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We consider inference for possibly misspecified GMM models based on possibly
nonsmooth moment conditions. While it is well known that misspecified GMM
estimators with smooth moments remain /7 consistent and asymptotically normal,
globally misspecified nonsmooth GMM estimators are n'/ 3 consistent when either
the weighting matrix is fixed or when the weighting matrix is estimated at the n'/3
rate or faster. Because the estimator’s nonstandard asymptotic distribution cannot be
consistently estimated using the standard bootstrap, we propose an alternative rate-
adaptive bootstrap procedure that consistently estimates the asymptotic distribution
regardless of whether the GMM estimator is smooth or nonsmooth, correctly or
incorrectly specified. Monte Carlo simulations for the smooth and nonsmooth
cases confirm that our rate-adaptive bootstrap confidence intervals exhibit empirical
coverage close to the nominal level.

1. INTRODUCTION

Many GMM models are based on nonsmooth moment conditions that involve
indicator functions. Examples include quantile instrumental variables (e.g., Cher-
nozhukov and Hansen, 2005; Honoré and Hu, 2004b) and simulated method of
moments that are based on frequency simulators (McFadden, 1989; Pakes and
Pollard, 1989). While the asymptotic behavior of nonsmooth GMM estimators
has been well established when the model is assumed to be correctly specified,
in practice it can happen that the model is misspecified in the sense that the
population moment conditions evaluated at the parameter value which minimizes
the population GMM objective do not equal zero. For example, Phillips (2015)
points out that quantile regression is always misspecified for a model with unit-root
nonstationary regressors. In this paper, we derive the rate of convergence and the
limit distribution for the GMM estimator based on nonsmooth moment functions
in the misspecified case. The study of misspecification is not only important for
estimation and inference of model parameters and for model testing and selection,
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but also important for studying the properties of computational methods (Creel
et al., 2015).

Misspecified GMM models are studied in, for example, Hall and Inoue (2003),
Berkowitz, Caner, and Fang (2012), Guggenberger (2012), Lee (2014), Hansen
and Lee (2021),Bonhomme and Weidner (2022), Giurcanu and Presnell (2018),
Armstrong and Kolesar (2021), and Cheng, Liao, and Shi (2019). All assume that
the sample moment conditions are smooth (in the sense of twice continuously
differentiable) or directionally differentiable (in the sense of Gateaux) in the
parameters, which allows the GMM estimator to remain +/z consistent and asymp-
totically normal. In the case of smooth moments, Hall and Inoue (2003) derived
the asymptotic distribution of globally misspecified GMM estimators in the sense
that the population moments are equal to a vector of fixed nonzero constants that
do not approach zero as n — 0o. They show that the globally misspecified smooth
GMM estimator is still v/n-consistent and asymptotically normal, except with a
different variance—covariance matrix than the correctly specified case. In contrast,
we show that globally misspecified GMM estimators with nonsmooth, specifically
non-directionally differentiable moments, converge at the cubic-root rate to a
nonstandard asymptotic distribution, similar to ones in Kim and Pollard (1990) and
Jun, Pinkse, and Wan (2015). This nonstandard distribution cannot be estimated
consistently by any of the current methods for bootstrapping GMM estimators
(for example, the standard [nonparametric] bootstrap, centered bootstrap of Hall
and Horowitz, 1996, or empirical likelihood bootstrap of Brown and Newey,
2002) because convergence to this limiting distribution is not locally uniform in
the underlying data generating process (DGP) (Lehmann and Romano, 2006).
However, other resampling methods such as subsampling (Politis, Romano, and
Wolf, 1999) or the numerical bootstrap (Hong and Li, 2020) will work, assuming
that we know the rate of convergence. In other words, we need to know whether
the model is correctly or incorrectly specified because if the nonsmooth GMM
estimator is correctly specified, then the asymptotic distribution remains +/n-
consistent and asymptotically normal.

An insightful paper by Cattaneo and Nagasawa (2020) proposes a rate-adaptive
bootstrap for M-estimators which does not require knowing the estimator’s rate
of convergence to consistently estimate the estimator’s limiting distribution and
to construct asymptotically valid confidence intervals. They can overcome the
inconsistency of the standard bootstrap because they are bootstrapping consistent
estimates of the components of the nonstandard limiting distribution rather than
applying the bootstrap to the objective function of the M-estimator. Taking
inspiration from their paper, we propose a rate-adaptive bootstrap that consistently
estimates the limiting distribution of the GMM estimator regardless of whether the
model is correctly or globally incorrectly specified, smooth or nonsmooth. Our
rate-adaptive bootstrap procedure differs from the one in Cattaneo and Nagasawa
(2020) because our focus is on GMM, which is not handled by their procedure for
M-estimators. In the case where the model is correctly specified, our rate-adaptive
bootstrap confidence intervals cover the true parameter with the specified nominal
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coverage probability asymptotically. In the case where the model is globally
incorrectly specified, the rate-adaptive bootstrap confidence intervals achieve the
nominal coverage asymptotically for the pseudo-true parameter, which is defined
as the parameter which minimizes the population GMM objective function. We
acknowledge that our rate-adaptive bootstrap is not uniformly valid because it
cannot consistently estimate the asymptotic distribution for locally misspecified
models where the population moments are drifting toward zero at the /n rate.
The difficulty lies in not being able to consistently estimate the drift constant
which appears in the asymptotic distribution. For procedures that handle local
misspecification for smooth GMM models, we refer readers to the important work
by Bonhomme and Weidner (2022), Armstrong and Kolesér (2021), and references
therein.

Both Lee (2014) and Giurcanu and Presnell (2018) have proposed bootstrap
procedures that are robust to misspecification, but neither allows for the
moment conditions to be nonsmooth. Lee (2014) used Hall and Inoue’s (2003)
misspecification-robust (MR) estimator of the asymptotic variance of GMM to
develop an MR bootstrap procedure. We investigate their procedure in Appendix
A.4’s Monte Carlo study and find that our procedure has similar performance to
theirs when the moments are smooth. Giurcanu and Presnell (2018) recommend
first testing for misspecification using a J-test and then applying either the standard
bootstrap, centered bootstrap of Hall and Horowitz (1996), or empirical likelihood
bootstrap of Brown and Newey (2002) depending on the outcome of the test.
In contrast to Giurcanu and Presnell (2018), our procedure does not test for
misspecification but instead adaptively performs inference for the pseudo-true
parameter under misspecification. However, we are similar to Giurcanu and
Presnell (2018) in that we also find that the choice of the weighting matrix impacts
the GMM estimator’s asymptotic distribution.

Several important papers have considered another form of misspecification
which arises in the context of two-step semiparametric GMM estimators, where
the lack of precision in the first-stage nonparametric estimator can make traditional
normal confidence intervals suffer from extreme undercoverage. Cattaneo and
Jansson (2018) propose novel bootstrap percentile confidence intervals which pro-
vide an automatic method of bias correction and are therefore “robust” to first-stage
misspecification. Their intervals are derived from a new bootstrap distributional
approximation based on small bandwidth asymptotics. In a recent paper, Cattaneo
and Jansson (2022) consider the problem of estimating the average density of a
continuously distributed random vector and show that the nonparametric bootstrap
can consistently estimate the distribution of the simple plug-in estimator even
though the estimator is known to be biased. This automatic bias correction property
is qualitatively related to the ability of the rate-adaptive bootstrap to automatically
select in or select out certain components of the asymptotic distribution depending
on the level of smoothness and specification of the moments.

Section 2 explains in greater detail the different impacts that global misspec-
ification has on the asymptotic distribution of GMM when the moments are
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smooth versus nonsmooth. We show that misspecification under the nonsmooth
case is of more concern because the rate of convergence becomes cubic-root and
the asymptotic distribution becomes nonstandard, thus invalidating the standard
bootstrap or inference using asymptotic critical values. We explain how our
rate-adaptive bootstrap can still provide consistent inference for this nonsmooth
case as well as for the smooth case under either correct specification or global
misspecification. We also provide three examples illustrating the applicability
of our method: GMM formulation of instrumental variables quantile regression
(Chernozhukov and Hansen, 2005), simulated method of moments (McFadden,
1989; Pakes and Pollard, 1989), and dynamic censored regression (Honoré and
Hu, 2004a). While Section 2 studies the one-step GMM estimator under a fixed
weighting matrix W, Section 4 studies the two-step GMM estimator computed
using an estimated weighting matrix W, and proposes a rate-adaptive bootstrap for
consistent inference. Section 5 contains Monte Carlo simulation results demon-
strating that the empirical coverage frequencies of the rate-adaptive bootstrap
confidence intervals are close to the nominal level, while the empirical coverage
frequencies of the standard bootstrap confidence intervals are far from the nominal
level for a simple location model and a quantile regression model with misspecified
nonsmooth moments. Section 6 concludes. The Appendix contains additional
theoretical results and proofs of the theorems, in addition to another Monte Carlo
example with misspecified smooth moments, where the rate-adaptive bootstrap
performs just as well as the standard bootstrap in terms of empirical coverage and
average interval width.

2. GMM MODEL WITH FIXED WEIGHTING MATRIX

Consider a random sample &, = (X,X5,...,X,) of independent draws from a
probability measure P on a sample space X. Define the empirical measure P, =
% Y i, 8x,, where 8, is the measure that assigns mass 1 at x and zero everywhere
else. Denote the bootstrap empirical measure by P}, which can refer to the
multinomial, wild, or other exchangeable bootstraps. Weak convergence is defined
in the sense of Kosorok (2007): X,, ~» X in the metric space (D,d) if and only if
SUpPsepr, |E*f(Xn) — Ef (X)| — O where BL; is the space of functions f : D —> R

with Lipschitz norm bounded by 1. Conditional weak convergence in probability

is also defined in the sense of Kosorok (2007): X,, T\]% X in the metric space (D, d)

if and only if sup;.;, |Evif (X,) — Ef (X)| = 0 and Eyf (X,))* — Eyif (X,), — 0
for all f € BL,. Ew denotes expectation with respect to the bootstrap weights W
conditional on the data, and f(X,,)* and f(X,), denote measurable majorants and
minorants with respect to the joint data (including the weights W). Let X} = o}, (1)
if P(1X}] > €|X,) = op(1) for all € > 0. Also, define M} = O} (1) (hence also
Op (1)) if limmﬁoolimsupn_)ooP(P (M;‘ > m|Xn) > E) — OVe > 0.

Define the moment function 7 : X x ® — R”. To simplify exposition, we first
consider a fixed weighting matrix W. Later in Section 4, we will consider estimated
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weighting matrices. The GMM estimator using a fixed positive definite weighting
matrix W and sample moments 7, (6) = P,7 (-,0) is given by

A ~ ~ 1
0, = argmin Q, (0), 0, (0) = =7, (0) W, ().
He®CRd 2

We assume the population GMM objective has a unique minimizer 6% =

argmin Q (0) where Q (0) = %JT ©) Wr (0) and 7w (0) = Pr (-,0). Itis well known
0e®
from standard results in Newey and McFadden (1994) that for correctly specified

models where 7 (0#) =0, Vn (én — 9#> ~ (G’WG)f1 G’WN(O, Pr (-,9#) T
(~,9#)/), where G = %n (9#).

