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HEIGHTS AND L-SERIES 

RHONDA LEE HATCHER 

0. Introduction. Let/(z) = X ^ i amellximz be a cusp form of weight 2k and 
trivial character for TQ(N), where N is prime, which is orthogonal with respect to 
the Petersson product to all forms g(dz), where g is of level L < N, dL\N. Let K 
be an imaginary quadratic field of discriminant — D where the prime iV is inert. 
Denote by e the quadratic character of (Z/DZ)* determined by e(p) = (—D/p) 
for primes p not dividing D. For A an ideal class in K, let rA(m) be the number 
of integral ideals of norm m in A. We will be interested in the Dirichlet series 
L(f,A,s) defined by 

(m,JV)=l 

It is known that L(f,A,s) admits an analytic continuation to the entire plane. 
The main identity of this paper is an equation representing the value of L(/,/4, s) 
at s — k in terms of height pairings of special points on a vector bundle V which 
is associated with the quaternion algebra over Q ramified at N and oo. 

In the first section, we define quaternion algebras over Q and discuss some of 
their properties. We also define the Brandt matrices associated with the quater
nion algebra B ramified at N and oo. Some properties of the Brandt matrices 
are introduced in section two. 

In the third section, the vector bundle V associated with the 2k— 1 dimensional 
representation of the group B* is defined. Special points of discriminant — D on 
V and an action by elements of Pic(O) on these points are also defined. Here, 
O is the order of K of discriminant —D. We also define a height pairing ( , ) 
on V. 

Section four introduces an operator tm on V whose action on Pic(V) is given 
by the Brandt matrix #2À:_2(W). 

After defining modular forms, the Petersson product and the Dirichlet series 
L(/,A,5) in section five, we are ready to state and prove the main identity in 
sections six and seven. The proof makes use of the result of Gross and Zagier [5, 
p. 291, Theorem 5.6]. An important part of the proof is the computation of the 
height pairing (vfi,rmv/4fi), where vB and vAg are special points of discriminant 
—D. The computation of (v#, tmvAB) for 2k = 2 was done in [4]. 

In section eight, we use the main identity to evaluate the L-series L(/, \is) — 
Y^A X ( W Î ^ S )

 a t m e value s — k, where \ is a complex character of the 
group Pic(O),/ is a normalized eigenform for the Hecke algebra T, and the sum 
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is over all A in Pic(O). Note that the L-series L(f\\,s) always has an Euler 
product, and when \ = 1, it is the product of two Hecke L-series. We then 
derive some arithmetic corollaries, some of which are in the special case \ — 1. 

1. Quaternion Algebras and the Brandt Matrices. A quaternion algebra 
B over Q is a central simple algebra of dimension 4 over Q. Any such B has a 
basis 1, /, 7, k over Q, and multiplication in B is defined by the relations 

(1.1) i2=a 

ij = -ji = k, 

where a and b are nonzero elements of Q. Conversely, given any two nonzero 
elements a and b of Q, the relations in (1.1) define a quaternion algebra over 
Q. We will denote this quaternion algebra by B — (a, b). 

B is said to ramify at a prime p of Q if B ®Q QP is a division algebra. 
Similarly, we say that B ramifies at oo if B <S>Q IR is a division algebra. If B 
ramifies at oo, then it is called a definite quaternion algebra. Otherwise, it is 
called indefinite. The set of primes which ramify in B, including the infinite 
prime, is finite and has even cardinality. Conversely, given any set consisting 
of an even number of primes, there exists a quaternion algebra over Q which 
ramifies at exactly those primes in the set, and further, the quaternion algebra 
is unique up to isomorphism. 

If a = x + yi + zj + wk G B with x1 y, z, w G Q, then the conjugate â of a is 
defined to be â = x — yi — zj — wk. The reduced norm N of B is defined by 
N(a) = aâ , and the reduced trace Tr is given by Tr(a) = a + â. 

A lattice on B is a free Z submodule of B of rank 4. An order of B is a 
lattice of B which is also a subring containing the identity element. An order is 
said to be maximal if it is not properly contained in any other order. 

We will be interested in the quaternion algebra over Q which is ramified only 
at the rational prime TV and at oo. For the remainder, let B denote this definite 
quaternion algebra. 

The following results are from [7, pp. 368-369, Propositions 5.1 and 5.21. 

PROPOSITION 1.2. Let N be a rational prime. Then the unique quaternion 
algebra B over Q ramified precisely at N and oo is given by 

B = (-1,-1) ifN = 2 
B = (-1,-AO if N = 3(4) 
B = ( - 2 , - N ) if N =5(8) 
B = (-N,-q) if TV = 1(8), 

fN\ 
where q is a prime with q = 3(4) and I I = — 1. 

W7 
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PROPOSITION 1.3. Let N be a rational prime. Let B = (a, b) be the quaternion 
algebra over Q ramified precisely at N and oo. Then a maximal order of B is 
given by the Z basis 

1+i + i + k 
/, h k, ^ ifN=2 

1+/ i + k 
h *, ~Y~, — ifN = 3(4) 

1 + / + k i + 2/ + k 
h k, —J—, j if/VEE 5(8) 

1 + 7 / + /C / + fl/C 
*, - r S - r - , if/V = l(8), 

2 2 (7 
where n is some integer such that q\(n2p + 1). 

Let /? be a maximal order of B. A left ideal of 7? is a lattice I on B such 
that 7?/ = /. The right order of / is the set {a G B : la C / } , and it is also a 
maximal order of B. Similarly, we define a right ideal and a left order. The set 
I~l = {a e B : Ial C / } i s a right ideal for R, whose left order is the right 
order of I. 

The norm N(/) of an ideal / of B is defined to be the unique positive rational 
number such that the quotients N(ar)/N(7), a G /, are all integers with no 
common factor. 

Two left ideals / and J of R are said to be in the same class if I = J a for 
some a G B*. The set of left ideal classes is finite and its order n is independent 
of the choice of maximal order R. The number n is called the class number of 
B. 

Let {/i,/2,...,/w} be a set of left ideals which represent the distinct ideal 
classes. Let Rj denote the right order of the ideal /,. Each isomorphism class of 
maximal orders in B is represented once or twice in the set {/?i,/?2,... ,/?«}• 
Let t be the number of distinct isomorphism classes of maximal orders in B. 
The number t is called the type number of B. 

An element a G /?/ is a unit if and only if hi (a) = 1. Further, N is a positive 
definite quadratic form on B. Hence, the number of units in /?,- is finite. Let 
T/ = /?/*/(±l), then Tj is finite. Set w, = |r,|. Eichler's mass formula is given 
by 

(i-4) E -
1 N - 1 

For a proof of this fact see [1, p. 147]. Also, the integer f]J=1 w, is independent 
of the choice of R and equal to the exact denominator of the number (N — 1)/12. 
We can use these facts to determine n. 

