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ANOTHER APPROACH TO A NON-ELLIPTIC

BOUNDARY PROBLEM

YOSHIO KATO

1. Introduction

Let Ω be a bounded domain in n dimensional Euclidian space Rn

(n ^ 2) with C°° boundary Γ of dimension n — 1 and let there be given
two real-valued C°°-f unctions a, β on Γ such that a ̂  0, β ̂  0 and a +
β = 1 throughout Γ. Then we consider the non-elliptic boundary value
problem with λ ̂  0 (which is always assumed, and in particular when
χ = 0, we further assume β =fc 0, throughout this paper):

Uλ -Δ)U = F in Ω

U U ^ = O onΓ
dn

where Δ = (d/dxj2 + + (d/dxn)
2 and dU/dn denotes the exterior normal

derivative of U. This kind of problem has been recently discussed from
the viewpoint of functional analysis by several authors. In [1], [4] and
[5] they used the variational approach in Ω, applying the elliptic regu-
larization, and in [3] and [6] they reduced the problem (1) to a pseudo-
differential equation on Γ and applied what is called Melin's theorem.

In this paper, we would like to note that the problem (1) can also
be solved without using Melin's theorem in the latter method. Instead
of it, we shall apply the classical Riesz-Schauder theory (see Section 7).

2. Operator S

We shall denote by Pψ the unique solution of the Dirichlet problem
λ - Δ)U - 0 in Ω

[U = φ on Γ .

Then it follows that the mapping of C~(Γ) into itself;
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14 YOSHIO KATO

S: φ H-> ——(Pφ)\r
an

is a first order elliptic pseudo-differential operator on Γ and there exist
two positive constants c and C such that

Re (Sφ, φ) ^ C \\φ\\t/2 - C \\φ\\l , φβ C°(Γ) ,

where, as well as in the following, ||^||β is the norm of ψ in the Sobolev
space HS(Γ) of order s and (φ, ψ) is the usual inner product in L\Γ)
(see [2]). Hence the first order pseudo-differential operator

XL/ = jtve o -f- (

is formally self-ad joint and positive. By £, we shall denote the closure
of E in L\Γ). Then it is easily seen that, for any real s, the s powers
of E,ES, is a self-adjoint elliptic pseudo-differential operator on Γ of
order s and the norms \\φ\\s and ||i?fyllo are equivalent.

Setting

θ -

we have

( 3 ) ReS = θ2 - C .

The notation E will be used in the below for the extension of the pseudo-
differential operator E to the space of distributions &(Γ).

3. Reduction on Γ

First we shall establish the uniqueness of the problem (1).

PROPOSITION 1. // UeH2(Ω) and if it satisfies

- Δ)U = 0 in Ω

*L + βU = 0 on Γ ,
dn

then U — 0 in Ω, where HS(Ω) is, in general, the Sobolev space of order s.

Proof, By Green's formula, it follows that

0 = ί U - A)U Udx = ί (Σ — 2 + * IC/rt̂ x - f ^
Jβ Jβ v=i toj / J r 3n
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NON-ELLIPTIC BOUNDARY PROBLEM 15

Since a ̂  0, β }> 0 and a + β = 1 on Γ, we have

9w 3^ dn

on Γ, and hence U = 0 in Ω. Q.E.D.

Now we shall reduce the problem (1) to that on Γ, that is

PROPOSITION 2. // U is contained in HS+2(Ω) (s >̂ 0) and if it satisfies

Uλ -A)U = 0 in Ω

the Dirichlet data of U on Γ, u = Z7|Γ, is contained in Hs+3/2(Γ)

and satisfies

(40 (αS + β)u = f on Γ .

Conversely, if ueHs+3/2(Γ) and if it satisfies (40, then the solution

U = Pu of Dirichlet problem (2) with φ = u satisfies (4).

Moreover the inequality

( 5 ) \\U\\s+2tΩ S const.

holds for any ueHs+3/2(Γ), where \\U\\SfΩ denotes the norm of U in HS(Ω).