Under model misspecification, the asymptotic distribution differs depending on
whether the model is smooth or nonsmooth. For smooth models that are globally

misspecified in the sense that  (-,0) is twice continuously differentiable with
respect to 6 and 7 (6%) = ¢ for a vector of fixed constants ¢ # 0, Hall and Inoue

(2003) showed that /5 (én — 9#) N (0, i erl/> where

2y =P (x (-6%) =7 (6%)) (x (-6") — 7 (6")),

B =Pl (0 -7 ()2 0 w( D (.07 -G)
Yo =X,
J # ' # #/ 0 #

S =P ﬁn(yQ)—G W (6%) 7 (6%) W 849”( ") -G, [PA))

QL=GWZ WG+ Xy +GWZ |+ 3 WG,

H=GWG+Y_ > Wy (6") Hj,

=1 k=1

where for each j = 1,...,m, define H; = 3039,7{/ (6%).

Although misspeciﬁcatlon changes the asymptotic distribution of smooth esti-
mators, the estimator remains »/7n-consistent, and the nonparametric bootstrap can
be used for inference. However, misspecification is a much more serious issue
in the nonsmooth case because the rate of convergence becomes cubic-root and
the asymptotic distribution becomes nonstandard, which invalidates the standard
bootstrap. For GMM estimators that are globally misspecified and nonsmooth,
specifically non-directionally differentiable (in the sense of Gateaux), we will
show that

n'/3 (én - 9#) ~ argmin {n’ (9#)/ WZo(h)+ lh’I:Ih} .
heRd 2

Zy (h) is a mean-zero Gaussian process in the space of locally bounded functions
Bioc (Rd) equipped with the topology of uniform convergence on compacta.
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Forg(,0)=n(-,0)—mx (-,6#), the covariance kernel of Z (h) is

. 4 S s 1Y
X1 = hman(~,9 +—)g<.’9 +_) _
a—> 00 o o

We next develop a rate-adaptive bootstrap procedure to consistently estimate the
limiting distribution of the GMM estimator regardless of whether the model is
correctly or incorrectly specified, smooth or nonsmooth. In other words, we do
not need to know the rate of convergence of the GMM estimator when using
the rate-adaptive bootstrap to construct asymptotically valid confidence intervals
for 6%. The rate-adaptive bootstrap estimate in the case of a fixed weighting

matrix W is
g = argmin {n (é,,)/ W (Pt —P,) (n (.0 —7 (9)) 2.2)
2 (0-0) [Gwa o Wi (3.) 1 | (0-4.)
=1 k=1

+(o- én)/ GW (Py =Py (-6n) } .

Here, 7, (én) =P, (~, én), G is a consistent estimate of G, and I:Ij is a consistent
estimate of H;, forj=1,...,m.
For y € {1/3,1/2}, we will show that the limiting distribution of n” (é:{ — én)

coincides with the limiting distribution of n” (é,, — 9#). We do not need to know

the value of y in order to form asymptotically valid confidence intervals for 6%
using the empirical distribution of é: —6,,. The intuition for why our rate-adaptive
bootstrap procedure is consistent is similar to the arguments given in Cattaneo
and Nagasawa (2020). Instead of bootstrapping the GMM objective function, we
are bootstrapping consistent estimates of the different components that can appear
in the asymptotic distribution, depending on whether the model is correctly or
incorrectly specified, smooth or nonsmooth. For the case of nonsmooth moments,
the first term in (2.2) is used to approximate the Gaussian process (9#)/ W2, (h),
while the second term is used to approximate the quadratic mean %h’Hh. The
third term will disappear asymptotically for nonsmooth models but remain for
sufficiently smooth models. We can use the same estimator for both smooth and
nonsmooth models because their different rates of convergence will automatically
cause the appropriate terms to disappear from the asymptotic distribution.

The following steps illustrate how to use the rate-adaptive bootstrap to form
asymptotically valid intervals for 0% if we use the multinomial bootstrap empirical
measure P} = %Z?zl W,idx, for the multinomial vector W, = (W, ..., W,,)
with probabilities (1/n, ..., 1/n) and number of trials n.
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1. Compute 6, 7, (én) =15 x (Xi,én), (A;,ﬁljforjz I,...,m.

n Lai=1

2. Repeat for B bootstrap iterations: draw a bootstrap sample X7,..., X and

compute
é;f = arégen(})in [frn (én>/ w (’12 lznl: (71 (X;k,G) -7 (X;»k,én)) - % é (JT X;,0) -7 (Xisén»)
+H(o-b) (f;'wm 3% Wit (0) zfzj) (0-4)
j=1k=1

+(o-d.) 6w (lz( (x7.60) = (Xi,@n))) ]

3. Fork=1,... ,{l, compute the 1 —«/2 and «/2 percentiles of the empirical
distribution of 0}, — 6. Call them ¢y, 12 and ¢ o/2.

A 1 —a two-sided equal-tailed confidence interval for 6] can be formed by

[an — Ck,1-a/2> Onk — Ck,a/z] .

We will use the following notation to denote the stacked confidence intervals for
the vector of parameters:

I:én - lea/Zvén - Ca/2:| .

We can also compute a confidence interval for p (9#), where p : ® — R, by using

the percentiles of the empirical distribution of p (A,f) —p (é,,):
[p (én) —Cp,1—a/2, P (én) - Cp,ut/Z:I .

2.1. Asymptotic Distribution for Nonsmooth Misspecified GMM
Using a Fixed Weighting Matrix

Throughout the paper, we will impose the following assumptions. The different
values of y and p depend on the rate of convergence of 6,,.

Assumption 1. For 0, (0) = 1P,7 (-.0) WP, (,0) and Q(9) = LPr (,0)
WPr (-,0), where W is positive definite, suppose the following conditions are
: 1 1.
satisfied for some p € {5, 1} and y = TemmE
() 00 (0) = inf 0 ©)+0r (7).
c®
(ii) inf  Q(0) > Q(6*) forall e > 0.
0e®:]|0—0%|>€
(iii) sup||P,7(-,0) — Pr(-,0)[ = op(1).
0e®

@iv) supP|m(-,0)| < oo.
6e®
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Assumption 2. Letg(-,0)=n (-,0) —7 (-, 6#) satisfy the following conditions
1 1.
for some p € {5,1} and y = TemmE
(i) 6" is an interior point of ®.
(ii) The classes of functions Gg = {g;(-,0) : |16 — 0%l <Rj=1,...,m} for R
near zero are uniformly manageable for the envelope functions Gg (-) =

sup |gj(~,9)|.
8i€GR

(iii) Pg(-,0) is twice differentiable at 6% with full-rank Jacobian matrix G =
L (6%) and positive-definite Hessian matrices H; = %je/”j (6%) for j =
1,...,m.

(iv) Z,(s.0) = lima®Pg (0% +2)g(-.0%+ ai)/ exists for each s, 7 in R?.

a—00

() lim a*Pllg (- 6%+ L) IP1{lIg(-.6%* + )| > ea* '~} = 0 for each € > 0
a—>00

L
and r € R?.
(vi) PG12e = O(R?*") for R — 0.
(vii) For each n > 0, there exists a K such that PG,ZQI{GR > K} < nR* for R
near 0.
(viii) Pllg(-,01) — g (-, 02) || = O (161 — 6211**) for |16, — 61 — O.
(ix) H=GWG+ Y /L, i Wy (0%) H; is positive definite.

Assumption 1 is needed to show consistency of 6, for 6*, while Assumption
2 is needed to derive its asymptotic distribution. Manageable classes are defined
in Definition 4.1 of Pollard (1989), and an example is all euclidean classes. A
manageable class for a constant envelope is a universal Donsker class in the sense
of Dudley (1987). Uniform manageable classes are manageable classes for which
a uniform upper bound exists in the maximal inequalities for the corresponding
empirical processes. As discussed after Corollary 3.2 of Kim and Pollard (1990),
we need to assume G are uniformly manageable in order to demonstrate stochastic
equicontinuity of certain processes that appear in the expansion of the objective
function. We demonstrate stochastic equicontinuity by applying the maximal
inequalities in Lemma 3.1 of Kim and Pollard (1990) over the classes Gg for all
values of R near zero, rather than a particular value of R.

Similar to Kim and Pollard (1990), the cubic-root rate of convergence is obtained
when Assumptions | and 2 are satisfied for y = 1/3 and p = 1/2. In particular,
this amounts to a linear rate of decay of PG,ZQ. Usually the linear rate of decay arises
when 7 (-,0) is not directionally differentiable, such as the ones that appear in the
GMM formulation of IV quantile regression or simulated method of moments.
Other types of nonsmooth moments that are directionally differentiable do not
have this linear rate of decay and therefore retain the /7 rate of convergence. We
now provide some examples that distinguish between different types of nonsmooth
moments.

Example 1. GMM formulation of instrumental variable quantile regression
(IVOR): This example studies how to do inference in the case of possible
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misspecification of moments in Chernozhukov and Hansen’s (2005)) IVQR
GMM estimator. The IVQR estimator can be used to estimate quantile treatment
effects under non-compliance, and under correct specification, the estimator is
known to be /n-consistent and asymptotically normal. However, if the moments
are (globally) misspecified, which can happen, for example, if the instruments
are invalid, then the estimator is cubic-root consistent and has a nonstandard
asymptotic distribution.

The moment conditions for IVQR are nonsmooth, in particular non-directionally
differentiable, because m (-,0) = (v —1(y; <q(d;,w;,0)))z;, where y; is the
dependent variable, d; is a vector of endogenous regressors, w; is a vector of
€X0genous regressors, z; is a vector of instruments, and ¢ () is the quantile response
function, which has a single index structure g (d;,w;,0) = q(x}0) for x; = [d;, w;].
Additionally, g (-) is assumed to be a monotonic, twice differentiable function,
and F) . is absolutely continuous. For 7 (6) = E(t — Fyx-(q(¥'6%)))z, the
Jacobian is G = L (0%) = —Efy.. (¢ (¥'0%))zg (¥0%)x’ and the jth element
of the Hessian is H; = i (6%) = —Ef),. . (a(¥6")) 7 (¢' (6%)) xx +
Efyx (q (x’G#)) ziq" (x’G#) xx'. We will assume that the assumptions in Cher-
nozhukov and Hansen (2005) needed to ensure that G and H; are well defined
are satisfied.

A crucial condition that generates cubic-root convergence in globally misspeci-
fied models with non-directionally differentiable moments is when the value of p
that satisfies Assumption 2 is p = 1/2. In the Appendix, we show this is true for
this example.

Example 2. Simulated method of moments: Simulated method of moments has
a wide range of applications especially in discrete choice models where an agent’s
choice probabilities are too complicated to calculate analytically (McFadden,
1989; Pakes and Pollard, 1989). Instead, we take simulation draws from some
assumed distribution for the errors and using the empirical frequency simulator
to estimate the choice probabilities. In this example, we consider a binary discrete
choice model, but the results are easily generalizable to multivariate discrete choice
models.

