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ANOTHER APPROACH TO A NON-ELLIPTIC
BOUNDARY PROBLEM

YOSHIO KATO

1. Introduction

Let 2 be a bounded domain in n dimensional Euclidian space R"
(n = 2) with C~ boundary I' of dimension » — 1 and let there be given
two real-valued C~-functions «,8 on I" such that « =0, =0 and « +
g =1 throughout I'. Then we consider the non-elliptic boundary value
problem with 1 = 0 (which is always assumed, and in particular when
2= 0, we further assume g = 0, throughout this paper):

@—NHU=F in £

1
(L a%—Z-{—ﬁU:O on I’

where 4 = (0/0x)* + --- + (3/0x,)* and dU/on denotes the exterior normal
derivative of U. This kind of problem has been recently discussed from
the viewpoint of functional analysis by several authors. In [1], [4] and
[5] they used the variational approach in 2, applying the elliptic regu-
larization, and in [3] and [6] they reduced the problem (1) to a pseudo-
differential equation on I and applied what is called Melin’s theorem.
In this paper, we would like to note that the problem (1) can also
be solved without using Melin’s theorem in the latter method. Instead
of it, we shall apply the classical Riesz-Schauder theory (see Section 7).

2. Operator §

We shall denote by Py the unique solution of the Dirichlet problem
A—-—DHU =0 in Q
(2) {
U=o¢ on I'.

Then it follows that the mapping of C*(I") into itself;
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S: g 2Py,
on

is a first order elliptic pseudo-differential operator on I and there exist
two positive constants ¢ and C such that

Re (Sp, 0) = cllolfi: — Cliell » peC=(I),

where, as well as in the following, |¢|, is the norm of ¢ in the Sobolev
space H(I") of order s and (p,y) is the usual inner product in L*(")
(see [2]). Hence the first order pseudo-differential operator

E:ReS+C(ReS=_S_%§*_>

is formally self-adjoint and positive. By E, we shall denote the closure
of E in L*I"). Then it is easily seen that, for any real s, the s powers
of E,Es, is a self-adjoint elliptic pseudo-differential operator on I' of
order s and the norms [¢|, and ||E%|, are equivalent.

Setting

o=E",
we have
(3) ReS=¢—-0C.
The notation E will be used in the below for the extension of the pseudo-

differential operator E to the space of distributions 2/(I).

3. Reduction on I

First we shall establish the uniqueness of the problem (1).
PROPOSITION 1. If Ue H,R) and if it satisfies
{(l —NHU =0 m 2
oU
- U=0 r,
aan + B on

then U =0 in Q, where H(Q) is, in general, the Sobolev space of order s.

Proof. By Green’s formula, it follows that

0= L(z — HU-Udx = L(Z

=1

oU p oU 77
—_ AlUP)de — | —- .
ale + 4 [) ’ Ir on vds

https://doi.org/10.1017/50027763000017682 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017682

NON-ELLIPTIC BOUNDARY PROBLEM 15

Since « =0, =0 and « + =1 on I', we have

U U = , U 7 oU P
WY U0+ 30=—3|U — |_| <0
n o Ut P BIUF —e| 2| =

on I', and hence U = 0 in 2. Q.E.D.

Now we shall reduce the problem (1) to that on I”, that is
PROPOSITION 2. If U is contained in H, () (s = 0) and if it satisfies

@—-NDU=0 in 2

(4) a%—g-{—ﬁU:f on I'.

then the Dirichlet data of U on I', w = Ul is contained in H,,,(T")
and satisfies
4) @S+ pu=f onl.

Conversely, if we H,,,,(I") and if it satisfies (4’), then the solution
U = Pu of Dirichlet problem (2) with ¢ = u satisfies (4).
Movreover the inequality

(5) 1Ulls+2.0 = const. [[%lls,s

holds for any we H, ., (I"), where ||U|,,, denotes the norm of U in H(Q).
We shall omit the simple proof.

4. Main theorems
To solve the problem (1), the following theorem is fundamental.

THEOREM 1. Let f be in H,(I') (s = 3/2). Then there exists one
and only one we H(I") satisfying (4). Moreover there exists a positive
constant ¢, such that the inequality

(6) fluells = ¢l f1ls
holds for every fe H(I).

The proof will be given in the following sections. Before doing so,
we shall solve the problem (1), by using Propositions 1, 2 and Theorem
1, that is,
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THEOREM 2. Let F De given in H Q) (s = 0). Then we can find
one and only one Ue H,, ,(2) satisfying (1). Moreover there exists a
positive constant C, such that

(7) 1Ulss2,0 = Cs1Flls,0 -

Proof. We shall prove by the similar argument as in [3]. Let V
be the unique solution in H,,(2) of the elliptic boundary value problem
QA—-ADHV =F in Q

ﬂJl—V:O on [".

on
Then v = V|, e H,,,,(I") and the inequality

(8) [lls1a = const. [|[ Vs, = const. [F;,0

holds for every F ¢ H,(Q).