We shall omit the simple proof.

4. Main theorems

To solve the problem (1), the following theorem is fundamental.

THEOREM 1. Let f be in HS(Γ) (s ;> 3/2). Then there exists one

and only one ueHs(Γ) satisfying (40. Moreover there exists a positive

constant cs such that the inequality

( 6 ) M,^c,||/||,

holds for every f e HS(Γ).

The proof will be given in the following sections. Before doing so,

we shall solve the problem (1), by using Propositions 1, 2 and Theorem

1, that is,
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THEOREM 2. Let F be given in HS(Ω) (s ^ 0). Then we can find

one and only one UeHs+2(Ω) satisfying (1). Moreover there exists a

positive constant Cs such that

( 7 ) \\U\\8+2tO£C8\\F\\,,o.

Proof. We shall prove by the similar argument as in [3]. Let V

be the unique solution in HS+2(Ω) of the elliptic boundary value problem

in Ω

+ 7 0 on Γ .
dn

Then v = V\Γ e Hs+3/2(Γ) and the inequality

( 8 ) |M| s + 3 / 2 ^ const. | |7 | | β + 2 ^ const. \\F\\giQ

holds for every FeHs(Ω).

By Theorem 1, we can find a unique solution w e Hs+3/2(Γ) of the

equation (aS + β)w = — (β — a)v on Γ. It then follows from Propositions

1 and 2 that W — Pw is a unique solution in HS+2(Ω) of the problem

in Ω

) on Γ .

Furthermore, we have by (5) and (6)

( 9 ) \\W\\s+2iΩ ^ const. ||w||ί+3/2 £ const. ||^|U3/2 .

If we define as U = V + W, it is obvious that the U is the desired

solution. The inequality (7) is immediately obtained from (8) and (9).

5. Spaces <%s and &\

We introduce the Banach spaces tfl and ^ obtained by the comple-

tion of C'CΓ) with respect to the norms ||| || | and ||| ||Γ> respectively,

defined by

1' = sup

More generally, for any real s, we define two Banach spaces
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%8 = {u e 2'iΓ) Esu e <%}

and

with the norms defined by

\\\u\\\s = \\\Esu\\\ a n d |||/|| |'s = \\\E f\\\'

respectively. Particularly, we have | p | | | 0 = | | |u| | | and |||/|||J =

PROPOSITION 3. We have

Hs.ι/2(Γ) D ̂ s D HS(Γ) => ®s 3 H,+i/2(Γ)

/or αiί s, and

/or aZi s, sr ŝ cfe that s' + 1/2 ^ s. Moreover the injections are all con-

tinuous.

Proof. For any u e C°°(Γ), we have by definition

(10) . const. \\u\\s ^ IIMH, ^ const. \\u\\Mn .

For any / e C°°(Γ), we have obviously

lί = sup ^ / ,^1 ^ ||ί7s/||o ^ const. 11/11,
OΦue \\\U\\\

and on the other hand, noting that E = ^2,

l l l / l ! l s -

^ const. ||Sf-1/2/||o ^ const. ||/||s_1/2 ,

from which and (10), it follows that if s' + 1/2 ^ s,

IIMH,,^ const. III^IH, and | | | / | | | s ^ const.

Thus the proof is completed. Q.E.D.

6. Operator aS + β + H

Let H be a pseudo-differential operator on Γ defined by

(11) H = a + aC- [[a'^'θ] - ^ ^
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where [A,B] = AB — BA. Clearly H is of order zero. Let Q be a

quadratic form

Q[u, v] = ((as + β + H)u, v)

and, for any ε such that 0 < s <Ξ 1, we put

Q.lu, v] = Q[u, v] + e((S + Ou, v) .

PROPOSITION 4. For every ueH1/2(Γ), we have

BeQs[ufu] = \\\u\\\2 + ε\\θu\\l.