The moment conditions are i (-,6) = (y[ — é Zle 1 (h (x;@) + i > 0)) Zi,
where y; € {0,1} is the choice of individual i, z; is a vector of instruments,
x; is a vector of covariates, A (-) is a monotonic, twice differentiable func-
tion, and {n,s} _, are individual i’s simulation draws from an absolutely
continuous distribution Fy, . with density function f;, symmetric around
zero. For () = E(y— Fyx-(h(x¥0)))z, the Jacobian is G = L (6%) =
—Ef,,|”( (x’G#))zh’( ’0#))5’ and the jth element of the Hessian is H; =
o (0%) = —Efy,  (h (6%)) 5 ( (¥67))”x + Efype (1 (¥6%)) 5" (x'6%) 2
We will assume that the assumptions in McFadden (1989) needed to ensure that
G and H; are well defined are satisfied.
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We verify in the Appendix that the value of p that satisfies Assumption 2 is
p=1/2.

Example 3. Dynamic censored regression: Honoré and Hu (2004a) consider
the estimation of a panel data censored regression model with lagged dependent
variables: y; = max{0,y;_16 + «;+€;} where {eit}thl is a sequence of i.i.d.
random variables conditional on (yj, ;). They show that the GMM estima-
tor of 6 using 7 (-,0) = max{0,y; —y;—10} — yy—1 as the moment conditions
will be /n consistent and asymptotically normal and that the true parame-
ter uniquely satisfies the population moments under correct specification. The
stacked moments are 7 () = [7, (0),...,77(0)], where for each t =2,...,T,
7 (0) = E[max{0,y; — yiu—10} —Yi—1] = E[1 Qi > yi—10) Qi — Yir—160) — yir—1].
The Jacobian is G = [G,, ...,Gr]' for G, = —E[yi—11 (yir > yu—10")], and the
Hessians for r =2,...,T are H, = E [yi—1fy i, (Vit—10")

Even though 7 (-,0) is nonsmooth, the /n rate of convergence arises because
7 (-,0) remains directionally differentiable. We check in the Appendix that the
value of p that satisfies Assumption 2 is p = 1 instead of p = 1/2 as in the previous
two examples.

THEOREM 1. Suppose (6’#) = c for a vector of fixed constants ¢ # 0 and that
Assumptions I and 2 are satisfied for y = 1/3 and p = 1/2. Then, 6, — 0% = op(1)
and

A 1 -
1/3 # . #/
nl/ (9,,—9 )warg}l}elﬁr}{n(@ ) WZo,l/z(h)—}—Eh/Hh},

H=GWG+ Xm:Xm: Wy (0%) H;

j=1 k=1

where Z 1,2 (h) is a mean-zero Gaussian process with covariance kernel

. s S 4 Y
Zl/z(s,t):aan;oan(-,Q +;)g<,9 +;) .

In the Appendix, we show that the globally misspecified GMM estimator
is 4/n-consistent when the moments are nonsmooth but remain directionally
differentiable. In the correctly specified case, a reduction to the standard result
of Newey and McFadden (1994) previously mentioned is achieved.

3. RATE-ADAPTIVE BOOTSTRAP FOR FIXED WEIGHTING MATRIX

We impose the following envelope integrability assumptions in order to show that
n (é,, - 9#) and n” (é: — én) have the same limiting distribution. The assumption
is needed to show bootstrap equicontinuity results so that both the localized
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empirical process and its bootstrap analog converge weakly to the same limiting
process. There are some differences between our assumption and the ones in
Cattaneo and Nagasawa (2020) because Cattaneo and Nagasawa (2020) show
bootstrap equicontinuity using the maximal inequalities in Pollard (1989), whereas
we make use of Lemma 4.2 in Wellner and Zhan (1996), which states that
stochastic equicontinuity implies bootstrap equicontinuity under a relatively mild
envelope (square) integrability assumption (their Assumption AlS).

2(2 o7 define m, (-,0,h) =
n'f (71 (-; 0+ niy) — 7 (- 6)). (i) For any €, — 0 and any compact set K C R¢,

Assumption 3. For some p € {1,1} and y =

L+nv]0 — 6%

n\’s 07 h — My 0#1 h
lim lim supsupz® P sup it ) = ) H >t =0
A—>00 oo >\ hek, |0—6%| <en

(ii) Furthermore, if Assumptions | and 2 are satisfied for y = 1/2 and p = 1, then,
for any €, — 0,
> t} =0.

Using the notation of Assumption A.5 of Wellner and Zhan (1996), Assumption
3(i) is using B (0) (h) =my,, (-,6,h) and H = K. Assumption 3(ii) is using B (¢) (h) =
7 (-,0) and H is a finite set whose cardinality is the dimension of 6.

Strong sufficient conditions for Assumption 3 are that the envelopes are
uniformly bounded. For all sufficiently large n such that €, — 0 and any
compact K C R4, there exists some constants C; > 0 and C, > 0 such that

(0,0 —my (-.6% h) 7(.0)—n(-.6%)
sup ‘ W H < Cl, and sup m < C2.
hek., |0—0%| <, 16—6%]|<en

The next theorem illustrates consistency of the rate-adaptive bootstrap for
correctly specified and globally misspecified models which can be either smooth
or nonsmooth. Under correct specification, the asymptotic distribution is normal
for smooth and nonsmooth moments. Under global misspecification, the asymp-
totic distribution is normal in the smooth case but in the nonsmooth case, it is
nonstandard.

7(,0) =7 (6%
1+ /nllo — 67|

lim lim supsups> P { sup

A0 noo izh lo—6*l<en

THEOREM 2. Suppose Assumptions I and 3 are satisfied, G5 G, and I:I] LS H;

forj=1,....m
For correctly specified models,

~ A P 1 ’
6:=6,) = (GWG) ™ GWN (0.Px (6" 7 (-6")).
V(0 =6,) % (G'wo) 7 (.6 7 (6%)
For globally misspecified models with twice continuously differentiable w (-,0), if

Assumptions 1 and 2 are satisfied fory =1/2,p =1,
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ﬁ(éj —é,,) %N(O,H_IQI:I_V),

where Q and H are defined in equation (2.1). If instead Assumptions I and 2 are
satisfied fory =1/3,p=1/2,

~ ~ , 1 -
n'/3 (9: — Gn) % argmin {n (9#) WZy1(h)+ Eh/Hh} )
h

4. THE CASE OF AN ESTIMATED WEIGHTING MATRIX

We now consider the case of an estimated weighting matrix. First, we show that a
nonsmooth misspecified GMM has a different asymptotic distribution depending
on the rate at which the estimated weighting matrix converges to its probability
limit. Next, we show that the rate-adaptive bootstrap needs to be modified to
include an additional term to capture the variation between the estimated weighting
matrix and its probability limit.

Note that we need to redefine the presumed to be unique pseudo-true parameter

to be #* = argminm (9)' W (Gf ) 7 (6) where W (Of) depends on the presumed to
0e®
be unique 1-step GMM pseudo-true parameter using some fixed weighting matrix

Wy: 6] = argminz (§) Wy (9). For example, we may choose W (6f) to be the
0e®
inverse of the variance—covariance matrix of the population moments evaluated at

/ Al . .
Gf: w (Gf) = (E [n (-,Gf) T (~,9f) ] -7 (0#) T (Gf) ) . Different choices of W;
and W (0{’) typically lead to different values of 6%, but we suppress the dependence
of #* on the weighting matrices for notational simplicity.
The estimated weighting matrix W, (él> will depend on the one-step GMM esti-

mator §; = argminst (6)' W17 (9). The next theorem demonstrates that the globally
fe®

misspecified two-step GMM estimator §, = argmins (6)' W, (él) 7 (6) with non-
0e®
directionally differentiable m (-,0) will have a different asymptotic distribution

depending on the rate at which W, (él) converges to W (Gf ) To simplify notation,
we will use W, to refer to W, (él) and W to refer to W (6f).

THEOREM 3. Suppose 1 (9#) = ¢ for a vector of fixed constants ¢ # 0 and that
Assumptions | and 2 are satisfied for y =1/3 and p = 1/2. B

If Wy — W = op (n_l/3), then 6, — 6% = op(1) and for Zy(h) =
b4 (9#)/ WZo,1.2 (),

~ _ 1 _
1/3 _p# : Y
n (9,, 0 ) ~ arg min {zo (h)+ 5h Hh}.
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#\/ 2/3 P —P) ( 9#+7’l_1/3h)
I W — ~1/3 7 (0%) wWn? (P, g
If Wy —W = Op(n'7) and ( WG (W, — W) (6) -
Z_O (]’l) . . 2
( WG W, ) in the product space of locally bounded functions {BI{,C (Rd)} for
some tight random vector W, then é,, — 6% =0p(1) and

N - 1 -
n'/3 (Gn — 9#) ~s argmin { Zo (h) + G Wo+ =W'Hh} .
heRd 2

When W, converges to W at the cubic-root rate, we assume that n'/3 (W, — W)
7 (6%) converges in distribution to some tight random vector Wy. W,’s cubic-root
rate of convergence arises when the moments are nonsmooth (non-directionally
differentiable) and misspecified because then the one-step GMM estimator 0,
converges at the cubic-root rate and determines the asymptotics of W,,. More details
are in Appendix A.3.

In the case where the moments are smooth, our estimated weighting matrix W,
typically satisfies the following assumption, which states that W, is 1/n-consistent
with an influence function representation, and that the bootstrapped weighting
matrix W' shares the same influence function representation.

Assumption 4. The weighting matrix W, satisfies \/n (W, — W) = \/n (P, — P)
¢ (-.0f) + op(1) where 6 is the probability limit of the one-step GMM esti-
mate using a fixed weighting matrix, PHvech (¢> (-,OI’E))”2 < 00, and the boot-

strapped weighting matrix W has the same representation /n (W;,k - Wn) =
Jn(Pi—P,) ¢ (-6]) 4+ 0p(1). Additionally, for each € > 0 and t € RY,

Vng
lim P 75 _79# n 9#) f) >e/nt =0.

T vech (qb ( Vech Of))

When we use an estimated weighting matrix, we have to modify the rate-
adaptive bootstrap estimate to include an additional term that accounts for the
additional variation induced by estimating the weighting matrix:

§* = argmin {n (én)/ W, (P =P (7 .00 =7 (6)) @.1)
0ec®
1 ) N m m ) A A
+5 (0-8) [GW.G+ ;; Wit (62) 87 | (0—6,)
+(9_én G/WH(P;:_Pn)T[<10n)
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where Wi = Wy (é]*) could potentially depend on the rate-adaptive bootstrap

estimator él* using a fixed weighting matrix W;:

07 =argmind , (3,) Wi (5 =) (.00~ (0,)) @2
j=1 k=1

+(o-0.) G -r)x (.0},

The following theorem shows that the rate-adaptive bootstrap is consistent for the
limiting distribution of the two-step GMM estimator under correct specification
and different scenarios of global misspecification.

THEOREM 4. Suppose Assumptions I and 3 are satisfied, G> G, and I:I] LS H;
forj=1,...,m.