By Theorem 1, we can find a unique solution we H,, ,,(I") of the
equation (@S + pw = —(8 — @)v on I'. It then follows from Propositions
1 and 2 that W = Pw is a unique solution in H,, ,(2) of the problem

@—-DHDW =0 in £

a—aﬁ—l-,@W:——(ﬁ——cx)v on [,
on

Furthermore, we have by (5) and (6)

(9) ”W”s+2,!) g COHSt‘ “w”s+3/2 = COI’ISt. ”@”s+3/2 .

If we define as U=V + W, it is obvious that the U is the desired
solution. The inequality (7) is immediately obtained from (8) and (9).

5. Spaces %, and F
We introduce the Banach spaces # and & obtained by the comple-

tion of C~(I") with respect to the norms |||-]|| and |||-]|/, respectively,
defined by
Nulll = (v adull + lulD,
N7l = sup 101
wer |||l

More generally, for any real s, we define two Banach spaces
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U, ={ue2'("); Eue ¥}
and
F,={eDU); E'f ¢ F}
with the norms defined by
lullls = [I1E*ull] and ||l = IIE°FIII
respectively. Particularly, we have |||ulll, = [||]|| and |[|/]lle = [I|F]I/-
PROPOSITION 3. We have
H ., \ ' DF DHI) DUs D Hypy (I
for all s, and
v,cu,, F,CF,

for all s,s’ such that 8’ +1/2 < s. Moreover the injections are all con-
tinuous.

Proof. For any ue C~(I"), we have by definition
10 - const. [[ull; < [[|u]lls = const. [[ls .

For any f e C~(I"), we have obviously

i1l = gup LEL0L < 1271, < const. 171

and on the other hand, noting that E = ¢,

,_ B Fwl _ @, 60| (ol
WA= S =il %™ Taul Tl

= const. [|E*2f ||y = const. || f [ls-12 »
from which and (10), it follows that if &’ + 1/2 < s,
[l[u]lly = const. [[[u]ll; and [[[f[lls = const. [||f]||; .

Thus the proof is completed. Q.E.D.
6. Operator aS + 8+ H
Let H be a pseudo-differential operator on I” defined by

(11) H=« + aC — [[0(, 0]9 0] _ [Ol,S — S*]
2 4 ’
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where [A,B] = AB — BA. Clearly H is of order zero. Let @ be a
quadratic form

Qlu, vl = (&S + g + H)u, v)
and, for any ¢ such that 0 <e <1, we put
Q.lu, v] = Qlu, v] + (S + Oy, v) .
PROPOSITION 4. For every we H,,(I'), we have
Re Q.[u, u] = |llullf + el|6u .
Proof. Since
Re (@S) = a Re S + }[S*,a],
we have, by (3),
Re ((S + Oyu,w) = (Eu,w) = (Gu, w)
and

Re (aSu, u) = (ab’u, u) — (@Cu,u) + Re (%’-‘ﬂ#u, u)

= (au, 0u) + Re (o, 6100, %) — (@Cu, u) + Re ( [S*z’ o, u)

= (abu, u) + (( [ler, 01,00 | o8 =84 _ ozC)u, u) .

2 4
Hence
Re Q.[u, u] = (abu, 6uw) + (u, w) + &(Gu, 6u)
= [[Jull® + elloulf,
where we used the fact « + =1 on I Q.E.D.

LEMMA 1. Let a(x) be in C*(R™) and P be a pseudo-differential
operator on R™ of order t. Then there exist the pseudo-differential
operators P, (j =1,---,m) and Q@ on R™ of order t —1 and t — 2, re-
spectively, such that

oa

[a,Plzia P, +Q.

j=1 xj

This is immediately obtained by the generalized Leibniz formula.
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THEOREM 3. Let s =1/2. For every fe%F, we can find one and
only one ue U, satisfying the equation
@S+ p+Hu=7f on I'
and the inequality
Nullls < e 1SS
with a positive constant ¢, independent of f.

Proof. First we assume f e C*(I"). The Lax-Milgram theorem guar-
antees the existence of u, e H,,(I") such that

Q.[u,v] = (f,v), veH,, (I,

for the equality in Proposition 4 and the inequality |Q.[u, v]] <
const. ||u|l,;||v],. are valid for every u,ve H,,(I). Substituting v = u,
in the above and using Proposition 4, we have

12) Ml < LA

Since u, is a weak solution of the elliptic equation (a.S + g+ H + ¢C)u
= f, we can assert u, ¢ C*(I"), where we put o, = @ + &.
By Proposition 4 again, we have for all real s

N lIE + e |Es* 2, = Re Q[Eu,, E*u] = Re (oS + g + H + ¢C)E*u,, E*u,)

= Re Q.,[u,, E*u] 4+ Re ([«.S + 8 + H, E*lu,, E*u,)

= Re (f, E*u,) + Re (I8 + H, E°lu,, E*v.) + Re ([«.S, E*lu,, E*u,)

= NI Mwlls + const. [Ju,lf;_y. + [([a.S, EfTu,, E*u,)| .
The last term is calculated as follows. Since

[asS’ E’s] = ae[S, E’s] -+ [a, ES]S )
we have
([e.S, E*lu,, E*u,) = (S, E*lu,, a E*u,) + (la, E1Su,, E*u,) .