Proof. Since

Re (aS) = a Re S + | [S*, a] ,

we have, by (3),

Re ((S + C)w, w) = (Ê w, w) = (θu, θu)

and

Re (αiSw, u) = M 2 ^ , w) - (αC'W, w) + Re

= (αίw, θu) + Re ([α, β]βw, u) — (aCu, u) + Re ( ^S*' °^ u, u\

= ίaθu, θu) + {(lEψL + ^S-S*! _

Hence

Re QXu, u\ = (aθu, θu) + (u, u) + ε(θu9 θu)

where we used the fact a + β = 1 on Γ. Q.E.D.

LEMMA 1. Let a(x) be in C°°(Rm) and P be a pseudo-differential

operator on Rm of order t. Then there exist the pseudo-differential

operators Pj (j = 1, ,m) and Q on Rm of order t — 1 and t — 2, re-

spectively, such that

[a, P] =
3- dx j

This is immediately obtained by the generalized Leibniz formula.
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THEOREM 3. Let s^> 1/2. For every f e^s, we can find one and

only one ueWs satisfying the equation

(aS + β + H)u = / on Γ

and the inequality

with a positive constant cs independent of f.

Proof. First we assume / e C°°(Γ). The Lax-Milgram theorem guar-

antees the existence of uε e Hί/2(Γ) such that

QXu, v] = (/, v) , v e Hι/2(Γ) ,

for the equality in Proposition 4 and the inequality \Qε[u, v]\ <

const. M1/2IMI1/2 are valid for every u,v eH1/2(Γ). Substituting v = uε

in the above and using Proposition 4, we have

(12) | | |tt. | | | ^ III/W .

Since uε is a weak solution of the elliptic equation (aβ + β + H + εC)u

= / , we can assert ue e C°°(Γ), where we put ae = a + e.

By Proposition 4 again, we have for all real s

IIKHIs + ε\\Es+1/2uε\\l = R e Q . [ E χ , # χ ] - Re (αeS + β + H + εC)Esuε, Esue)

= Re Q.K, £72χ] + Re ([aβ + β + H, Es]uε, Esue)

= Re (/, E2suε) + Re ([β + H, Es]uε, Esuε) + Re ([aβ, Es]uε, Esuε)

^ Ill/lllί ll|tt.|||. + const. ||tt.||;_1/2 + \([aβ,Es]uε,E
sue)\ .

The last term is calculated as follows. Since

we have

([aβ,Es]uε,E
suε) = ([S,Es]uε,aεE

suε) + ([a, Es]Suε, Esuε) .

Applying Lemma 1 and the partition of unity to the last term of the

above, we have

\(ίatS9E']u.9E'uM ^ const. (||tti||,||V"S"^'-1/2tt.llo + Klls-1/2 + ε IKIID ,

where we used Lemma A.I of [4] (i.e., \3a/dXj\ ^ const. JΊx) and denote

by const, a constant not depending on ε, 0 < ε ^ 1, as well as in the

below. Hence we have, for every ε,
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+ const. (IIKHUIKIIU/2 + IKHUa + e\\uε\\]) ,

from which it follows that

(13) lllw.HI, ^ HI/UK + const. |||w.|||,_1/a ,

where we used the interpolation inequality for any δ > 0, there exists

a constant Cδ > 0 such that

ING £ δ |MG+1/2 + C9 \\u\\U/2, ueC~(Γ) .

Substituting s — 1/2 in the place of s in (13), we have

(14) IIKIIU/2 ̂  III/HU2 + const. HlM.HU .

By (12), Proposition 3 and the interpolation inequality, it follows that
for any δ > 0 there exists a positive constant C'§ such that

from which together with (13) and (14) we obtain

IIIM.HI. ^ c o n s t , ( i n / i n : + | | | / | | | U 2 + III/IIIO .

By Proposition 3, we finally obtain, for every s Ξ> 1/2,

with some positive constant cs not depending on ε. Hence we can choose
a sequence ex > ε2 > —»0 such that ^βy converges in C°°(Γ) and the
limit function w satisfies

(aS + β + H)u = f and | |N | | , ^ cβ | | |/|| |ί

for every real s ^ 1/2.