(i) For correctly specified models, when W, — W = op (1) and W)y — W, = 0p(1),
Va(6;-6,) % (GwG) ™ 6w (0.Px (67 (6 ).
(i1) For globally misspecified models with twice continuously differentiable

7 (-,0) where Assumptions | and 2 are satisfied for y = 1/2 and p = 1,
and the weighting matrix W, satisfies Assumption 4,

Jn (é;; - é,,) SN (0, ! QWFI—") ,

Qw = G/WEUWG-F Yo+ G,W212 + X1 WG
+ G/E33G+ G/WZ]3G+ G/E_g] WG+ X3G+ G/E32,

where H, 11, 12, X1, and Ty, are the same as in equation (2.1) and

B = P(x (-6%) 7 (6°)) 7 () (6 (-61) 9 (7))

Y31 =X,

9 ' ' '
v =P (L (0% -6) W 67 (07 0 .00) 0 01).
Y3 =X,

3y =P(¢(-6]) — 9 (6)) 7 (6") 7 (6%) (¢ (- 6}) o (61)) .

(iii) For globally misspecified models where Assumptions I and 2 are satisfied for
y=1/3and p=1/2, if W, — W = op (n’1/3) and Wy —W, = o;‘,(n’m),
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then

o . , 1
n'/3 (6: —Hn) % arg}rlnm {n (0%) W20, (h) + Eh’Hh} )

g™ (0%) W2 (P, — P g (0" +n71Ph) \ (7 (0%) WZ10 ()
HG'n'? (W, —W)r (6%) WG'W,
in {Bl(,c (Rd) }2 for some tight random vector W, and

7 (0%) Wil (Pr = Po) g (0% +n1h) \ 2 (7 (6%) W20 (h)
h/G/nl/3 (W: _ Wn) T (9#) W h/G/WQ

in {Bloc (Rd) }2, then

N , 1o
n' (85 =) %> argmin {7[ (6") W 20,12 (h) + 1/ G Wy + 5h’brh} .
h

5. MONTE CARLO

5.1. Nonsmooth Location Model

Consider a simple location model with i.i.d. data,
yi=0+e€,i=1,...,n,

where €; ~ N(0,1) and 6y = 0.
For 7 (-,0) = [1 (y; < 6) — t;y; — 0], let the population moments be

7 (0) =[P <0)—T;Ey;—6].

The model cannot be correctly specified as long as t # 0.5. First, consider using a
fixed weighting matrix W = I, and consider the following GMM criterion function
and its probability limit:

2 2
. 1< 1 <
Qn<9)=ﬁn(9>’ﬁn<9>=(;Zl(ys@—r) +(;Zyi—e) ,
i=1

i=1

QO)=m(6)7(0)=(Pyi<6)—1)°+(Eyi—0)*.

The pseudo-true value #* = argminQ (9) is given by the root of the following
0e®
equation:

56" (P, (6) =) +6" =0.

We examine the empirical coverage frequencies of nominal 95% equal-tailed rate-
adaptive bootstrap confidence intervals:

[9n —€0.975,0, — Co.ozs] ,
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where c.975 and cggps are the 97.5th and 2.5th percentiles of éj — én. Recall that

6 = arger(r;in {ﬁn (én>/W((ﬁ,T ©)—m; (én)) - (fT O)—m (@1)))
%(9 j ) G’WG+§:XM:W]~;<M (én)ﬁj (9 _é”)

j=1 k=1
(0-0) aw (s (@,1)_7%(9;))},

where 7 (0) = 130 7 (y,,0) and 77 (0) = 1 30 7 (v7,6),

G:[ nl_thr'l:IKh(yi_é") } qu[ #Z?:ll(;t(yi_én) }

-1 0

for Kj (x) = K (x/h), K} (x) = K’ (x/h), K(x) = 27) 2™/, and K’ (x) =
—Q2m)~ Y 2xe=*/2. We use the Silverman’s Rule of Thumb bandwidth 4 =
1.06std(y)n~'/>, but the results are robust to other choices of the bandwidth such
as on the order of n=1/3, p=1/4 n=1/6 or n=1/19,

The first three columns of Table 1 show the rate-adaptive bootstrap empirical
coverage frequencies for #* (along with the average widths of the confidence
intervals in parentheses) for T € {0.1,0.3,0.5}, n € {200, 800, 1,600, 3, 200, 6,400},
B = 1,000 bootstrap iterations, and R = 1,000 Monte Carlo simulations. Due
to the symmetry of the problem, similar results will hold for T € {0.7,0.9} and
are available upon request. The remaining columns show the empirical coverage
frequencies of nominal 95% equal-tailed standard bootstrap confidence intervals

[é,, —dy.975, é,l — d0,025], where dy 975 and dj o5 are the 97.5th and 2.5th percentiles

of 8; — 0, for 6, = argmingee (ﬁ;f ) —m, (én)) (71 ) —71,,( ,l>). We can
see that the standard bootstrap performs well under correct specification (which
corresponds to T = 0.5), but the performance deteriorates as T moves away from
0.5, with more severe undercoverage for the smaller values of 7. In contrast, the
empirical coverage frequency of the rate-adaptive bootstrap is quite close to the
nominal level of 95% for all values of 7, even at the smaller sample sizes.

Now, we consider the case of an estimated weighting matrix. The variance—
covariance matrix of the moments is

— 2 f—
E(x (.0)— 7 0)) (1 (.6) —7 () = [ nee” Y }
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TABLE 1. Rate-adaptive versus standard bootstrap, fixed weighting matrix.

Rate-adaptive bootstrap Standard bootstrap
T 0.1 0.3 0.5 0.1 0.3 0.5
n =200 0.949 0.946 0.952 0.900 0.917 0.949
(0.330) (0.298) (0.279) (0.277) (0.277) (0.277)
n =800 0.950 0.955 0.949 0.864 0.920 0.947
(0.180) (0.156) (0.140) (0.139) (0.139) (0.139)
n=1,600 0.959 0.950 0.948 0.845 0.909 0.954
(0.134) (0.113) (0.099) (0.098) (0.098) (0.098)
n = 3200 0.957 0.960 0.955 0.828 0.889 0.936
(0.101) (0.083) (0.070) (0.070) (0.070) (0.070)
n = 6,400 0.952 0.946 0.947 0.797 0.894 0.951

(0.076) (0.061) (0.049) (0.049) (0.049) (0.049)

We consider using an estimate of the inverse of the variance—covariance matrix of
the moments as our weighting matrix:

[ )R 6) ()
WO ey
where 6, = argmingee 7, (8)' 7, (6), fy(é,) =1y K, (y,-—él), 7, (él) -

1y <yi < él) For 6, = argmingee 7, (8)' W, (él) 7, (9), the rate-adaptive
bootstrap estimate is

i =g 55 v () (550 -5 ) - (02 4))

3oy (s ) £ ) ) 040

(00 () (520 2
(-8 & (05 5) -

) ()|
The bootstrapped weighting matrix is

-1

=~

lli)
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where él* is the rate-adaptive bootstrap estimate using W = I, f”y* (é]*) =

L5 K (yj‘ —éf‘), and f’;‘ (éf) =151 (yl* < éf‘) We use the same
Silverman’s Rule of Thumb bandwidth as before 1 = 1.06std(y)n~'/.
We are interested in the rate-adaptive bootstrap empirical coverage frequencies

) -1
for 6% = argminm (6) W (9#) 7 (9) where W (6f) = |:F-V (07) —F (67)" —h (9?):|

6c® —fy (67) 1
and Qf = argminz (9) 7 (0). The first three columns of Table 2 show the empirical
6e®

coverage frequencies and average interval lengths of nominal 95% equal-tailed
rate-adaptive bootstrap confidence intervals:

[9n —€0.975,0p — 00.025] ,

where cpg75 and cogps are the 97.5th and 2.5th percentiles of éj — é,l. We
used B = 1,000 bootstrap iterations and R = 1,000 Monte Carlo simula-
tions. There is some slight under-coverage for the case of 7 = 0.5 and
over-coverage for the other values of t, but the performance is much bet-
ter than the standard bootstrap intervals shown in the remaining columns:

[én —doo7s, é,, — do,ozg], where dj 975 and dj o5 are the 97.5th and 2.5th percentiles
of 6, —6,, for 6, = argmingcg (fr;f ) —m, (én)) w (671) (fr,;“ ©) — 7, (én»
and 6, = arg mingce (ﬁ;f ©) — 7, (é,,)) (7%: ©®) —m, (én>). The standard boot-
strap has under-coverage across all values of t, except for the correctly specified
case of T = 0.5. This is to be expected because the standard bootstrap is

inconsistent under misspecification for nonsmooth models. However, the rate-
adaptive bootstrap will be consistent.

5.2. Quantile Regression

Motivated by Chernozhukov and Hong (2003) and Chernozhukov and Hansen
(2005), we consider the following DGP for g = Sy = 1:

u; 0 1 0 8
yYi =0y + ,BQd,' + u;, di ~N 0 s 0 1 0.5
Wi 0 § 05 1

It follows then that

—1 —1
105 4 105 0
u,-ld,-,w,-~N<(0 ’”(o.s : ) <W1i>,1—(o 5)(0‘5 ; ) (8)>
2 4 4
=N(<7§d,'+§w,- 5,17532)

2 4 4
vildi,wi ~N(ao+ﬁod,~+ (—gdi+ gvvi) 51— 532) :
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TABLE 2. Rate-adaptive versus standard bootstrap, estimated weighting matrix.

Rate-adaptive bootstrap

Standard bootstrap

T 0.1 0.3 0.5 0.1 0.3 0.5
n=200 0.967 0.968 0.944 0.691 0.844 0.951
(1211)  (0.686) (0285  (0.341)  (0329)  (0.310)
n =800 0.984 0.979 0.951 0.633 0.765 0.957
(0.702) (0.369) (0.143) 0.175) 0.172) (0.160)
n=1,600 0.982 0.949 0.941 0.606 0.755 0.965
0.521) (0.293) (0.101) 0.124) (0.122) 0.114)
n=73,200 0.985 0.960 0.963 0.575 0.708 0.976
(0.398) (0.235) (0.071) (0.089) (0.088) (0.081)
n= 6,400 0.977 0.950 0.951 0.562 0.674 0.963
0314)  (0.189)  (0.050)  (0.064)  (0.063)  (0.057)
The population moments are forz; = ( 1 d; w; )/,
/1
T (0)=E E_I(Yi§a+,3di) Z
/1
=E E_Ev\d,w(a“"ﬁdi) Z
el a—ag+ (B—Bo)di+ (5di — 3wi) 8 .
|\ J1- 482

At the true parameter values, the population moments are

TL’(@()) =F

—-o

Gai—

)3

Zi

Note that if § = 0, then we have a correctly specified model for median regression.

For values of § # 0, the model is misspecified. Because the researcher is not able

to observe &, it is desirable to have a procedure that will perform valid inference for

the true parameters 6y = (cg, Bp)’ when § = 0, and also will perform valid inference

for the pseudo-true parameters 8% = (a*, 8*) = argminz (6) W (§) when § # 0.
0

We first consider the case of a fixed weighting matrix W = I. The sample moments

are

n

A (0) = %Z(%—l(yisa+ﬂdi>)zi.

i=1
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The bootstrapped sample moments using the multinomial bootstrap are

ok 1 - l * £d *
b (9):526—1(% Sa—i—ﬂdi))zi.
i=1

The population Jacobian and Hessians are for Zii =(1,dy),

G®) = ~E[fian @+ pd) ud], Hy6) = —E [, (@ + B did, .