There is a useful connection between the quaternion algebra B over Q which is 
ramified at the rational prime N and oo, and the isogenics between supersingular 
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elliptic curves in characteristic N. Let F denote an algebraically closed field of 
characteristic N. Then there are exactly n isomorphism classes of supersingular 
elliptic curves over F, where n is the class number of B. These isomorphism 
classes can be ordered E\,E2,...,En so that End(E,) = /?,. We have Z"1/,- = 
{Ylakkk • Qk G l]~x,bk G Z/}. Then lj~xh is a left ideal of R, with right order /?,, 
and we have the isomorphism 

l^Il^Wom{EnEj) 

as a left /?/ module and a right /?z module. Let </>/, : £, —> £,- be the isogeny in 
Hom(Ej,Ej) corresponding to a nonzero element b G /y-!/,-. Then 

. . N(b) (N(/7))(N(Zy)) 

The orders /?, and Rj are conjugate in # if and only if the corresponding elliptic 
curves are conjugate by an automorphism of the field F. 

Now, we will consider representations of B which will lead to the definition 
of Brandt matrices. 

Suppose B = (a, b). Then, by Proposition 1.2, we know a < 0 and b < 0. B 
can be represented by a subset of GL2(C) as follows. Consider the matrices 

*.=(; °) «.=(_°, i) *=(? i). 
where the z above is the usual element of C. We can represent i,j,k G B by 

/ 1—> \f^aM\ j i—> \T-bM2 k »—• VabM3. 

Thus, the general element a = Ao+xiZ+x^/'+xiA with x, G Q can be represented 
by 

a t—•»xoZ + JC 1 y^aM\ + X2\^-bM2 + X3vabM^, 

where Z is the 2 x 2 identity matrix. In other words, 5 allows a matrix repre
sentation 

cn->Xi(a)= ( ^ i _ j M GGL2(C). 

Hence, we have a representation Oi of B* on K2 = C2 with corresponding matrix 
representation X\ in terms of the basis e\ — (1,0), 2̂ = (0, 1) of V2. 

The representation Oi induces a representation Os of B* on the sth symmetric 
power of V2 

Sym*(V2) - V2 0 • • • (8) V2/tf, 
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the product s times, where K is the symmetric kernel. The set 

{ex ® • • • ® e^ 0 g2®---®g2(mod K) : / = 0 , . . . , s}, 

5—/ times / times 

which we will write as 

{er''^:/ = 0,...,4, 

forms a basis for Sym^(V2). The representation Ov is given by 

<bs(a)(e\ ® • • • <8> * i <g> e2 <g> • • • ® * 2 ) 

= (O] (or)^i ) ® • • • (8) (Oi (cr)^i ) 0 (O, (a)é?2) ® • • • ® (Oi (a)e 2 ) , 

all read modulo /C. Denote the matrix representation corresponding to O^ with 
respect to the basis {e\~lel

2 : / = 0 , . . . , s} by Xs. Let XQ denote the trivial one 
dimensional representation of B*. Then, for all s ^ 0, Xs is an 5+ 1 dimensional 
representation of B*. 

We can now define the Brandt matrices. As before, let R be a maximal order 
of /?, let {/], /2, . . . , /„} be a set of left ideals of R representing the distinct ideal 
classes, and let Rt denote the right order of //. For any integers s è 0, m ^ 1, 
and 1 ^ ij ^ n, set 

(1.5) b?j(m)= ^ Y, X > } ' 
J aer]ii 

N ( a )= -N(7^ 

where t means transpose. Let tf-iO) = l/2wy- and />?•(()) be the (s + 1) x (s + 1) 
zero matrix for s > 0. Then for any integers s è 0, m â 0, the Brandt matrix 
Bs(m) is defined by 

Bs(m) = (^(m)). 

2. Some Properties of the Brandt Matrices. The Brandt Matrix Bs(m) is an 
n(s + 1) x ft(s +1) matrix with complex entries. For s odd, we have the following 
result. 

PROPOSITION 2.1. If s is odd, then for all m, Bs(m) is the zero matrix. 

Proof. For s odd, Xs(—a) = —Xs(a) for all a G #. Thus, from (1.5), it 
follows that bUm) — 0 for all m. Hence, Bs(m) is the zero matrix. • 

For a different choice of ideal class representatives / i , / 2 , . . . ,/„, the Brandt 
matrices change only by conjugation by a matrix with complex coefficients. 
Further, the Brandt matrices do not depend on the choice of maximal order R 
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used to define them. For proof of these facts see [8, p. 189, Propositions 4.2 
and 4.3]. 

Next, we will derive a formula for the trace of the Brandt matrices. By the 
above comments, the trace of a Brandt matrix does not depend on the choice of 
ideal class representatives or maximal order R used to define them. The formula 
we arrive at will involve modified Hurwitz class numbers, so we will first define 
these. 

For d a negative discriminant, let h(d) be the class number of binary quadratic 
forms of discriminant d. Define u(d) 

u(d) = 
1 for d < - 4 
2 for d = - 4 
3 for d = - 3 . 

Notice that if O is the order of discriminant d and rank 2 over Z, then u(d) is 
the order of the group 0* / (± l ) and h(d) is the order of the group Pic(O). For 
D > 0, define the Hurwitz class number H{D) by 

H(D) 
^ u(d) ' 

df2=-D 

For N prime, we now define the modified invariant of the Hurwitz class number, 
denoted HN(D), as follows. 

HN{D) = < 

N - 1 
24 

0 

H(D) 

\H(D) 

if D = 0 

if N splits in O = CLD 

if N is inert in O 

if N ramifies in O and does not divide 
the conductor of O 

if N divides the conductor of O. 

Since the Brandt matrix Bs(m) for s odd is the zero matrix, its trace is zero. 
We now want to find a formula for the Brandt matrices Bs(m) for s even. First, 
we set some notation. For / E Z, with i1 è 4m, set 

A = t(t + Vt2-4m), 

and for s nonnegative and even define 

Ps(t,m) = \s + \s-]\ + -- + \s. 

Note that in the case s = 0, we have Po(t, m) — 1. We also have 

P2(t,m) = t2 -m 

p4(t m) = t — 3tm + m 

https://doi.org/10.4153/CJM-1990-028-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1990-028-x


HEIGHTS AND L-SERIES 539 

In general, Ps(t, m) is a polynomial in t and m. The trace formula for the Brandt 
matrices Bs(m) for s even, which is a form of Eichler's trace formula, is given 
by the following proposition. 

PROPOSITION 2.2. For all m ^ 0, s nonnegative and even 

Tmœ(Bs(m)) = ^ ] //^(4m - r2)F,a?m). 
tel 

t2^4m 

We will need the following lemma in the proof of Proposition 2.2. 

LEMMA 2.3. Suppose a G B* with Tr(a) = t, N(ar) = m. Then Trace(Xj(a)) = 
Ps(t,m). 