Now let / e ^ s (s ^ 1/2) and let /^ e C°°(Γ) (j = 1,2, . . .) such that
fj->f in ^ as /—> 00. We have just proved that, for each fj9 there
exists ^ e C°°(Γ) such that

(aS + β + IDuj^fj and | | |^ | | | β ^ cs |||/,||rs .

It then follows that u3 -* u in ^s as j -» 00 and the % is contained in

^r5 and satisfies

β + H)u = f and
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Finally, we shall show the uniqueness of such u. Suppose that u e
%s and (aS + β + H)u = 0. Since u e Hι/2{Γ), we have, by Proposition 4,

0 = Re ((aS + β + H)u, u) = Re Q[u, u] == \\\u\\\ ,

from which we can conclude u — 0. Q.E.D.

7. Proof of Theorem 1

In this section, we shall prove Theorem 1, which was proved, in
[3] and [6], by applying Melin's theorem.

LEMMA 2. Let γ be a first order differential operator on Γ with

C"-coefficients. If ue Ht(Γ) (t: real), then γ(a)u e ^t+m an^ ^ e estimate

\\\r(a)u\\\Ui/2 ^ const.

holds.

Proof. For any v e<%, we have

(Et+ι/2γ(ά)u,v) =

= (θγ(a)E% v) + (ΘVE*, γ(a)]u, v)

= (E% γ(a)θv) + (Θ[E'9 γ(a)]u, v) .

Hence

\(E^γ(a)u,v)\ ^ const. (||w||t Hv^^l lo + \M\t.1/2 \\v\\0)

^ const.

which completes the proof. Q.E.D.
In Theorem 3, if we write u = Kf, or

(aS + β + H)K = 1 on«f s,

then K is a continuous mapping of 3^s into %8 (s ^ 1/2). It follows
from Proposition 3 that K is a continuous mapping of HS(Γ) into itself.
Let / e HS(Γ) and assume that u e HS(Γ) satisfy

(1 - KH)u = Kf .

Then the u satisfies (aS + β)u = /. This follows easily by operating
aS + β + H to both sides of the above equation.

LEMMA 3. The operator KH is a continuous mapping of HS(Γ)
(s >̂ 0) into Hs+ι/2(Γ), and so a compact operator on HS(Γ).
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Proof. The operator H is given by (11). First we note that if
ueHs(Γ), then QueHs+ι(Γ) for every pseudo-differential operator Q of
order —1. It follows from Lemmas 1 and 2 that if ueHs(Γ), then au
and [a, S — S*]u belong to cFs+ι/2. Hence, for every ueHs(Γ), we have
Hue^s+l/2 and so KHueWs+1/2 by Theorem 3. Thus the operator KH
is a continuous mapping of HS(Γ) into Hs+ί/2(Γ). Q.E.D.

Now we shall apply the Riesz-Schauder theory to the operator KH.
Let s ^ 3/2. Then the only solution in ίίs(Γ) of the equation (1 — KH)u
= 0 is null solution. In fact, the u satisfies also the equation (aS + β)u
= 0 and hence the solution U of the Dirichlet problem (2) with <p — u
is belonging to Hs+ι/2(Ω). It follows from Proposition 2 that U satisfies
(4) with / = 0. Therefore we can assert, by Proposition 1, U = 0 or
u — 0, since s + 3/2 :> 2. The Riesz-Schauder theorey guarantees that,
for every feHs(Γ) (s ^ 3/2), there exists one and only one ueHs(Γ)
such that

(1 - KH)u - Kf

(note that Kf e HS(Γ)) and that the correspondence / —> w is a continuous
mapping of iϊs(Γ) into itself. Thus we can conclude that the u is the
only solution in HS(Γ) of the equation (aS + β)u — /. This completes
the proof of Theorem 1.
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