Hy (0) = —E £, @+ Bd)didd]).  Hy @) =—E|f},,, @+ Bdywidid]].

Their estimates are

R 1 & R R . 1 & . . .
6= LK (v-du—hud)ad.  E=——s LK (vi— G — Pudy) i,
7 1 : / ~ hH 7 7 1 : / ~ h ~
Hy=-—7 > K, (yi —ay — ﬁndi) didid;,  Hy=——7 D K, (yi —ap - ﬂndi) widid;,
i=1 i=1

where Kj, (x) = K (x/h), K} (x) = K (x/h), K (x) = 27)""2¢=/2, and K’ (x) =
— )2 xe=*'/2. The rate-adaptive bootstrap estimator in the case of a fixed
weighting matrix W is

é:f = argmin {ﬁn (é,,>/ W(Pfl — Pn) <7T (n0)—m (99:1))

0ec®
l R , A/ R m m R R R .
+5 (0-4) |G WG+X;;W,-MM (9.) ;) (0 -46.)
j=1 k=

+(o- én>/G/W(P: —P)x(-6,).

Table 3 compares the empirical coverage frequencies and average interval lengths
of nominal 95% equal-tailed confidence intervals [én —c0,975,é,, —Co.025 | con-
structed using the rate-adaptive bootstrap estimator and the centered standard
~ A / ~
bootstrap estimator §; = argmin (fr,’f ) —m, (9, )) (fr,’f ®) —m, (QH)). We use
0
B =2,000 bootstrap iterations, R = 5,000 Monte Carlo simulations, and § = 0.1
and & = 0.3. The standard bootstrap produces shorter intervals and undercovers
for all values of n, while the rate-adaptive bootstrap achieves coverage close to the

nominal level for both parameters.
Now, consider the case of an estimated weighting matrix. Let W (6f) =

plim W, <é1> be the probability limit of an estimated weighting matrix computed
using an initial GMM estimator 6, = argmins, (6)' 77, (9) whose probability
0

limit is 6] = argminz (9)' 7 (9). The pseudo-true parameters are given by
6
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TABLE 3. Rate-adaptive versus standard bootstrap, fixed weighting matrix W = 1.

n 200 800 1,600 3,200 6,400
ap 0.967 0.954 0.957 0.957 0.957
Rate-adaptive (0.362) (0.188) (0.136) (0.099) (0.072)
Bo 0.969 0.951 0.950 0.954 0.955
(0.380) (0.195) (0.139) (0.100) (0.072)
a 0.861 0.915 0.919 0.915 0.910
Standard (0.280) (0.177) (0.125) (0.088) (0.062)
Bo 0.852 0.909 0.913 0.912 0.921

(0.282) (0.184) (0.130) (0.092) (0.065)

6% = argminm (0)' W (6f) 7 (6). W (6f) is the inverse of the variance—covariance
0

matrix of the population moments

w(l) = (E[x (.60)7 (.60 ] = () (81))

- <E [E [ (% —1(y<e* +/3*di)>2 z,-:| z,»zé} —n (6f) (91")/)_1
- (bt -m )

The last line follows from the fact that conditional on z;, % -1 <a*+p*d)
is a Bernoulli random variable that equals —% with probability Fy4,, (a* + B*d;)
and equals % with probability 1 — Fyq ,, (* + B*d;). Therefore, E[(% 1@y <a*+
Brd)lzi] = .

The estimated weighting matrix is

-1
. 11, . (AN~ (AV
= (5) = (23w (0) 2 3) )

The bootstrapped weighting matrix is computed using the multinomial bootstrap
and an initial rate-adaptive bootstrap estimator 6;" computed using a fixed weight-
ing matrix W = 1.

-1
A 11 ¢ . Y
wy=w; (07) = <Z_Zz;‘z7' ACIEA) ) .
n<

The rate-adaptive bootstrap estimator in the case of an estimated weighting
matrix is
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TABLE 4. Rate-adaptive versus standard bootstrap, estimated weighting matrix.

n 200 800 1,600 3,200 6,400
o 0.968 0.949 0.951 0.949 0.947
Rate-adaptive (0.369) (0.195) (0.143) (0.106) (0.079)
o 0.969 0.951 0.954 0.955 0.956
(0.371) (0.194) (0.142) (0.105) (0.078)
a0 0.889 0.916 0.913 0.886 0.878
Standard (0.278) 0.177) (0.126) (0.089) (0.063)
o 0.864 0.918 0.904 0.901 0.877

(0.262) (0.176) (0.126) (0.089) (0.063)

A

6% = argmin T, (é,,) W, (PZ —Pn) <JT ,0)—m <,én>>
0e®

m m

+—(9—9An)/ G/VVHG—FZZWn,jkﬁn,k (é)ﬁ/ (9—én)

j=1 k=1

1
2

+ (9 - é,l>/G’Wn (Pi—P) 7 (-,én)

+(o- é,,)/ G (Wi —w,) 7, (6,)

Table 4 compares the empirical coverage frequencies and average interval lengths
of nominal 95% equal-tailed confidence intervals [én —€0.975, én —Cp.025 | con-
structed using the rate-adaptive bootstrap estimator and the centered standard boot-

strap estimator 6, = argmingee (ﬁn* ) —m7, (én)) w (§1> (ﬁ: ©)—m, (én)),

~ ~ /
where the weighting matrix depends on 6; = argmingce (fr: ®) —m, <t9n>)
(ﬁ,’f ) —m, (én)>. We use B = 2,000 bootstrap iterations, R = 5,000 Monte
Carlo simulations, and § = 0.1 and # = 0.3. The standard bootstrap produces

shorter intervals and undercovers for all values of n, while the rate-adaptive
bootstrap achieves coverage close to the nominal level.

6. CONCLUSION

We have demonstrated that globally misspecified GMM estimators with nons-
mooth (specifically non-directionally differentiable) moments have a cubic-root
rate of convergence to a nonstandard asymptotic distribution, hence invalidating
the standard bootstrap for inference. We have proposed an alternative inference
procedure that does not require knowing the rate of convergence to consistently
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estimate the limiting distribution and is thus robust to global misspecification
and nonsmoothness. Our rate-adaptive bootstrap provides asymptotically valid
inference for the true parameter when the model is correctly specified and for the
pseudo-true parameter when the model is globally misspecified.

A. Appendix

A.1. Additional Results for Misspecified GMM with Directionally
Differentiable Moments
Asymptotic distribution under fixed weighting matrix.

THEOREM A.l. Suppose m (9#> = ¢ for a vector of fixed constants ¢ # 0 and that

Assumptions | and 2 are satisfied fory =1/2 and p =1, and 7t (-,0) is Lipschitz continuous
in 0 with a stochastically bounded Lipschitz constant. Suppose that for each € > 0 and

teRd,
Jim 7 ﬁgf”(iiy H - 9#)ﬁ> e

Then én —of = op(1) and

) / 1,
Jn (9,1 - 9#) <~ argmin {rr (9#) W20, (h)+ 1 G WUy + 5h’h{h} ,

heRd4
!/
where Uy ~ N (O,P(n (+6%) =7 (6%)) (= (~6%) == (6%)) ) and 25, (h) is a
mean-zero Gaussian process with covariance kernel ¥ (s,t) = lim ang < o* + %)

( 0% + ) The joint covariance kernel of Z 1 (h) and W G'WUy is given by

ag <~,0# + 5

o=t oy Vo Doy [Lexm+8) (o)) war]

Note that in the case of smooth misspecified models, the asymptotic distribution in
Theorem A.l reduces down to the one in Theorem 1 of Hall and Inoue (2003) since then

( ) WZy, 1 (h) can be replaced by h Z’ Wrn ( ) where Z/ Wr (9#> is a mean-zero
/
Gaussian random variable with covariance matrix P (Wrr (-, 0#) — G) Wn (9#) T (9#)
W (d (-0%) ~0)
The next theorem states that the rate adaptive bootstrap is consistent for globally
misspecified GMM models with directionally differentiable moments.

THEOREM A.2. Suppose Assumption 3 is satisfied in addition to the assumptions in
Theorem A. 1, G £> G, andﬁlj £> ijorjz 1,...,m. Then,

/ 1 ,_
f(e —9,,) wargmm{ ( #) W2 (h)+h’G’WU0+fh’Hh}.
heRd 2
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Asymptotic distribution under estimated weighting matrix.

THEOREM A.3. Suppose w %) = ¢ for a vector of fixed constants ¢ # 0 and that

Assumptions | and 2 are satisfied fory =1/2 and p =1, and 7t (-,0) is Lipschitz continuous
in 0 with a stochastically bounded Lipschitz constant.
If Assumption 4 is satisfied, then 6,, — 0% = op(1) and

Jn (én — 9#) ~ arg min, {rr (9#)/ W2y 1 (h)+H G WUy + 1 G dyr (9#) + %h’ﬁh} ,

where @ (%) ~ v (0.2 (o (-08) =0 (01)) 7w (6#) 1 (o) (0 (-01) -0 (o1)) ).
The joint covariance kernel of Z | (h), W' G'WUy, and ' G' ®gx (0#) is given by

ozg(~,9#+ ag(-,0#+é)’ ’
Q.= lim Pl SGW(r (-6%) -7 (6%)) (7 (6% — = (6%)) WGt

SG (¢ (-0f) =@ (0]) 7w (60) J [ = (6%) (o (-6f) — ¢ (6") Gr
IfWy—W=o0p (nfl/z), then én —o* = op(1) and

A # . #/ !~ 1 /1
ﬁ(en—e )wargmln 71(9 ) WZo 1 (h)+H G WUy + = Hh} .
heRd 2

Note that in the case of smooth misspecified models, the asymptotic distribution in
Theorem A.3 reduces down to the one in Theorem 2 of Hall and Inoue (2003) since then

li
7 (6%) WZy | (h) can be replaced by W' Z W (6%), where Z,Wx (6%) is a mean-zero
0,1 p y 0 0

/ I
Gaussian random variable with covariance matrix P (%n (-, 9#> — G) Wn (9#) T (9#)
J #
W (g (-6*) - G).