Proof. The matrix X\(a) can be transformed into 

/A OX 

Vo \) 
by conjugation by an element of GL2CC). Hence, 

Trace(X, (a)) = Trace (X ? ) = A + Â. 
Therefore, Trace(X5(a)) = A* + \s~l\ + • • • + Âv = Ps{t,m\ and the lemma 
follows since Trace(Xj(ar)) = Trace(Xs(a)). D 

Define Ai(t,m) = cardinality of {a G /?/ : Tr(a) = r, N(a) = m}. Since every 
a G /?/ has discriminant t1 — Am ^ 0, it follows that A, (7, m) = 0 for r2 > 4m. 
We will need the equality 

(2.4) f (A4^1\=HMm-,% "> E(^)=»« 
for r2 Ŝ 4m. This is proved in [41. 

We can now prove Proposition 2.2. For s nonnegative and even, 
n 

Traced (m)) = Y ] Trace(/?*(m)) 

= ±^{l, E *») 
N(/;) N(a): 

= E ( ^ ) E Trace(Xi(a)) 
/ = 1 V ; / are/?, 

N(or)=/w 

= EÊ(i) E W H 
tel i=\ v 7 ae/?,-
/2^4w N(a)=m 

Tr(a)=t 
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Applying Lemma 2.3 and (2.4), we have 

t2^4m N(a)=m 
Tr(a)=f 

lEI^iwi 
reZ /=l 

f2^4m 

2w7 

2 HN(4m-t2)Ps(t,m). 

t2^4m 

This completes the proof of Proposition 2.2. 

The Brandt matrices have several other properties. Some of these are listed 
in the following two propositions. 

PROPOSITION 2.5. Let B be the quaternion algebra over Q ramified at N and 
oo. Then the Brandt matrices associated to B satisfy the following properties. 

(1) For m>0, 

II 

Bs(m){ 

2w\ 

x Bs(m) 

0 

/ / 

\ 

0 

2wn 

h) 
2w\ 

0 / 
2wn 

N(/w) 
where I is the (s + 1 ) x (s + 1 ) identity matrix 

(2) Bs(m\)Bs(m2) = Bs(m\m2)for (m\,m2) = 1 
(3) Bs{p')Bs{p>) = ZZtJ)P(s+l)k^(pl+j-2k)forp\N 
(4) Bs(p

l)Bs(pO = Bs(p
i+J)forp | /V 

(5) 77/̂  Brandt matrices generate a semisimple commutative ring. 

The proof of Proposition 2.5 can be found in [2, p. 106, Theorem 2]. 

PROPOSITION 2.6. 77ie entries of the Brandt matrix series 

Y.BsimW", 

where q = e2mz, are modular forms of weight s + 2 on TQ(N). If S > 0, they are 
cusp forms. 
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In fact, the entries of the Brandt matrix series above are of the form 

aeIi~{1' 

where for a — x\ + xii + xi>j' + x$k, p(a) is a harmonic homogeneous polynomial 
of degree s in x\,... ,^4. For a proof of this fact and Proposition 2.6, see [7, p. 
353, Theorem 2.14]. 

3. The Vector Bundle V and its Special Points. We will now describe 
the quaternion algebra B and its orders and ideals in an adèlic context. This 
follows the description given in [4]. Let Z = limZ/«Z = YIP^P ^e m e profinite 

completion of Z, and let Q = Z (g) Q = JJ Qp be the ring of finite adèles of 
Q. Set Bp = B ® Qp. Then, Rp = R ® Zp is the local component of R in Bp. 
Let B = B 0 Q = \\p Bp and R = R ® Z = J ^ /?p. Every left ideal / of /? is 
locally principal. Therefore, for every prime /?, there exists gp G Rp\B* such that 
/^ = Z ? ^ . Each left ideal / determines an element gj = (.. .gp ...) G R*\B*, and 
conversely, every element g of R*\B* determines a left ideal / = Rg DB of R. 
The set of left ideals of R which represent the distinct ideal classes, I\, / 2 , . . . , /„, 
corresponds to a choice of elements g\,g2T--,gn in R*\B* such that 

A? 

B* = \jR*giB*. 
i=\ 

The right order Rj of the ideal // is given by 

Ri=Bf}gr{Rgi. 

Suppose K is a quadratric field and/ : K —^ B is an embedding of /T into 5. 
Let O be the subring of K whose image under/ is contained in /?,-. Then/ : O —> 
Ri is called an optimal embedding of O. For any such f, f(K)r\gf[ Rgi =f(0) 
in 5 . The set of optimal embeddings of O into the orders /?, modulo conjugation 
by/?*, corresponds to the set of elements (g,f) in (R*\B* xHom(AT,/?))//?* such 
t h a t / C ^ n g - ^ g = / ( 0 ) . The space (£*\/T x Hom(K,£))/£* is related to 
algebraic curves which we will discuss next. 

The quaternion algebra B over Q corresponds to an algebraic curve Y of 
genus zero over Q. The correspondence is given by Y(E) — {a G B (g) E : 
a ^ 0,Tr(or) = N(or) = 0}/£* for any Q-algebra E. The group /?* acts on the 
right of Y by conjugation a 1—> b~lab, and in fact, AutQ(F) = B*/Q*. For 
any quadratic field # , there exists a canonical identification Y(K) ~ Hom(/C,£) 
as follows: for any/ G Hom(K,B), let _y/ G 7(/C) be the image of the unique 
K-\inc on the quadric {a £ B ® K : Tr(a) = N(a) = 0} on which conjugation 
by f(K*) acts by multiplication by the character k \—» k/k. Notice that f(K*) 
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acting on Y(K) has two fixed points. One of these fixed points is v/ and the 
other is the image of the unique K-Y\m on which conjugation by f(K*) acts by 
multiplication by the character k \—» k/k. 

Define a curve X by 

X =R*\B* x Y/B*. 

Since B* = \J"=] R*gjB*, we have an isomorphism 

n n 

; = 1 / = 1 

where the double coset /?*#,• x y {mod B*) corresponds to the coset y (mod T,) 
on the component X, = Y /Tj. 

A point x = g xy of X will be called a special point of discriminant d if it lies 
in the image of R*\B* x Y(K) in X(K) and if the embedding/ corresponding 
to y satisfies f(K) Dg~lRg = / ( 0 ) , where O is the order of discriminant d. 

We can define an action of the group Pic(O) = 0*\K*/K* on the set of 
special points of discriminant d as follows. Let a£K*,x = gxya special 
point of discriminant d, and/ : K —> B the embedding corresponding to y. Then 
/ induces a homomorphism / : A'* —> B*. Define 

xa = gf(a) xy. 

The action does not depend upon the choice of representative for x, for if 
x = g' x y\ then g' = gb and/ ' = b~]fb for some b G #*. Thus, g'/'Ca) x / = 
gb(b~[f(a)b) x y = gf(a)b x y1 = xa. To see that this is an action on the set 
of special points of discriminant d, we need to check that xa = gf(a) x y has 
discriminant d. Butf(K)H(gf(a))~lR(gf(a)) = (J'(a)yl(f(K)ng-lRg)f(a) = 
if{a)Yxf{0)f{a) — f(O). Hence, xa is a special point of discriminant d. 

