily check that ¢, is bijective and sgn(u,v) =
(—1)P*! sgn ¢ (p, v). Case (iv) is clear.

Similarly we have the following lemma.

Lemma 3.6

(i) For0<i<pand0<j<gq—1,wehave
1,g+1 ~ bt
{ () € ‘Sf:l.jq;rl | Vg =p+q+1} = Sfﬂ,ﬁrl-
(ii) For0 <i < p, we have

+1,g+1 ~
{(w,) € 8EIT Tvgn =p+a+1} = Cpuy

(iii) For0<i<p—1and0 < j<gq, wehave

1%

1,g+1 g+l
{('“7 v) € Sffl,jq:l | pr1 =p+q+ 1} Sf:{,jﬂ'
(iv) For0 < j < g, we have
Lg+l
{(wv) e 8‘;:1,?11 | ppr =p+q+1} =0.

Lemma 3.7 For fixediand jwith0 <i < pand0 < j<g,
(i) 2 <1< j+1, then we have
Lg+l ~ oP+l,
{(v) e 8EVE [m=wa +1} =800

(ii) ifj+2 <1< g+ 1, then we have

ptlg+l _ ~ QPtlq
{(,u,u) € Si+1.,j+1 |y =v_1+ 1} = Si+1,j+1'
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Proof For case (i), we can define a bijection
w: {(,th) S SPH’qH | V=v_+ 1} - SPH’q

i+1,j+1 i+l,j°

Set w(p, v) = (u,v) with (u, v) defined by

Hr for pr < V-1, vy for1 < r! <Il-1,
U = and v, =
ur — 1 for p, > vy, vy —1 forl<r' <qg.

It is clear that (u,v) € 877" and ¢ is a bijection. Also the signatures obey

i+l,j
(3.4) sgn(p, v) = (—1)P=1 son(u, v) = (—1)PHH=1 sgn(u, v)
with ¢(u, v) = (u,v). Case (ii) is proven similarly. [ |

We denote by A, the set {(u, ) € gh+latl | vy =v_1+1}andlet

i+1,j+1

Be={(u,v) €8 [ k=1, ke {vr,...,vpn}}

i+1,j+1

We consider their disjoint unions. Recall the formal definition of a disjoint union of
sets Si, i € Lis | J;; Si = U {(x,1) | x € S;}. Note that A; (A, and By, () By,
may not beemptyfor2 < I, #L <g+1landl < k; # k; < p+qg+ 1; wecan
obtain the following lemma immediately by setting v; = k.

L] A= || 3«

2<1<qg+1 1<k<p+q+1

Lemma 3.8

4 Proof of the Generalized Cyclic Eilenberg—Zilber Theorem

We restate the generalized cyclic Eilenberg—Zilber theorem for the normalized com-
plexes.

Theorem 4.1 ([3,4]) Let X be a cylindrical module, ¢ the shuffle map, and & the
generalized cyclic shuffle map. Then ((,&): Tot(X) — A(X) is a quasi-isomorphism of
mixed complexes satisfying
(4.1) b — b+ BC — (B =0.
Hence ((, &) induces an isomorphism of cyclic homologies

HC, (Tot(X)) = HC, (A(X)).

Proof Explicitly, acting on X, 4, the formula (4.1) yields the formula

(4-2) bfp,q = fp—l‘th + (*l)pfp,q—lbv + <p+1,quEh + (*l)pCp,qHEv - gCP,q-
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One can refer to Appendix A for explicit definitions of the operators in the above
formula. It is clear that (b = b¢. And, using the relation (A.5), we easily get B =
%5 = 0 in the normalized complexes. Therefore, if formula (4.2) holds, then the
proof follows by using the classic Eilenberg—Zilber theorem for Hochschild homology
and the Five Lemma.

In order to prove formula (4.2), we will often use the defining relations (A.1)—
(A.5) of a paracyclic module. Also the following relations derived from relations
(A.1)—(A.5) will be used frequently later:

(4.3) S_1Sk = Spe15—1  fork > —1,

i—1 . .

(4.4) gyt = | frmrdmivi—j fori < j

! th o di_; for j <i <,
: s fori > j >0,

(4.5) sit] = i =170
LonSnrivi—j for =1 <i < j<mn,
idy, fori =0,

(4.6) dis.y=<s_1di_; for0<i<n+l,

t, fori=n+1.