Applying Lemma 1 and the partition of unity to the last term of the
above, we have

|([ee.S, EJu,, E°u,)| < const. ([ | a 0B, lly + (|l + e llnl) 5

where we used Lemma A.1 of [4] (i.e., |dw/0x;| < const. /&) and denote
by const. a constant not depending on ¢ 0 <e:=<1, as well as in the
below. Hence we have, for every e,
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Nl + e 1B 2u, I8 < 1111 ee]]s
+ const. (||l [[|%lls=12 + %12 + € l|2]D) »
from which it follows that
13) Hwllls = NS 4+ const. [[[e.[[[s-1s2 »

where we used the interpolation inequality; for any & > 0, there exists
a constant C, > 0 such that

lul < 0|l + Colluli-ye ueC=(I) .
Substituting s — 1/2 in the place of s in (13), we have
(14) Notdlls=1z < NS N=1s2 + const. [[J2,]]]s- -

By (12), Proposition 3 and the interpolation inequality, it follows that
for any 6 > 0 there exists a positive constant C; such that

eeelle-r = S 1llwlls + CHIFIN S
from which together with (13) and (14) we obtain
loellls < const. ([FI + S -z + NS
By Proposition 3, we finally obtain, for every s = 1/2,
[laellls = e LI

with some positive constant ¢, not depending one¢. Hence we can choose
a sequence ¢ > ¢ > -+ — 0 such that u,, converges in C~(I") and the
limit function % satisfies

(@S + g+ Hu=J, and |[[ulll, < ¢S]l

for every real s = 1/2.

Now let feZ#, (s=1/2) and let f,eC~(I") (j =1,2,---) such that
fi—f in &, as j— co. We have just proved that, for each f,, there
exists u; e C~(I") such that

(@S + B+ Hyu;=f; and |[Jullls < e [llF411 -

It then follows that u; — u in #, as j— oo and the u is contained in
%, and satisfies

(@S + p+ Hu=j and [[ull, < ¢S]l .
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Finally, we shall show the uniqueness of such #. Suppose that ue
U, and (@S + B+ Hyu = 0. Since ue H,,(I'), we have, by Proposition 4,

0 = Re (S + B + H)u,u) = Re Qu, ul = |[|ull ,

from which we can conclude % = 0. Q.E.D.

7. Proof of Theorem 1

In this section, we shall prove Theorem 1, which was proved, in
[3] and [6], by applying Melin’s theorem.

LEMMA 2. Let y be a first order differential operator on I’ with
C=-coefficients. If we H(I") (t: real), then y(ayue F,,,, and the estimate

[y(@ullltsr, = const. [luf,
holds.
Proof. For any ve %, we have

(B (a)u, v) = (OE y(e)u, v)
= (@r(@)E'u,v) + (OLE", y()]u, v)
= (Etu, y(a)0v) + @LE", y(a)]u, v) .

Hence
[(B* 2 ()u, v)| < const. (|ull; v abvlly + [[%]le-1r2 [V ]l0)
= const. [lu|, [[|v]]] ,
which completes the proof. Q.E.D.

In Theorem 3, if we write u = Kf, or
@S+ p+HK=1 on #,,

then K is a continuous mapping of &, into %, (s =1/2). If follows
from Proposition 3 that K is a continuous mapping of H,(I") into itself.
Let f e H(I") and assume that uwe H,(I") satisfy

A —-EKHu=Kf.

Then the u satisfies (@S + Hu = f. This follows easily by operating
aS + B+ H to both sides of the above equation.

LEMMA 3. The operator KH 1is a continuous mapping of H(I)
(8 = 0) into H,, (I, and so a compact operator on H (D).
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Proof. The operator H is given by (11). First we note that if
we H(IM, then Que H,.,(I") for every pseudo-differential operator @ of
order —1. It follows from Lemmas 1 and 2 that if we H(I"), then au
and [«a, S — S*]u belong to F,,,,. Hence, for every ue H(I"), we have
Hue F.., and so KHue %,,,, by Theorem 3. Thus the operator KH
is a continuous mapping of H(I") into H,,,,(). Q.E.D.

Now we shall apply the Riesz-Schauder theory to the operator KH.
Let s = 8/2. Then the only solution in H ") of the equation (1 — KH)u
= 0 is null solution. In fact, the u satisfies also the equation («S + pu
= 0 and hence the solution U of the Dirichlet problem (2) with ¢ = u
is belonging to H,,,,(£2). It follows from Proposition 2 that U satisfies
(4) with f = 0. Therefore we can assert, by Proposition 1, U =0 or
u =0, since s + 3/2 = 2. The Riesz-Schauder theorey guarantees that,
for every feH,I') (s = 3/2), there exists one and only one uec H(I")
such that

Q1 -KHu=Kf

(note that Kf ¢ H,(I")) and that the correspondence f — % is a continuous
mapping of H (") into itself. Thus we can conclude that the u is the
only solution in H(I") of the equation (S + fu = f. This completes
the proof of Theorem 1.
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