It is sometimes helpful to think of the points of discriminant d on the com
ponent Xi as corresponding to optimal embeddings/ : O —>/?,-. In this case, the 
action of Pic(O) on the special points of discriminant d can be described in terms 
of ideals. Let & = KHaO be the ideal which is determined by a e Pic(O), and 
let x be a special point corresponding to the optimal embedding/ : O —>/?,-. Let 
R' denote the right order of the left /?/ module R{A . Since O acts on the right of 
A, it follows that / induces an optimal embedding O —> R' which corresponds 
to the point xa. 

We will define a vector bundle V over X, but first we must make some 
preliminary definitions. 

Let BQ = {b G B : Tr(b) = 0}, and let U be the representation of B* on the 
elements bo G Bo with action by B* defined by bol = (l/N(7))7-1/?o7. Notice 
that the center Q* of B* acts by b0x — x~2bo for x G Q*. An inner product on 
U is given by [«1,^2] = ^Tr(«iW2). 
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If W is any inner product space with inner product [x1 y] for x,y G W, then 
for k ^ 2, Symk(W) is also an inner product space with inner product defined 
by 

k 

(3.1) [x\...xk,y\...yk] = Yï, Yl&i, y^i)], 
creSk /'= 1 

where S^ is the symmetric group on k letters. Hence [jt*, yk] = kl[x, y]k. 
Let W = Cx © C_y be the two dimensional representation of SU (2) with 

[JC,X] = [_y, y] — 1 and [JC, j ] = 0. Then Sym2/:~2(jy) is an inner product space 
with basis {x2k~2,x2k~ly,... ,y2k~2}. The elements of this basis are orthogonal, 
and by (3.1) it follows that 

[xiy>,xiy'] = i\j\. 

Denote W2k-\ = Sym2k~2(W). 
The space Symk~~l(U) is an inner product space, and it can be written as an 

orthogonal direct sum Symk-\U) = Sym2k~2(W) 0 M , where W is as defined 
above. Wik-x is the unique irreducible summand of highest weight 2k — 2, and 
it is a representation of B* of dimension 2k — 1. 

The vector bundle V is defined by 

V =R*\Ê* xY xWu-i/B*, 

where B* acts on the right as described earlier. The decomposition B* = 
\J"={R*giB* gives an isomorphism 

n n 

V~\\Y xW2k^/Tl = \\vil 

/=1 i=\ 

which takes ^*g, x y x w(mod 5*) to the coset y x w(modr/) on the component 
Y x W/Ti = Vj. 

We now define Pic(V). For each T/ = /?//(±l), define 

Wr' = {w G W : 7(w) = w for all 7 € T/}. 

Then 

Pic(V) = ®W r ' . 
i = i 

Any v G V is equivalent to the double coset (gi,y,w) for some /. Define the 
class of the point v to be the projection of w in WVi 

class(v) = —- ^2 7(w)-
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To see what Pic(V) looks like in particular instances, we will consider two 
examples. 

Suppose first that N = 2 and k = 2. By Proposition 1.2, the quaternion 
algebra B over Q ramified at 2 and oo is given by B — (—1,-1), so that 
B = Q + Qi + Qj + Qij, where i2 = j2 = —1 and ij — —ji. By Proposition 1.3, 
a maximal order of B is given by 

-„. _,.. ^ , 1 + / + / + (/' 
R = Z/ + Zy + Z/y + ^ ' 

The group /?* consists of those elements /? G R with N(/?) = ±1 . In this case, 
R* has order 24 and is given by 

R = j±l,±z,±/,±z/, 

Hence, 

T.
 R* ~ L - . , 1+ /+7 + * 1 - / + 7 +A: 1 + / - 7 + * 

(±1) ^ ' • ' • " ' ^ 2 ' 2 ' 2 
\+i+j — k — 1 + / + ; + /: — 1— i+j + k —\+i—j + k 

2 ' 2 ' 2 ' 2 ' 
- 1 + / + 7 - / : 

(mod (±1)). 

In fact, it can be shown that T = A4, the alternating group on 4 letters. Hence, 
w = | r | = 12. From Eichler's mass formula (1.4), it follows that the class 
number of B is n = 1. Thus, Pic(V) = Wr, where W = {b G B : Tr(fc) = 0}. 
By computing the action of the elements of V on W, it can be shown that in 
this example, Pic(V) = 0. 

The dimension of Pic(V) is certainly not always 0. Consider the case N = 5 
and k = 2. By Proposition 1.2, the quaternion algebra B over Q ,ramified at 
5 and 00, is given by B = (—2, —5). Hence, B = Q + Q/ + Qj + Qij, where 
r = —2, y'2 = —5 and ij = —ji. By Proposition 1.3, a maximal order is given 
by 

R= Tj + Tij + 

Therefore, 

I ' \ 2 4 4 / ' \ 2 4 4 

1+./ + //A § __ (i + 2j + ij 

and 

r=^«{i.^-i4Vf-i*7-?'M0«-(±')) ±1) \ ' V 2 4 4 / ' \ 2 4 4 
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Hence, w = |T| = 3, and using Eichler's mass formula (1.4), we see that n = 1. 
Therefore, Pic(lO = Wr. Checking the action of T on W, it can be shown that 
Pic(V) = Wr = {aij : a G Q}, and hence, dim(Pic(V)) = 1. 

A height pairing ( , ) mapping V x V into Q can be defined as follows. If 
vi = g x f\ x wT — gt x y\ Xw\ and v2 = h x y2 x ^2 — gj x yi x vv2, then 

( E7erf- t^i > 'X^)]w2t_, if / = J-

We will now define a special element w0 of Sym2k~2(W). This w0 will be 
used in the definition of a special point of V of discriminant — D. Fix K an 
imaginary quadratic field of discriminant —D, where the prime N is inert, and 
an embedding/ :K -^B. Let v0 = \fID G £/. Then v*"1 lies in Sym*"1^). 
Let w0 G Sym2*~2(W) be the component of vj"1 in Sym2*~2(W). 

The special points of V of discriminant —D are defined to be points of the 
form v = g x y x wo, where x = g x y is a special point of X of discriminant 
—D and H>O G W2k-\ is defined above. Pic(O) acts on the special points of V 
of discriminant —D as follows. Let v = x x WQ be a special point of V of 
discriminant —D and a G Pic(O). Then va = xa x wo. 

Our main identity is an equation representing the values of certain Dirichlet 
series in terms of the values of the height pairings of special points on V. 