Note that b &, ; is a sum of elements of the form
diSu,,, -51,15,11‘1’:,6147,“)+l .- ~Uﬂla,qu’,

p+lg+l
where (1, v) € 8;, 7

(a) k=0,ork=p+qg+2;
b) 1<k<p+qg+landk—1,ke{v,...,vp};
() 1<k<p+qg+landk— 1,k € {p1,...,ppe1};
(d1<k<p+g+1,andeitherk—1 € {py,...,ppn} k € {v1,...,vqn1}, or
k—1e{v,...,vguh ke {m,. .. pmpe1}.
We will show that the sum of elements in part (a) is Cp41,4TBy + (—1)PCp g41By;
the sum of elements in part (b) is (—1)?¢, ;—1b,; the sum of elements in part (c) is

. We can divide these elements into four parts:

§p—1,4bn, and the sum of elements in part (d) is —@CM.
We further divide part (a) into six parts:
(a.l) k=0,i=0,and p; = 0;
(a.2) k=0,1<i< p,and puy = 0;
(a.3) k=0,and v; = 0;
(ad4) k=p+q+2,j=qgandvy; =p+q+1;
(@a5) k=p+q+2,0<j<qg—Landv,y =p+qg+1;
(a6) k=p+qg+2,andpy, =p+qg+1.
For part (a.1), moving dy and &, to the right until they meet s_; and oy respec-
tively, by Lemma 3.5(ii) and relations (A.3), we obtain the sum of elements in part
(a.1) is (—=1)?(p 411B,. Similarly, by Lemma 3.6(ii) and the relations (A.3), we can
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get that the sum of elements in part (a.4) is (y11,4T,Bp. For parts (a.2) and (a.6),
using Lemma 3.5(i), Lemma 3.6(iii), and the discussion about the signatures in their
proofs, we get that the sum of elements in part (a.2) cancels with the sum of elements
in part (a.6). Similarly, we can show that the sum of elements in part (a.3) cancels
with the sum of elements in part (a.5).

For part (b), using relations (4.6) and (A.3) to move di and J; to the right, by
Lemma 3.8 we obtain that the sum of elements in part (b) equals

(4.7) g E (—1)PHaiP gon (1, 1)
0<i<p (mV)EA
0<j<q
2<I<q+1

(SVqﬂ*l Svp—15u_, sVlsfltpo-ﬂpH*l O pter1 —10 0—#10*161*2Tq) ’

wherex = vy — I+ 1,since u, < yj_jfor1 <r <xand p,» > yforx <r' < p+1.

Divide the sum (4.7) into two parts, one is summing over 2 < [ < j + 1, the other
is summing over j +2 < [ < g+ 1. Then using Lemma 3.7, the bijection ¢ defined
in its proof, and relations (3.4) and (4.5), we get that (4.7) equals (=1)7§, ;_1b,.

Similarly, one can obtain the sum of elements in part (c) equals &, _; ;by.

For part (d), if (u,v) € S%{}Tﬁ, andk—1€{v,...,vgnh ke {p,. .. ppn}s

then permuting k — 1 and k, we get an other (p + 1,q + 1)-shuffle (1, v’). It is easy
to see that

(', v') e 8P and  sgn(u’, ') = — sgn(p, v).

i+1,j+1

Since f1iy1 < Vjy1, we have (ui’ﬂ,l/;ﬂ) # (k — 1,k). On the other case, if

(u,v) € Sfﬁﬁﬁl, andk — 1 € {uy,...,up1}, k € {v1,...,vg1}, and moreover

if (ti41,vj+1) # (k — 1,k), then permuting k — 1 and k, we get (u’,v') € Sfi’ﬁrll,

and k — 1 € {v1,...,v40} k € {p1,..., pipe1} with sgn(u’,v') = —sgn(u,v).