THEOREM A.4. Suppose Assumptions 1-3 are satisfied, G2 G, and I:Ij 2 H;j for j =
1,...,m. For globally misspecified models where Assumptions | and 2 are satisfied for y =

1/2and p =1, if Wy —W =0p (n_l/z) and Wy — Wy, = o}, (n_1/2>, then

~ ~ / 1 ,-

Jn (9,;‘ - en) E, argmin {h’G/ WUo + 7 (9#) WZo 1 (h)+ fh/Hh} .
W herd 2

If instead Assumption 4 is satisfied,

v _ o\ E e #) I~ Y
ﬁ(en en) 7 argmin {h G'WUy+ 7 (9 ) WZ 1 (h)+H G o (9 )+ Jh Hh} .
A.2. Proofs for Theorems

Proof for Theorem 1. The consistency argument is a direct application of Theorem
5.7 in van der Vaart (2000) since the equation array in the proof of Theorem 2.6 in
Newey and McFadden (1994) in combination with Assumptions 1(iii) and (iv) imply
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sup
fe®

APy —P)g (0),2(6) = Pug (6),and g (9) = P (0). Then i (6) = g 6) + 7 (6) +

fin (0), where fi, (0) = ﬁg,, (6). Recall that Oy () = 74 () Wiy (0). Write Oy (8) —

0u (6") = 01 ) +02 (6) +03 (9), where

0n(6) — Q(Q)‘ — op(1). Next, we show that /3 (én - 9#) — Op (1). Define Gy (8) =

1 A
016) = 580 Wg @)+ @) Wr (6%). 030 =7 (%) Wi ),

026) = 3 0 Win @)+ 80) W (3 (6%) 7 (6%)) +.5 0) Wi 0)

/
+ (71,, (9#) o (9#)) Wi (6).
Apply Kim and Pollard (1990, Lem. 4.1) to 7, (), and in turn Q3 (0): Ve > 0,3IM, 3 =
Op (1) such that

1030)| < €ello —0% |2 +n~23M2 5.

The first, third, and fourth terms in Q2 (0) are all of the form op (1) 75 (8), hence are also
bounded by €||6 — 0#||2 +n2/ 3M 5~ For the second term in Q2 (6), for n large enough,
Ve > 0,3M,, 2 = Op (1) such that

|g(9)’W(ﬁn (9*‘) —x (9#)) | = Op ("9;7?#") <ello—6*12 +n723Mm2

Therefore, Ve > 0, 3IM,, = Op (1) such that [Q5 (8) + 03 (0) | < €16 — 6% |12 +n—2/3M>.
Because Q1 (f) achieves the minimal value of 0 at 6%, the Taylor expansion of Q1 (9)

around 6% is Q) (6) = 0, (9#) n (9 —9#)/ 395(9"#) +1 (9 —9#)/ 323%'3(90,#) (9 —9#) +
o(16—6*12) = §(6—6%) (o) (6—6%) since "W — Grwg(s¥) +

BZQI (9#)
2606’

= H. Because H is positive definite, there exists C > 0

G'Wr () = 0 and
2
and a small enough neighborhood of 6% such that 0; (6) > C H@ —o* H . By consistency of

A ~ ~ 2
6, for 6%, with probability approaching 1, O (Gn) >C |6 — G#H . Then,

Q1 ( ) +0) ( n) +0; ( ) On (én) — Oy (9’*) <O (én) ~ inf O, (0) < op (n72/3>.

Choose € so that C —e€ > 0. Then,

op (n72/3) >0 (0,,) —€

6, —o* H —n23u?

_ Q#H 23 Mrzl

>(C

b —9’*”2 = (€=~ WM +op (n72) = 0p (n72).

It follows that n!/3 (én —9#) —0p(1).
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Next, h=nl/3 (én — 0#> = argminy, n?/3 Qn (9# +n_1/3h). Note that 6% being in the
interior of © ensures that 6% +n—1/31 will belong in ® for n large enough. It will follow
from the argmin continuous mapping theorem that B~ argminy, (9#)/WZO, 12+
%h'ljlh if we can show that

n?/3 (Qn (9#+n_1/3h) —On (9#)) - (9#)/ W 20,12 () + %h’f{h

as a process indexed by / in the space of locally bounded functions By, (Rd) equipped with

the topology of uniform convergence on compacta. Since Q1 (9# +n1/3 h) =0 (0#> +
# 2 # _
n_1/3h/7aQ;,g€ ) + %n_2/3h/7a 3Q913(99’ )h + o(n_2/3>, n2/3Q1 (9#+n_1/3h) = %h/Hh +
o(1).
A A /

It remains to show that n%/3 (Q2+Q3) (0#+n_1/3h) ~s T (0#) WZo,1/2 (h).
First, note that Assumptions 2(iv) and (v) implies that the Lindeberg condition is
satisfied. Then the Lindeberg—Feller CLT implies that Sy (h) = n?/3 n (9# +nl/ 3h) =
nl/ 6_C’;n (9# —I—n*]/ 3h) converges in finite-dimensional distribution to a mean-zero
Gaussian process 2, /2 (h) with covariance kernel i, (s,f) = lim an(~,9# +

oa— 00

s # . 1y
S)g(, 0%+ Ly,
To show that S, (h) is stochastically equicontinuous, it suffices to show that for every

sequence of positive numbers {§,} converging to zero, and for every j =1, ...,m,
n?PE sup |Pud;—Pdj| = o(1), (A.D)
djE.@(n)

where Z(n) = [a’j (-,9#,h1,h2) =g (-;0#+n_1/3h1) —gj (-;9#+n_1/3h2> such that
max (|||, [|h2]]) <M and ||h) — hy|| < 8,,}. Note that 2 (n) has envelope function D, =

2GR(n) where R(n) = Mn~1/3.

Using the Maximal Inequality in Lemma 3.1 of Kim and Pollard (1990), for sufficiently
large n, splitting up the expectation according to whether nl/3 PnD% <nforeachn >0, and
applying the Cauchy—Schwarz inequality,

nl/3 sup P,,dj2

9
n*3E sup |Ppdj — Pdj| < Emj _Iwm
D(n)

nl/3p,D}
1
</ (1) ++/En'/3P,DZ | EJ? <min (1, ;n1/3;up Pnclj2)>.
7 ()

To show that this is o(1) for each fixed n > 0, first, note that by Assumption
2(vi), En'/3PyDy = 4n'PEGY . = O('PR(m) = O(1) since R(n) = Mn™!/3. The

proof will then be complete if nl/3 sup Pndl.2 = o0p (1). Next, for each K > 0, write
D)
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E sup Pyd; < EPy sup d?1{Dy > K} +KE sup Py |dj| < EPaDy1{Dn > K} +K sup P|dj| +
D(n) D(n) D(n) D
KE sup |Pn |d]| —P|dj||. By Assumption 2(vii), EPnD%I{Dn > K} < nn_1/3 for large
D (n)

enough K. By Assumption 2(viii) and the definition of 2(n), K sup P |dJ’ = O(nfl/ 38n) =
D(n)
o(n_1/3). By Assumption 2(vi) and the maximal inequality in Lemma 3.1 of Kim and

Pollard (1990), KE sup |P, |di| — P|dj|| < Kn=2J(1)y/PD3 = 0(n=2/3) = o(n=1/3).
D(n)

Therefore, Enl/3 sup P,,dj2 =o0(1).
D (n)

We have shown that S, (h) ~ Z, /2 (h), which implies that n?/3 Q3 (9# +n~ 3h) ~
/ A
T (9#> WZy,1/2 (h). Since the first, third, and fourth terms in n2/3 [0)) (9# +n1/3 h) are

all of the form op (l)nz/3 n <9# +n_1/3h), they all converge in probability to 0. For the
second term there,

~1/3
2/3 #1735\ wis (o#)_ A\, _ 2/3 ™Rl _ -1/6Y) _

n \g(@ tn h) W(n,,(e) n(e))|_n op( "G —OP(h}’l )—Op(l).
Therefore, n2/3Q2 (0# +n_1/3h> =op (1). By Slutsky’s theorem,

3 (01+02+03) (6% 4011~ (9#)/ WZo.1/2 () + %h/Hh.

Lemma 2.6 in Kim and Pollard (1990) implies that the Gaussian process —Zq, 1,2 (h) has a
unique maximum, which implies that Zy 12 (h) has a unique minimum. In combination

with the fact that %h’ Hh is a convex function of &, there is a unique / that minimizes

/ -
b4 (9#) WZ, 172 (h) + %h/ Hh. The result follows from the argmin continuous mapping
theorem (Theorem 2.7 in Kim and Pollard (1990)). O

Proofs for Theorems 2 and A.2.  Equation 4.2 implies that for i* = n? (é;f — én),

Pk _ : = (5 Y ware *_ .0 i —x(..6
h* = argmin 7, (9,,) Wn??/n (P} —Pu) (7 (- 00+ y 71(,9,1)
n

heRd

S’ LR A~ 5\ 4
+ GWE+33 " Wikt (9,1)Hj h
J=1k=1

o, * 5
+ oW G W (P = Pu) (-n)-

Assumptions 2(iv) and (v) implies that the Lindeberg condition is satisfied, so by the
Lindeberg—Feller CLT, Sy, (h) = n" \/i (Pn — P) (rr (-,9# + nly) - <,79#)> converges in
finite-dimensional distribution to a mean-zero Gaussian process Z( , (1) with covariance

/
Kemel £, (s,1) = lim «® Pg (.,9# + g) g (.,9# n é) .
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We already showed in Theorem 1 that Sy, (k) is stochastically equicontinuous in 4 for
p =1/2, y =1/3, and we already showed in Theorem A.l that S,(h) is stochastically
equicontinuous in h for p =1, y =1/2.

Therefore, Sp (h) ~ Zy,, (h) as a process indexed by & in Bjoc (Rd) equipped with
the topology of uniform convergence on compacta. Theorem 3.6.13 in van der Vaart and
Wellner (1996) or Theorem 2.6 in Kosorok (2007) then implies that the bootstrapped process

n’P./n (PZ - Pn) (71 (-, o + n%) -7 (-, 9#>) is consistent for the same limiting process as
Sn (h):

. h P
nypﬁ(Pn _P}’l) <7T (.79#+ n7> — 7T (79#>> W Zo’p (h)

We already showed n?” \/n (P, — P) (7‘( < 0+ nly) —7 (., 9)) is stochastically equicontin-

uous in 8, which implies that for any compact K C R9,

‘(P,, —P) (7‘[ (~,é,,+niy> —(6a) - <n (-,9#+ n%) — (9’*)))”

6, —9#”) = op(1).

n?P./nsup
hekK

=0p<1+ny

Under the envelope integrability Assumption 3, Lemma 4.2 in Wellner and Zhan (1996)
implies that for any compact K C RY,

o)) ()

6, —9#”) = ok(1).

nVP /nsup
hek

:0?(1—{—}1)’

In combination with the fact that 77, <é,,) £> T <0#>,

i (én)/ Wn¥? \/n (P% — Py) (n <.,én + %) — ( n)) % . (9#)/ W2, (h),

as a process indexed by / in By (Rd) equipped with the topology of uniform convergence

. vp A A
on compacta. For the second term, note that since ‘/nﬁ;; =1,G ﬁ) G, Hj ﬁ) Hj for

j=1,...,m,and 7, (én> L (0#),

ﬁnw R R m m R R » 1 m m 1
e GWEG+Y > Wicdu (62) B s Si GWG+Y > Wy (6%) = S HHb.

j=1 k=1 j=1 k=1
Wheny =1/3and p =1/2, %,p = 0(1), which implies that the third term is 0}3(1):

n'l ., % A *
SHG W (P —Pa)n (.,9,,> = o%(1).
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It then follows from a bootstrapped version of the argmin continuous mapping theorem (see
Lemma 14.2 in Hong and Li (2020) for proof)

Ay P . #\/ 1,
i* % argmin 77(9 ) WZ0.1/2(h)+ =W HRY.
W herd ' 2

For misspecified nonsmooth models with y =1/2 and p =1, ”,% =1, so the third term

also contributes to the asymptotic distribution.
!/
7 9#> WP /i (P, — P) (n (-,9#+ i) - (.,9#))
We showed in Theorem A1 [~ ( {( " n
HG'W.Ji(Py—P)x (-,9#)
/
#
2 7(6*) Wz,
w WG'WU

Rj=1,... m} for R near zero are uniformly manageable classes (and therefore Donsker

). Under Assumption 2, Gg = {nj .0)—m; <-,0#) e —9#|| <

2
classes) that satisfy for all j = 1,...,m, P(rrj (-,6‘)—7'rj (-,0#>) — 0 for 6 — 6%, By
Lemma 3.3.5 of van der Vaart and Wellner (1996),

[V =) (x (~6a) ~ (-6%)) | = op (14 va

6, —Q#H) —op(1).