4. The Correspondence tm. A correspondence tm can be defined on V = 
R*\Ê*xYxW2k-i/B* as follows. For/? ^ N,R*\B* ^ GL2(Ip)\GL2(Qp) which 
index lattices in Q2, and locally, tm maps a lattice L in GL2(Zp)\GL2(Qp) to the 
sum of all sublattices of index p

or^m\ For p = N, R*\B* = Z, and locally, rOT 

maps a coset A into n^M^A, where 7r is a uniformizing parameter in Rp. This 
action of tm on R*\B* induces a correspondence on V 

tm(g xy xw)= ^ ( / i x j x w). 

The correspondences tm on V induce endomorphisms of Pic(V) = ©"=1 WVi. 
With a particular choice of basis, the action of tm on Pic(V) is given by B^^im), 
the transpose of the Brandt matrix B2k-2(m). To study the action of tm on Pic(V), 
first note that 

End(Pic(V)) = 0 H o m ( W r , ^ r O , 
ij 

and the ijth block of tm is a homomorphism from Wr' to WT]. Recall that each 
right order Rt corresponds to a supersingular elliptic curve E[ so that End(£/) = 
/?/. Hence, each gi corresponds to an elliptic curve £/. Let Ut = EndTr=o(£/)® Q 
be the endomorphisms of trace zero. Let W ^ ! Ç Sym*_1(£/;) be the unique 
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irreducible summand of highest weight 2k—2 in Sym*-1(£//) as discussed earlier. 
Each isogeny </> G Hom(£/,£/) induces a linear map 0* : U( —> £// by a i—> 
</> o a o </>, which then induces a linear map </>*_1 : Sym*_1(£//) —• Sym*-1(£//) 
mapping W^-i into WJ

lk_v The action of fm on Pic(V) is described in the 
following proposition. 

PROPOSITION 4.1. The ijth block of tm is the homomorphism from (W^^' to 

J </>eHom(£M£;) 
deg <f>=m 

where Pry denotes the projection into (WJ
2k_x)

Y} given byw »—• l / | r ) | X/>er ^(w)-

To prove Proposition 4.1, we need to look at how tm acts on an element 
gi x y x w, where w G (W^-i)^- We n a v e 

tm(gi xy xw)= ^ (hxyxw) 

= Yl (gjXya~l xwa~l). 
hetm(gi) 
h—ugja 

Therefore, we find that the (//)tn block of tm takes w in (Wu-xf'' t 0 

^ ] Prewar1), 

which lies in (^Âr_1)r^. From the definition of tm and Tate's theorem that an 
isogeny is uniquely determined by its action on the Tate module TpE\ and 
Dieudonné module TNEJ, it follows that each a in the above sum corresponds to 
an isogeny </> G Hom(£;,£y) of degree m, up to multiplication by R* = Aut(Ej). 
Further, wa~l — </>*-1(w), and this completes the proof of Propositon 4.1. 

5. Modular Forms of Weight 2k. Let / : H —+ C be a function on the upper 
complex half-plane, e a character of (Z/iVZ)*, and k S 0 an integer. Suppose/ 
is holomorphic on / / , at infinity, and at the cusps. Suppose, further, that 

f(a-^j)=e(d)(cz+dff(z), 
\cz + d J 

for all 

(a b
1)eSL2(Z) withc = OmodM. 

\c a I 
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Then/(z) is called a modular form of weight k for TQ{M) with character e. If a 
modular form vanishes at infinity and at the cusps, then it is called a cusp form. 

Every modular form/ has a Fourier expansion /(z) = ^2m>0 amqm,where 
q — e2mz. Iff is a cusp form, then <?o — 0, since/ vanishes at infinity. 

For two modular forms/(z), g(z) of weight k for To(M) with trivial character, 
at least one of which is a cusp form, the Petersson product of/ and g is defined 
by 

(/, g) = 2*+V / / / ( z ) ^ ) / - 2 Jx dy, z=x + iy, 
J Jr0(M)\H 

where the integral is taken over any fundamental domain for the action of To(M) 
on / / . 

Let S^i^oiM)) denote the space of cusps forms of weight 2k for r0(M) with 
trivial character which are orthogonal with respect to the Petersson product to 
all forms g(dz), where g is of level L < M, dL\ M. For the next three sections, 
we will fix the following notation. Let K be an imaginary quadratic field of 
discriminant —D where the prime N is inert. Let / G S^ÇToiN)). Set 

O — ring of integers in K, 

e = quadratic character of (Z/DZ)* determined by 

e(p) = (-D/p) forp\D, 

A — ideal class in K, 

h — class number of K, 

2u = number of units in K1 

n/ x _ f number of ideals of O of norm m, for m ^ 1 
~ I h/(2u), for m = 0, 

, x f number of integral ideals of norm m in A. for m ^ 1 
I l/(2w), for m = 0, 

1, if(/w,D) = 0 
^ ( m ) ~ \ 2 , i f ( ro ,D)^0. 

We will now define a Dirichlet series associated with/ and the ideal class A. Let 
Sm^i ÂW™ be the Fourier expansion of/. Define the Dirichlet series L(/, A, s) 
by " 

«M..>- E ( ^ ) s ( ^ ) 
m>1 V 7 m>\ V 7 

(m,A0=l 

L(/, A, 5) has an analytic continuation to an entire function of s. It also satisfies 
the functional equation 

(5.1) L\f1A1s) = {2^)-2sNsDsT{sfL(AJ1s) = -e(N)L*(f\A,2k - s). 
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For proof of these facts, see [5, pp. 267, 282-283]. 
From (5.1), we see that if e(N) = 1, then L(/ , A, s) vanishes ats = k. We will 

study the values of L(f,A,s) at s = k in the case e(N) — — 1. We will restrict 
ourselves to the case D prime. Our study will involve the Legendre polynomial 
of degree n, which is given by 

™^E<-'r(:)(^)^". 
/w=0 

The following theorem is proved in [5, p. 291, Theorem 5.6]. 

THEOREM 5.2. Let e(N) = — 1 and let k be an integer. For m ^ 0, define 

bmA = (mDf-lu2 ^ 6(n)rA(mD - nN)R(n)Pk-{ (\ - ^ j . 

Then Y^m^o^^A^ ™ a modular form of weight 2k and level N, and a cusp 
form if k^ 1, and 

^2k—2/h. i \ | i J 

In the next chapter, an alternative representation for the values L(/ , A, k) will 
be given. 

Define the series </>(v,w), v,w G Pic(V), as follows 

F o r £ > l , (/>(v,w) = ^ ] ( v , r m w ) ^ , 

F o r * = l , 0 ( v , w ) = d e e V
2

d e g " + X ; ( v , r m H ^ . 

We have the following result 

PROPOSITION 5.3. For any v, w G Pic(V), </>(v, w) /s a modular form of weight 
2k for To(N). If s > 0, it is a cusp form. 