Hence many elements in part (d) have disappeared; the rest is summing over (u, v) €

Sf;ﬁf with piy = k—1and vj, =k, ie, (u,v) € Tﬁ;lﬁllk Note again that
p+1,q+1

# Jonlywhen j=k—i—1.

i+1,j+1.k

Considelzrlthf1 elements of the form dys,,,, - - -syls,lt:',ékauw <+ 0,,0_174, where

(u,v) € TPTHIT  First moving di and & to the right until they cancel with s,_; and
H i+1,j+1,k 8 g Yy

0, then moving s_; and o_; leftwards by the relation (4.3), we obtain
; )
S 1Sy —2 """ Suja—2Su—1 " Sy 1T 10y =2t Oy 201 Oy 1T

Next we would like to use the relation (4.5) to move t, and 7, leftwards, so we should
compare the indexes. For a (p + 1, + 1)-shuffle (u, v), by Lemma 3.1(ii) we have
y+j+l=I<vj forl <I< jandvjy+r—j—1<yfor j+2<r<g+1. As
vip=k=i+j+1,wegetthaty; <i+landv, > r+i> j+2+i. Infact we have
v <i+lfor1 <1< j. Ifthere existsan ! < jsuch that v; = i + 1, then v; should be
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equal to 7 + j. This contradicts p;4; = i + j. Then using relation (4.5) we get

i
(4.8)  s_1Sy -2 Syp—2Sy—1 Sy —1f =
i+j
S—1tpiq(Sup—2—i—j Sy —2—i— ) (Sujrp—i " * " Suprp—iSuyp—i)-

For any (u,v) € S,y g+1, by Lemma 3.1(ii) we have v < vy + 1 — 1 + p + 1, for all
1 <1< g+ 1. Then

Vippin—2—i—j<n+p—i+n<---<vj+p—i+n for0<n<g—j—1
Using relation (A.2), we can move the left bracket in (4.8) to the right. Then (4.8)
equals
i+j
571tp+q(51/j+p+q7i7j e 5V2+p+q7i7j51/1+p+q7i7j)(suq+17271’7]‘ e 5uj+2727i7j)~
Let

/ . . / . .
1/1:Vj+272717],...,uq_j:z/q+1727171,

Vg st :Vl+p+q—i—j,...,ué:1/]-+p+q—i—j,
ie.,
V| = Xitjraprg—i—j Uy 1) — LV <1< q.
Then we obtain

S A2 S 2Sy 1 Sy ity = Sty (S0 sy).

Play the same game again. We get

... ... J = k—1 -
0—10—/11,“—2 O iy —20p;—1 0/1,1—qu = 0—17p+q (U/LI; 0—/1,1’)7

where
11 = Xivjrz,prg—i— (B iian T 1) = LY 1 <7 < p.

So using the maps ¥ and ®; ; defined in the proofs of Propositions 3.2 and 3.3, we
get
(', v'") =V, (p,v) € Gy

By Propositions 3.2 and 3.3, when (1, /) runs over

p+1,g+1

U Ti+1,j+1,k
0<i<p
0<j<q

for a fixed k, the corresponding (1, ) runs over all (p, g)-shuffles, with

(71)pi+qj+p+k sgn(u, I/) _ (71)(k71)(p+q)+1 sgn(//, l//).
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Hence we have

ptqt+l

i+qj+p+k i j
E (—1)PHaITP ™ gon(p, v)disy,,, --~s,,ls,1tp(5k0#p+l e Uula,n‘q]
k=1  0<i<p
0<j<q
()T,
ptqtl
k—1)(p+q)+1 /o k—1 k—1
— § : § : (—1)k=Dip+a) sgn(p’, v )S—ltp+q (51/4’ .. 'Svl’)a—lTerq (gué o)
k=lp'v")ES,,

Ptg
= —s_10_4 Z(—l)k(PW)tf,ngw Z sgn(p’, V/)(Sl,q/ sy ) (o opy)
k=0 (u',v")ES,,
= =B(pq-
This completes the proof. ]

A Appendix

The references for the notions introduced here are [3,4,6,7].

A.1  Cylindrical Modules

We first recall the ingredient of a cylindrical module, which is a paracyclic module.

Definition A.1 A paracyclic K-module M is a family of K-modules {M,},>¢ en-
dowed, for each n > 0, with K-homomorphisms d;: M,,; — M, forall 0 < i <
n+ 1, K-homomorphisms s;: M,, — M, forall 0 < j < n, and K-automorphisms
t,: M, — M, satisfying the following relations

(A.1) d,‘dj = djfldi fori < j,
(A.2) SiSj = Sj+1Si fori < j,
sj—id; for i < j,

(A.3) dis; = 4 id fori=j,i=j+1,
sidi_y fori> j+1,

(A4) dit. — {tn—ldi—1 for1 <i<mn,

d, fori =0,

(A.5) s — {tn+15i1 forl1 <i<un,
’ 1tn —

2 -
tigse  fori=0.