Under the envelope integrability Assumption 3, Lemma 4.2 in Wellner and Zhan (1996)
implies that the process is bootstrap equicontinuous.

|va (= Pa) (7 (6) =7 (6*)) | = (14 v

6, —6%]) = o5 (.

Therefore,

) ) (= )
WG'W. /i (P — Py (-,én) W HG'wWu, '

And, it follows from a bootstrapped version of the argmin continuous mapping theorem (see
Lemma 14.2 in Hong and Li (2020) for proof)

N / 1 -
i* L, argmin {n (9#) WZo 1 (h)+H G WUy + fh’Hh} .
W herd ' 2

/!
Under correct model specification, & (9#) =0, so the first term 7 (9#) WZy, 1 (h) disap-
pears and

) 1
i £ argmin { ~HG'WGh+1 G WU, }
W jheRrd 2

= (GWG) ™ G'wN <o, pr (~6%)x (- 9**)’) :
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For smooth models that are misspecified, 77, (9,,) (P — Pn) (rr < én + %) -7 ( én))

%V? h’Z6W7r (0#>, where Z(’)Wrr (9#) is a mean-zero Gaussian random variable with

/ /
covariance matrix P (%n (-,9#) — G) W (0#> T <9#> w (%T[ (~,9#) — G).

Furthermore, the joint distribution of Z(’) Wr <9#) and U is given by

(o) )2 ( 2 32)
(+0%) =7 (o)) (= (-0%) == (o))
a=r(r(o >n<e#>>n<e>’ @9”(,9# o).
% X ()= ())

/
WTL’ o* b4 (0#)

)-6) wr(
o (:0%)-6) wa (0 )W%n(,@#))

Therefore, the asymptotic distribution is given by

Yy =P

~ 1 ,-
it % argmin | i/ Zj W (9#) G WU+ ~H Hh
W herd 2
=HIN(0,GWE WG+ o0 + G WEp + £31 WG). O

Proof for Theorem 3. The consistency argument is a direct application of Theorem
5.7 in van der Vaart (2000) since the equation array in the proof of Theorem 2.6 in Newey
and McFadden (1994) in combination with Assumption 1(iii) and (iv) and W;, — W = o, (1)
imply sup |0a(8) — 0(6)| = op(1). Next, write 0, (6) — 0n (6%) = 01 ®) + 02 6) +

0e®
03(0)+04(0) + 05 (6) + Q6 (6), where

010) = 320) We(®) +50) Wr (6%). 030 = (6%) Wi .
020) = 3 O Wi @) +5(0) W (i (6%) ~ (6))
+80) Wiy )+ (7 (6%) =7 (67)) Wi @),
04(0) = 380) (W~ W5 0) 480 (Wi~ W (6),
05©) =g ©) Wa—W) (i (6F) = (6%))
+8©0) Wa— W) @)+ (3 (6F) =7 (6%)) Wa = W) @),

A / 1
06 ©) = (6F) (W= W) it (0) + 5 6)' (W= W) (6).
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We already showed in Theorem 1 that Ve > 0, there exists M; = Op(1) such that
102 0)+ 03 0)| <€ll0— 0% +n=2/3M2.

Next, recall that Kim and Pollard (1990, Lem. 4.1) applied to 7, (), and in turn
Q6 (0) = op (1) 11 (0) implies that Ve > 0, IM,, ¢ = Op (1) such that

106 0)| <€l —6*I> +n~21M; .
The second and third terms in Qs (0) are also of the form op (1) %), (6), hence are also

bounded by €[|6 — 6% |2 +n=2/3Mm2 51> for some My, 51 = Op (1) and Ve > 0. The first
term in Q5 (9) can also be bounded by, for some M, 5 = Op (1) and Ve > 0,

12 @) (W= W) (o (67) = (6%) ) 1 = (W) <ell6—6%12 407202 5.

aQ4( #)

If Wy — W = Op(n~7) for y > 1/3, - G/(W,,—W)g(e#) 1 G (Wp—W)

T (9#> =Op (n_V). Taylor expanding Q4 (6) around 6% gives for some M, 4 = Op (1)
and Ve > 0,

0= () +o-7) "L Loy T (o) oy 10

:%(9—9#)' (G/(W,,—W)GJFXm:Zm: W jic — Wik ﬂk(9#>Hj+o,,(1)) <9_9#>

Jj=1 k=1
o — 6%
+0p
nY

<elo—6* 1> +n" M, ,.

Then Ve > 0, there exists M, = Op(1) such that |Q2 @)+ Q3 ®) + Q4 ©®) + QS ©) +
06 (0)| <€l — 6% +n~ M.
We already showed that there exists some C > 0 such that almost surely Q; (én) >

~ 2
c en—e#H . Then,

01 (8) +02 () + 0 (1) +0a (1) +05 () + 05 (4) = 0u () - jnf, 0 ) < 0 (7).
Choose € so that C —e€ > 0. Then,

op (n_2/3) >0 (0,,) —€

R Y

# —23 2
b,—0 H /3>

> (C

b=0|" = €= M2 o (1720 = 0p (2P).

It follows that n!/3 (én —9#) —0p(1).
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We already showed in Theorem 1 that n2/3Q, (0#+n_1/3h> - %h’fih—i—o(l),
A / N
w2303 (0% +n10) = 1 (6F) W2 (. and 1230 (0%-+n71/31) = 0p (1), Fur-
thermore, if W, — W = Op (n*1/3),

w230, (9#+n*'/3h> - %nmg (9#+n*1/3h)/ (W, — W)g<9#+n*'/3h)
+ g (9#+n*‘/3h)/ (W, — W)z (6%)
2P0, ( ||n:1 1]//3311“2)
i (n1/3 {g(e#),-i-h/G/n’lﬂ} +0p(1)> a3 (W, —Wyn (9#)
—HG '3 W, —Wyn (9#) Top (1) ~ HGW,,
w2305 (0# +n_1/3h> — 23 (9# +n_1/3h>/ (W — W) (7%,, (9#) — (9’*))
(6% +n710) (W= Wy (6 407 0)
+(# (0%) = (%)) (W= Wy (6 407 30)
=n*0p (”"n;::h”) +0p (W) 0 (1)+0p (1) 05 (1)

=op(1),
w230 (9# +n*‘/3h> = (9#)/ (W — W) n?35, <0#+n’l/3h)

+ %ﬁn (6% +n7130) Wy — )25, (6 070
=0p (n72) 0p (1) +0p (1) 0p (1) 0p (1)

=op(1).

By assumption,

() ) (o)
WG'n\/3 (Wy— W) (9#) WG Wo ‘

Therefore, by Slutsky’s theorem and the argmin continuous mapping theorem,
~ / 1 ,-
nl/3 (9,, —9#) < arg min {n (9#) WZ0.1/2 (h)+H G Wy + Eh’Hh} .

heRd
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It Wy =W =0p (n71/3),n1/3 (6, — 6%) ~ argming e {71 (9#>/Wzo, 172 () + %h’ﬁh}

because
— 2 —
n2/3Q4 (Q# +n_1/3h> _ n2/30P Hn nll/;h” +n? H nll//th
= op (n_l/3)+0P(1)=0p(1). 0

Proofs for Theorems 4 and A.4. Equation 4.1 implies that for i* = n? (0 9,1)

h* = argmin #, (én)/ Wun?? /n (P} — Py) (zr <~,én + n%) - <én)>

heRd

NLLITY PN o S A\ 5
+ GW,,G+ZZWn,jkn,,k(9n)Hj h

j=1k=1
Yo o, N
WG W/ (P~ Pa) e (-6
n
b, * ~ (5
+ WG (W = Wa) 7 (6.
We already showed in Theorem 2 that
~ (2Y A h A P #\/
in (6n) W/ (P = Pa) (rr <.,9n + n7) — (.,en)) o (%) W20, (.
Consistency of W, for W implies that
~ A\ ~ h ~ P /
Tn <9n) Wnnyp\/;l(P;kz - Pn) (7T (’,Gn + n7) - <',9n)> %;V? T (9#) WZO,,O .

‘We also showed in Theorem 2 that

‘Z';y h(GWG+ZZW,mk<n) )hglh/(GWGJriiW,m( ) ) E%h/fm.

j=1 k=1 j=1 k=1

For misspecified nonsmooth models with y = 1/3 and p = 1/2, the third term is 0;3(1):
WY 2R G W/ (P — Pa) (-,é,,) = o}(1).

IfW,—W=o0p <n71/3) and W) — W, = 0;,“ <n71/3), the fourth term is also 0}",(1):
WG (W = Wa) 7 (6n) = 0 (D).

Therefore, only the first two terms contribute to the asymptotic distribution. It follows from
a bootstrapped version of the argmin continuous mapping theorem that

A, P 3 #/ 1 =
h* ~»argmin{m (67) WZ h)+-hHhy.
w hgeRd { ( ) 012 2 }
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When W, — W = 0p(n‘1/3) and W) — W, = 0}",(11_1/3>, we assumed
/
7 (6%) Wi (P — Pa) g (6% +n"/3n) #)/
( ( ) 27 <9 ) WZo,1/2(h) . Under
WG (W = Wa) 7 (6%) W W G'Wy
the uniform manageability Assumption 2 and the envelope integrability Assumption 3,

we can invoke Lemma 4.2 in Wellner and Zhan (1996) to show bootstrap equicontinuity.
Therefore,

T (é,l> W,n*/3 (P* ) < ( + A]L/) (,é,,)) P ( . (9#)/WZQ1/2 (h) ) .
0 ) W

6,
WG'n 1/3 (W* ) h/G/WO
It follows from a bootstrapped version of the argmin continuous mapping theorem that

rx P . #\/ > L, -
h ~> argmin § 77 0 WZO’1/2(h)+hGWO+§hHh .