Proof. Consider the basis { a j , . . . , an} of PiciV), chosen so that the action 
of tm on Pic(V) with respect to this basis is given by B^^im). If v = a, and 
w = (Xj, then </>(v, w) = Op = Ylm^\ PjiQ™' where (3ji is the jith element of the 
Brandt matrix #2À:-2(^)- It follows from Proposition 2.6 that in this case 0(v, w) 
is a modular form of weight 2k on To(N), and a cusp form if s > 0. The result 
now follows directly. • 

6. The Main Identity. The main identity will give the value of L(/,A,s) at 
s = k in terms of the heights of special points of V of discriminant — D. 
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Let v be a fixed point of discriminant —D on V. Define 

g A = ^ ^ ( V f l , V ^ ) , 
B 

where the sum is over all classes B in Pic(O). Then, by Proposition 5.3, gA is 
a modular form of weight 2k on TQ(N). 

The main identity is 

PROPOSITION 6.1. For e(N) = —1 and k ^ 1 an integer 

(f,gA) 
L(f,A,k): 

u2Dk~Hk- l)!2 

This identity relates the central critical values of L(/, A, s) with height pairings 
on Pic(V). To prove this proposition, we will make use of the result of Theorem 
5.2 which states 

i<* A ^ 22k-\k-\)\ 1 
( 2 * - 2 ) ! D*-iM2 

where 

^ = (mD)k~]u2 Y, S(n)rA(mD - nN)R(n)Pk^{ (l - ^ \ . 

Further, if k ^ 1, then X ^ o bmA°m *s a CUSP fQrm- Hence, bm^ = 0 for & ^ 1. 
In the next section, we will compute the height pairing (vBltmvAB) and show 

that for all m ^ 1 

_ ( 2 * - 2 ) ! ^ 

For A: = 1, the constant term in g^ is given by h/2 = u2bç)iA. Combining these 
results with the identity of Theorem 5.2 will prove Proposition 6.1. 

7. The Height Computation. Let v be a fixed point on V of discriminant 
—D, and let A and B lie on Pic(O). For m ^ 1, we want to compute (vB,tmvAB). 

Write v = x x H>O, V# = x# x H>O, and vAB = *AA X WO> SO that x# and 
XAB are special points of discriminant — D on X. Recall that K is an imaginary 
quadratic field of discriminant —D where the prime N is inert, and O is the 
ring of integers in K. K embeds in the quaternion algebra B, so that B can be 
written in the form B = K + Kj, where j2 = — N and ja — ôcj for all a G K. B 
embeds in GL2(K) by 
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Therefore, K embeds by 

a 0 a = a + 0j^(a ° V a(EK. 
\ 0 a/ 

Each component X,- of the curve X is indexed by a supersingular elliptic curve 
of characteristic N. Suppose E is the elliptic curve corresponding to XAB and E' 
the elliptic curve corresponding to x#. We will denote the group Horn (£,£') by 
Wom(xAB,xB). 

Let <D = ( A / - # ) be the different ideal of O. Let A and <B be ideals in the 
classes of A and B respectively, which are relatively prime to (D. The special 
point v — x x WQ may be chosen so that End(x) = maximal order containing 
O = R. Fix one solution e to the equation e2 = —Nmod D. Then 

End(jc) = R = {oc + (3j : a,/3 G 2) ~!, a = e/3mod O}. 

We have the following result 

PROPOSITION 7.1. There exists a bijection 

Hom(.xA£,jt£) *-* J a + /3j : a G £>_1J3,/3 G £>_1 — J? ,a = e/J mod O 

If <j) G Hom(iAfi,-^) corresponds to a + fij, then 

deg (/> = (Na + Nf 

Proof. Since /? = End(jc), the ring End(x^) is the right order of the left R 
module R(B. In the embedding of B into GL2(K), the ideal *B embeds 

» " { ( Î ? ) : " » } -
Therefore, 

= { ( - A ^ > f ? ) ^ e * ,« , / ? 6 0 - ' , « = e/? mod o } . 

It follows that 

/?# = {cc + Pj : a G £>_1#,/3 G £ > - 1 $ , a = e/3 mod O}. 

Let /?# = End(x#) denote the right order of R<B. Then, 

/?« = {7 eB :R<Bl CR<B} 

i i & 

ot + (3j \aerD~~\(3 e<D~x—,a~e(3 mod O 
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Hom(xAB,XB) can be identified with the left R® module R^A. Hence, to com
plete the proof we need to compute R% &. 

i # 

(5 e ® -^,a = e/3mod O 

0e £ > - 1 — , a = e/3mod O . 

Hence, 

R<B& = la + pj: ae <D~lA,(3e <D~l — Â, a = e(3 mod o \ . D 

Proposition 7.1 will now be used in the computation of {vB,tmvAB). We will 
show 

{vB,tmVAB) 

2nN 
= u2mk l[w0lw0] ] P S(m)rA-i(mD - nN)rAB2(n)Pk^{ f 1 

Denote VAB — g X y X WO. Then 

(vfi, ^VAfi) = ( vfl, ^ (/z x y x wo) j = Y^ (Vfi' (hxy x wo))-
\ heug) I hetm(g) 

For each h E £m(g), if XB and /* x j lie on the same component of X, then 
R$Jl — R%Ch for some Ch £ 5* with Nc/j = mNA. We must deform by Q, 
before taking the inner product (v g , ( / ix_yx H>O)), and this necessitates dividing 
by (N^)*" 1 . We have 

x _ V> (vB,ch(h xy x w0)) 
(WmVAZ*)- 2 ^ ( N ^ F 1  

heUg) 

But T/ = 7?^ / ( ± 1 ) , and the elements lch with 7G/?*S are precisely equal to the 
b G /?#.# with NZ? = W N J 3 . Furthermore, [WO^IC^WQ] = [WQ, —TQWQ]. Hence, 

(vB,tmVAB)=- ] T 
[w0,bw0] 

2 ^ (NJ2)*-1 ' 
Nb=mNA 
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Applying Proposition 7.1, we have 

(7.2) (vBltmvAB) = - ^ (HA)*-* 
<t>eHom(XABSB)feg m 

For the next step in the computation of the height pairing (vBltmvAB), we will 
compute the values [H>O, bwo] in the above sum. Since wo is the component of 
A(xy)*-1 in Sym2k~2(W), where x, y, and À = a*-1 are as defined in chapter 
three, and [w0lbw0] = [\(xy)k-\b(\(xy)k-{)] = X2[(xy)k~\b(xy)k~ll it will 
suffice to compute [(xy)k~{,b(xy)k~1]. 

Write b = a + #/, where a,f3 eK, f = - N , and jl = îj for all 1 eK. The 
element £ embeds into GL2(K) by 

Hence 

b(
x\ = ( a P\(x) = ( ax+Py ) 

\yj \-Nf3 â)\y) \-Nf3x + âyJ' 

Therefore, the action of b on the basis element (xy)k~l is given by 

(ry)*"1 '-» ((or + f3y)(-Nfix + ây))k~l. 
When computing the inner product [(xy)*-1, b(xy)k~l], we need only consider 

the inner product of (xy)k~l and r](xy)k~{, where 77 G K is the coefficient of 
(xy)*-1 in the expansion of ((ax +/3y)(—N fix + ây))k~[. This is true because all 
of the other summands in the expansion are orthogonal to (xy)k~l. 