Here d;, sj, and t, are called face maps, degeneracy maps, and paracyclic operators
respectively.
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Lets_y = ty415,: M, = M4, for all n > 0, be its extra degeneracy map. Define
the following operators

n+1
(A6) b= (~1)d;: My = M,,

i=0
(A7) T=t"" M, = M,,

n

(A.8) N = Z(fl)’”t;: M, — M,,

i=0
(A.9) B=(1+(=1)"ty1)s_1N: My = My

These operators satisfy the relations b* = B> = 0and Bb+ Bb =1 — T.

Definition A.2 A bi-paracyclic module is a sequence of K-modules ({X.n }m.n>0,
d,‘, Siytm, 5]', Oj, T,), where

di: Xmm — Xm—lﬁna Sit Xrn‘,n — Xm+l,n7 It Xm,n — Xm,na Vo < i< m,

51 Xm,n — Xm,n—la gj: Xm,n — Xm,n+1a Tn: Xm,n — Xm,m Y0 S ] S n,

such that, for each mg,ny > 0, ({ Xy fm>0, di, sis tm) and ({Xopgntn>0,0,0j, )
are two paracyclic modules and the operators d;, s;, t,, commute with the operators
dj,0j,Ts. Moreover, if in addition, #i*'7*! = idy  for all m,n > 0, then this
bi-paracyclic module is called a cylindrical module.

Let by, Ty, Ny, By and b, T, N,, B, be the operators defined as in (A.6)—(A.9) with
respect to the paracyclic modules ({ Xy } m>0, di, Sis tm) and ({Xon}u>0, 05> 05 ).

A.2 The Total Complex and the Diagonal Module

Let (X, d;,si,t,0;,0;,T) be a cylindrical module. The total complex (Tot(X), b, 13)
of X that is defined by Tot,(X) = EBPW:n Xpq with b = by, + (=1)Pb, and
B = T,Bj + (—1)PB, acting on X, ; is a mixed complex. The diagonal complex
({A(X)} >0, didi, sjoj, taTy) of X is a cyclic module. Define the operators of this
cyclic module A(X) as in (A.6)—(A.9), i.e., acting on X,,,, b = Z?:O(—l)idié,',
N = Z?:O(—l)"“t,’ﬁ,i, and B = (1 + (—1)"ty41Tn41)5—10-1 M. Then we get a mixed
complex (A(X), b, B).

A.3 Normalized Complexes

Let (X ., di,si,t,0;,0;,7)beacylindrical module. Let D(X) be the chain subcomplex
of X generated by the images of the degeneracies s; and 0, i.e.,

p—1 q—1
Dyg(X) = siXpo19)+ Y 0i(Xpg)-
i=0 j=0
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Define X, , = X, ,/D, 4(X) and Tot,(X) = @p+q:n Xp.4- Thus (Tot(X), b, B) is the
normalized mixed complex of (Tot(X), b, B), where B is induced from IB and defined
by B = T,B;, + (—1)’B, with B, = s_;Nj and B, = 0_|N,.

Let d,(X) = 31 5:0:(Xu_14—1) and A, (X) = X,,.,/da(X). Then (A(X), b, B)
is the normalized mixed complex of (A(X), b, B) with B=s5_,0_N.

The mixed complexes (Tot(X),b,B) and (A(X), b, B) are quasi-isomorphic to
their normalized complexes respectively.

A.4 Shuffles and Shuffle Maps

Definition A.3 Let p and g be two positive integers. A (p, q)-shuffle (u,v) is a
partition of the set of integers {0,1,...,p + g — 1} into two disjoint subsets such
that y < -+ < ppand vy < --- < vy SO {f1,..., fp, V1, ..., V,} determines a
permutation of {0, ..., p+gq—1}. Let sgn(p, v) be the signature of the permutation.

Definition A.4 Let (X ,d;,s;,t,6;,0;,7) be a cylindrical module. For any
P,q € N, defineamap (p4: Xp g — Xpigpiq DY

Cpq = Z sgn(u, v)qu Sy Oy, Oy

(u)€S),

Call ¢, 4 the (p, q)-shuffle map. The shuffle map (: Tot,(X) — A,(X) is defined by
C = Zp+q:n CP-,’I'
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