LEMMA 7.3. The coefficient of (xy)k~l in the expansion ((ax + (3y)(—NJ3x + 
ây))k~l is given by 

k_[D faa-NW\ 
(aâ + NPI3y-lPt k-\ a â + N(3fi J 

Proof 

Jl , - / ) „ 2 a - l ((ax + f5y)(-Nfix + ay))*-1 = ((aâ - Nf3fi)xy - afiNx1 + âf3yzf 

= J2 (k~ l) (ocâ-N/3P)k-l-r(xy)k-l-r(-aPNx2^âPy2y, 

and 

(-afiNx2 + a#y2)r = ^(-afiNy-j (&$ ( r ) x2r~2j 

7=0 ^ ' 
y* . 
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The powers of x and y in the last sum are equal only when j = r /2, so the 
coefficient of (xy)k~l is given by 

[¥] 

In order to simplify the notation, let a — aâ and b = N/3J3. We can write the 
. fk-l\ (2r\ . u , 

quantity ( 11 1 in the form 

k - \ \ (2r\ (k-\)\ (2r)\ 

2r J \r J (2r)\(k- \-2r)\ r\r\ 
(k-\)l (k-\-r)\ 

rl(k- 1 - r ) ! r\(k- 1 - 2r)\ 
k- 1 \ fk-l-r" 

The coefficient of (xy) is given by 

r=0 

We want to show 

™ j^i{k:l){k~l~ry-^-^i-^y 
k-\ 

r=0 

a-b 
a + b 

The Legendre polynomials satisfy the recurrence relation [3, p. 1026] 

(7.5) Pn+l(x) = - L - [(2AI + \)xPn{x) - nPn-dx)]. 
n + 1 

Hence, to show that (7.4) holds, we need only show that the left hand side is 

equal to P^-x ( ) for k — 1 and k = 2 and that it satisfies the recurrence 
\a + b J 

relation of (7.5) for n = k — 2, & S 3, and x = ( I. This is carried out 
\a + b J 

using an algebraic argument, and it completes the proof of Lemma 7.3. 
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Applying Lemma 7.3 to the computation of [(xy)k \b(xy)k 1 ] , where b = 
a + (3j, we find that 

[(xyf-^bixy)'-1] = (aa + N/30)k-lPk. 
aa •Nffî\ 
aâ + Nf3(3 J 

As explained earlier, we have [WO,^WQ] = l2[(xy)k~l,b(xy)k~{] and [wo, WQ] = 
l2[(xy)k~\(xy)k~1]. Therefore, by substituting into the above equation we obtain 

aâ + N(3J3 J 
[w0,bw0] = (aâ + Nppf xPk-\ —_—-£=- [w0,w0] 

Note that aa + N/3/3 = Nb = mHA. Hence, 

(7.6) [w0,bw0] = m * " 1 ^ * ) * - 1 ^ - ! f ^ ' ^ f f ) N , w 0 ] . 
V a a + N/3/3 y 

Combining the results of (7.2) and (7.6), we have 

2 ^ u , Ï \aa + Nppj 

Applying the correspondence of Proposition 7.1, it follows that 

(7.7) (vB,tmvAB) = \ V ) nf-xPk-X (aa~^) [w0,w0]. 
2 £ # \aa + N(3f3J 

ae(D-^1(3etV-[('B/'B)Â 
a=e/3mod 0 

Consider the ideals 

C = ( a ) ^ " 1 C' = 03)228 ST 1 .*- 1 , 

which satisfy the identity 

(7.8) NC+NNC' = mD. 

Suppose w = HC'. Then, NC = md - nN. Since N C = (N/3)D(l/hW) = n, 
it follows that N/3 = (n/D)M. Since NC = (Na)D(l/NJ3) = mD - nN, it 
follows that Na = ((mD - nN)/D)N5l. Hence, when « = NC', 

aâ - N/3/3 _ Na-NN/3 _ ((mD - nN)/D)NA -N(n/D)NA 
aâ + Npp ~ Na + NN/3 ~ ((mD -nN)/D)HSl +N{n/D)NJA 

mD - 2nN _ 2nN 
mD mD 
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The ideal C lies in the class of A l, and the ideal C' lies in the class of AB2. 
Hence, the number of solutions to (7.8) with HC' — n is given by 

YYlD 

rA-\ (mD - nN)rAB2(n) if n ^ 0, — 

rA-x(mD) if w = 0 

( mD \ . mD 

-N-) lîn = ir 
Notice that each solution C, C to (7.8) corresponds to a solution to the identity 

Hcc + 

(7.9) ae<D-lA, p£<D-l — Â 

a = e/3mod O. 

Each pair C,C with IMC = n ^ 0,(mD)/N, so that HC ^ 0, gives (2w)2 

candidates (a,/?) for solutions to (7.9). If n = 0 mod D, then all of these can
didates turn out to be solutions since the condition a = e/3 mod O is satisfied. 
If n =̂  0 mod D, then either a = e/3 mod O o r a E —e/3 mod O, but not both. 
Hence, only one half of the candidates are actually solutions to (7.9). Summa
rizing this information, we see that the number of solutions to the identity (7.9) 
is given by 

(lu)1 (^j 6(n)rA-t (mD - nN)rAB2(n) if AZ ^ 0, ^ 

(2u)rA-\ (mD) if n = 0 

(mD\ .r mD 
(2u)rAB2^ — j lfn=lf 

Using the convention rA(0) = \/2u for any ideal class A, the number of solutions 
to the identity (7.9) is given by 

2u2S(n)rA-\(mD — nN)rABi(ri). 

Therefore, using this result, the fact that (aâ — N(3J3)/(aâ + N/3J3) = 1 — 
(2nN)/(mD) when HC' = «, and (7.7) we have 

(7.10) (vB,tmvAB) 

_ 1 
~ 2 

Y^ 2u26(n)rA-i (mD - nN)rABi(n)mk lPk^ 11 - - ^ J [w0, w0] 

= « W - 1 [wo, w0] ^ <$(">A-I («£> - nN)rAB2(n)Pk-X I 1 - - ^ - j . 
0 ^ « ^ 
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To complete the computation of (v#, ^ v ^ ) , we will next compute the value 
of [wo,w0]. 

Let U and W be as defined in section three. If v is any vector in U (g) R of 
length 1, then v*"1 lies in Symk~l(U). Let w be the component of vA_1 in the 
subspace Sym2k~2(W) with inner product coming from Symk~](U). In order to 
compute [w,w], we will make use of the operator 

MS i) 
in the Lie Algebra SZ^CC), which acts by taking xlyj '—> xl+lyJ~l. Since the 
component M of the decomposition Sym* - 1 ^) = Sym2k~2(W) © M has no 
vector of weight 2k — 2, it follows that (E+)k~l(vk~l) = (E+)kw. Further, 
(E+)k-{(vk-{) = (E+v)k'{ in Symk~l(U). Hence, w = E+~(k-l)(E+v)k-1. 

Assume now that v = xy in the representation Sym2(W) = U. Then 
(£+v) = x2 and [£+v,£+v] = 2!0! = 2. The vector (E+v)*-1 lies in 
Sym2/ :-2(^) Ç Symk~x{U) and [(E+v)*-1, (E+v)k~{] = 2k~l(k - 1)!. On the 
representation Symk~l(U), E+~{k~l)(x2k~2) = xk~xyk~x alters the inner product 
by the factor 

\x yk-\^k-\yk-\] {k_ Xy2 

Hence, 

[x2k~2,x2k~2] (2Â: — 2)! 

(*-D! 2 r„ ,_ .x*- i ^ . . ^ - i 1 _ 2 * - 1 ( * - D ! 3 

^ - ] = ^ ^ [ ( £ + v / - ' , ( £ + v > , {2k_2y . 

Recall that wo is the component of VQ-1 in Sym2k~2(W), where vo = \J—D. 
Since [vo, v0] = 2D, we can write vo = av, where v has length 1 and a = \[2D. 
If w is the component of v^-1 in Sym2k~2(W), then [wo, M>O] = a2k~2[w,w]. 
Therefore, 

22k-2Dk-\k- l)!3 

(7.11) [W0,W0] = ^ 3 ^ . 

We can now use the height computation to prove the following result. 

PROPOSITION 7.12. For all m^ 1 

B 

u2(mD)k-{22k-2(k - l)!3 

(2fc-2)! 
0 ^ * 

J ] 6(n)rA(mD - nN)R(n) 

n i 2 n N 

X P * - . | 1 - - Ô -
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where the sum is over all classes B in Pic(O). 

Proof. Applying (7.10), we have 

B B 

x ] T S(n)rA-i(mD - nN)rAB2(n)Pk^ (\ - ^ j 

= u2mk~l[wo, WQ] Y^ &(n)rA-\ {mD — nN) 
o ^ * 

^H"-('-^)-
Since J ^ t'AB2(n) = ^(^X r4-'(£) = Oi(fc), and by (7.11), we have 

22k-2Dk-\(k_ 1 } ,3 

L o, OJ (2k-2)1 

and the result follows. D 

As explained in the last section, to complete the proof of Proposition 6.1, we 
need only show that for all m ^ 1, 

( 2 * - 2 ) ! ^ 
(Jfc - 1)!322*~2 ^ \V«»'«V<«/ - bmA. 

By Proposition 7.12, it follows that 

(2k - 2)! ^ 
(* - 1)!322*-2 2 ^ ^ ' ^ ^ / 

u2{mD)k~{ ^ S(n)rA(mD - nN)R(n)Pk-i (l 
r\<r-<r mD ^ 

2«N 
mD 

— bm,A> 

This completes the proof of Proposition 6.1, the main identity. 

8. Special Values of L-series. Let x be a complex character of the group 
Pic(O), and l e t / = Ylm^\a™Qm ^e a normalized eigenform for the Hecke 
algebra T. Define 

(8.1) L(/ ,x,*) = £x(A)L( / ,A , s ) , 
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where the sum is over all A in Pic(0 ). We are interested in the value of L(/ , \,s) 
at the special value s — k. 

Define ex = Y^A X~l(A)vA, and let e/,x be the projection of the divisor ex in 
Pic(V) (8) C to the/-isotypical eigenspace for T. 

We now prove the following result. 

PROPOSITION 8.2. 

L(/,x,*)= M2^ (eflX,efa). 
u2Dk~2{k-\)\2 J 

Proof. We will extend the R-bilinear pairings ( , ) and </>(,) to the complex 
pairings which are linear in the first argument and anti-linear in the second 
argument. Then 

\ A B I 

A,B 

Recall that the main identity states that 

L(f A k) = v / ? & 4 ; 
7 ii2D*-i(jfc-i)!2" 

Substituting this equality into (8.1) we have 

(8.3) UJ, x, k) = £ XW 2nk[{\f n,2 
" uzDK 2(k — l ) ! 2 

= if^Ax(A)gA) 
w2D*-2(ik-l)!2 ' 

Expanding J^A xWgA, we see that 

XI X(A)gA = X ^(A) X <t>(VB,vAB) 
A A B 

A,B 

Let A' = B and B' =AB. Then 

E x ( % = X x ^ r ^ ' W v A S V ^ ) = ^(ex,ex). 
A A',£' 
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Note that in the special case k = 1, deg ef\x = 0 since/ is a cusp form. Also, 
(j) is T-bilinear, and it follows that the /-eigencomponent of the modular form 
4>(ex,ex) is given by 

= (ef^et\x)'Y^amqm 

= (ef,xief,x)'f-

Hence, 

f / , E ^ ) ^ J =(e/,x^/,x)-(f,f) 

Substituting this equality into (8.3) completes the proof. • 

The following corollary is a direct result of Proposition 8.2 and the fact 
that the height pairing ( , ) induces a positive definite Hermitian pairing on 
Pic(V) <g> C. 

COROLLARY 8.4. L(/, x, k) = 0 w/Y/z equality if and only if ejiX = 0. 

For any automorphism a of C, 

(ef,xief*)a = (ef°,xaiefa,xa)-

Therefore, we have the following result. 

COROLLARY 8.5. If a is an automorphism ofC, then 

L(f,x,k)Dk-lY = L(fa,xa,k)Dk^-

(/,/) J (/",/") 
and the ratio lies in Q(/ , x)> ^ numberfield generated by the values of x and 
the Fourier coefficients of the eigenform f. Hence, L(/, x?£) = 0 if and only if 

Consider now the special case x = 1- Then, L(/, x->k) c a n be written in the 
form 

L(flX,k) = L(f,k)L(f®e1k)1 

where/ (8) e = X ^ i amt(rn)qm is the twist of/, L(f,s) = X ^ i amfn~s, and 
L(/ <g> e,s) = E w ^ ! ame(m)m-s. 
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Define eo to be the class in Pic(V) of the rational divisor 

disc(v)=-D 

Then, 

ex = ^2 v* = ueD in Pic(V). 

Since Pic(0)xGal(A^/Q) acts simply transitively on the special points, it follows 
that the points v̂  and vX lie on the same component of V. Hence, in the special 
case x = 1, Proposition 8.2 becomes 

COROLLARY 8.6. 

L(f,k)L(f®e,k) = Dk_\^k
f)_ (ef,D,efj,). 

Notice that changing the discriminant D changes the value of (<?/x> /̂x>) by 
a square in the field Q(/) generated by the Fourier coefficients off. Therefore, 
we have the following, which is a refinement of a result of Waldspurger [9]. 

COROLLARY 8.7. If L(f <g> eD, k) ^ 0, then the ratio 

L(f®eD,k)Dk-± 

L{f®eD,,k)(D')k-i 

lies in Q(/)2 . 
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