W perd
For misspecified nonsmooth models with p = 1, y = 1/2, we already showed in Theo-
rem A.3
/ _ /
7T<9#> Wnn(Pn—P)g<»,9#+n 1/21’1) n(e#) WZO,I (h)
W G' Wy /it (P —P) 1t <.,9#) s WG wu,
WG Jn(Wy — W) m (0#) WG oy (9#)

Under Assumption 4, the bootstrapped weighting matrix can be written as /i (W,*[ - Wn) =
ﬁ(PZ - Pn) ¢ («,9?) + 0}‘,(1). Under the uniform manageability Assumption 2 and the

envelope integrability Assumption 3, we can invoke Lemma 4.2 in Wellner and Zhan (1996)
to show bootstrap equicontinuity. Therefore,

6 s (s ) = () | ( (o wsn
WG/ Wiy J1 (P — Py (.,én) %% WG WU,
WG Jn (Wi = Wa) 7n (00 WG o (6%)

It follows from a bootstrapped version of the argmin continuous mapping theorem that

~ / 1 ,-
i £, argmin {h/G’WUO o (9#) W2y 1 (h)+H G oy (9#) + 7h/Hh} .
W herd 2

/!
For misspecified smooth models where p =1 and y =1/2, & (9#) WZ,1 (h) can be

replaced by h'ZyWr (9#), where the joint distribution of U, Z)Wm (0#), and ®g7 (9#>
is given by

U
0 i Zi2 Eg3

/ #
ZyWrn (9 ) ~N|0, | =21 En T
e (0#) T3 X3 I3
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Then the asymptotic distribution is given by

~ 1 _ _ _

i £, argmin {h/G/WUo W ZyWr (9**) L HG dor (9#) + Eh/Hh} =N (o, H‘1£2WH_1>
heRd

Qv =GWEZ [ WG+ T +GWZ |+ WG+G £3G+GWE 3G

+G 231 WG+ 203G+ G 3.

Under correct model specification, & (6’#) =0, so the second and third terms disappear:
~x P . L, !~
h* ~ argmin{ —h'G'WGh+h' G' WU,
W herd
— /!
= (GWG) "' G'wN <o, pr (6%) x (-0%) ) : O

Proof for Theorem A.1. The consistency argument is the same as in Theorem 1. Next,
we show that /7 (é,, - 9#) — Op (1). Recall that Oy (6) — On (9#) —010)+0,0)+
Q3 (0), where

0, 0) = %g(e)/ We©®)+g©) Wr (%), 030)=n (9#)’Wﬁn ©),
0> (0) = %ﬁn ©) Wi (0)+g(6) W(ﬁn (e#) —x (9#))
+80) Wi )+ (7 (6) =7 (67)) Wi @),

and 7, (0) = (Pn—P)g(-0), g(0) = Pyg(-0), and g(0) = Pg(-,0). Apply a modified
version of Kim and Pollard (1990) Lemma 4.1 with y =1/2, p = L! to Nn (0), and in
turn Q3 (0): Ye > 0, 3M,, 3 = Op (1) such that

103 0) | <ell0—6*I> +n~ M5 5.

The first, third, and fourth terms in Q2 (0) are all of the form op (1) N5, (8), hence are also
bounded by €60 — 9#“2 + n_erzZ ,- For the second term in Q5 (¢), for n large enough,
Ve > 0,3M,, 2, = Op (1) such that

|g(9)/W(7Atn (9#> -7 (9#)> | =0p (HQ—\F}f#H) <elo _9#”2 +”_1MZ,22'

Therefore, Ve > 0, AM,, = Op (1) such that |Q5 (0) + 03 (6) | < €]|6 — 6% |2 +n~ 1 M2.
Because Q1 (0) achieves the minimal value of 0 at 0%, the Taylor expansion of Q1 (9)

around 6% is 0, 0) = 01 (6%) + (6—6%) 24U 1 1 (5—6#) TLLD (5 _t) 1

0<||0—9#||2) - %(9—9#)/(15“0(1))(9—9#) since % - G/Wg(e#) +

I'The main revisions to Lemma 4.1 of Kim and Pollard (1990) are redefining A (n,j) = j—1)n™7 < 0] <jn77,
bounding the jth summand in P (M,, > m) by n4VPsup|m</-,rV |Pug(-0)—Pg (0> / [77 (G—-172 +m2]2, where the
numerator is further bounded by n* (n=1C’jn=r @) = C'j.
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2 # _ _

G'Wn (9#) =0 and %6(99’) = H. Because H is positive definite, there exists C > 0
2

and a small enough neighborhood of 6% such that 016)=C HG —o* H . By consistency of

A ~ ~ 2
6, for 6%, with probability approaching 1, Q1 (QH) >C |6 — Q#H . Then,

01 (4:)+0: (@ )+Q3(en)=Qn(én)—Qn(9#)sQn(én)—gigg 04 (®) = op(n").

Choose € so that C — € > 0. Then,

o (571) 2 01 () e

én—e#H —n~ M2

_Q#H a2

= (C

~ 2
en—e#H <(C—o 'n M2+ op (n*‘) —0p (n*‘).

It follows that /7 (én - 9#) —0p(l).
Next, h = Jn (én - 9#> = argminy, nOn (9# + n71/2h>. Note that 6% being in the inte-
rior of © ensures that 6% +n~1/2h will belong in ® for n large enough. It will follow from the

~ /
argmin continuous mapping theorem that 4 ~ arg min{n (9#) WZo, 1 (h)+ 1 G WUy +
heRd

Ly ﬁh} if we can show that

B —

n (Qn (9# +nY 2h) —0On (9#)) -7 (9#), WZo,1 (h)+H G WUy + %h’Flh,

as a process indexed by / in the space of locally bounded functions By (Rd equipped with

the topology of uniform convergence on compacta. Since Q1 (9# +nV 2h> =0 (0#) +

P 2 #
n 12200 | 1—1h’d£5§)h+o( )nQ1(0#+n—1/2h) IWHh+0(1).

It remains to show that 7 (Qz + Q3) (9# +n—1/2h) T (9#) WZq 1 (h)+H G WUj.

Since the first, third, and fourth terms in nQZ (9# —|—n_1/ 2h) are all of the form
op (1) nijy (0# +n 1/ 2h), they all converge in probability to 0. For the second term, we
can Taylor expand g (9# +n1/ 2h) around 6%:

g (6* +n*1/2h)’ W/ (0 (0%) =7 (%)) = (G +o(1)) Wi/ (7 (6%) = (67))
Since we assumed the joint Lindeberg condition: for each € > 0 and 7 € RY,

el
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7 (6% ' Wnn, (9# +n 12y
WaW i (i (0%) - (6%)) )
n (9#)/ WZo,1 (h)
WG'WU,

a mean-zero Gaussian process with covariance kernel X (s,#) = lim ozng (~,9#+ g)
oa—>00

et 4) ana Uy~ (0.2 (r (-0%) = (%)) ( (n0) = (o)) ).
Since /' G'W./n (ﬁn (9#) -7 (0#>) is a linear (and therefore convex) function of #,

pointwise convergence implies uniform convergence over compact sets K C R¥ (Pollard
(1991)). Therefore, to show that Sy (h) is stochastically equicontinuous, it suffices to
show that for every sequence of positive numbers {5, } converging to zero, and for every

the Lindeberg—Feller CLT implies that S, (h) =

verges in finite-dimensional distribution to < ), where Z( 1 (h) is

j=1,....m
nE sup |Pydj — Pdj| = o(1), (A2)
D(n)

where Z(n) = {d; (-,0#,h1,h2) =g (-,9#+n_1/2h1> —g (-,0# +n_1/2h2) such that
max (|||, [|h2]]) < M and ||hy — hy|| < 8,}. Note that Z(n) has envelope function
Dy, = 2GR,y where R(n) = Mn™

Using the Maximal Inequality in Lemma 3.1 of Kim and Pollard (1990), for sufficiently
large n, splitting up the expectation according to whether nPnD% < n for each n > 0, and
applying the Cauchy—Schwarz inequality,

n sup P,,d2
2 D(n)
nE sup |Pydj — Pdj| < E\/nP,DjJ —
D(n) nP,D;;
<JnJ(1)+y EnPnD% EJ? (min (l, ln sup Pnd.z)).
N gw 7

To show that this is o (1) for each fixed > 0, first, note that by Assumption 2(vi), EnP,,D,% =
4nEGR( ,=0 (nR(n)2> =0(1) since R(n) = Mn~ /2. The proof will then be complete if
n sup Pnd =op(1).

D(n)
For each K > 0, write Esuand]2 < EPy sup d21{Dn > K} + KE sup Pp|dj| <
D(n) 2’ P (n)
EP,D21{D, > K} + K sup P\dj| + KE sup |Pnldj| — Pldj||. By Assumption 2(vii),
P(n) 0]

EPnDnl{Dn > K} <nn ~1 for large enough K. By Assumption 2(viii) and the definition
of Z(n), K sup Pldj| = O(nf1 on) = o(nf1 ). Under the assumption that g (-,0) is Lipschitz
D(n)

in 6, so that D;, = Op (n_l/ 25,,), use the maximal inequality in Lemma 3.1 of Kim and

Pollard (1990) to show KE sup |P,|dj| — P|d;|| < Kn~2J(1) PD2=0(m"15,) =0 }).
D (n) '
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Therefore, En sup Pndj2 = o(1). It follows that
D(n)

P (9#)/ Wi (9# +n—1/2h) . (9#)/ W20 1 (h)
WG'W./n (nn (9#) —7 (9#)) - ( WG'WU, )

2
as a process indexed by / in the product space of locally bounded functions {B]OC (Rd> }
equipped with the topology of uniform convergence on compacta. By Slutsky’s theorem,

n(Q1+02+03) (6% +n~"2h) 7 (9#)’ WZ0.1 (h)+H G WU + %h’flh.

/
Lemma 2.6 in Kim and Pollard (1990) implies that the Gaussian process 7 (9#) WZp 1 (h)
has a unique minimum. In combination with the fact that #’G' WU + %h/flh is a convex

/ —
function of &, there is a unique 4 that minimizes 7 (0#) WZy 1 (h)+h G WUy + %h’ Hh.
The result follows from the argmin continuous mapping theorem (Theorem 2.7 in Kim and
Pollard, 1990). O

Proof for Theorem A.3.  The consistency argument is the same as in Theorem 3. Next,
write 0 (0) = On (6%) = 01 (6)+ 02 6) + 03 (6) + 04 (6) + 05 (9) + 0 (6), where
1 . /
Q10) = 380) Wg®) +5®) Wx (6%). 030) = (6") Wit ).
A _ 1 " A / ~ # #
02(0) = 3iin 0) Wity 0) +3(6)' W (7 (6%) — (6"))
+8 @) Win @)+ (0 (%) =7 (67)) Wi @),
~ _ 1 / / #
04(0) = 38(0) (Wa=W)g®)+50) (Wa— W) (6%).
05(©) =g ©) Wu—W) (7 (6%) — 7 (6%))
/
+8(©0) Wa = Wi @)+ (1 (6%) =7 (6%) ) W= Wit 0,
~ U 1
QsO) =7 (0#) W= W) i (0) + 571 (0) (W — W) il (0)
We already showed in Theorem A.1 that Ve > 0, there exists M;, = Op(1) such that |Q2 @)+
03(0)| <ello — 0% +n~1M2.
A modified version of Kim and Pollard (1990, Lem. 4.1) applied to 7, (8), and in turn
Q6 (0) = op (1) 11, (8) implies that Ve > 0, IM,, ¢ = Op (1) such that

106 0)| <€l — 0% 12 +n~ "M (.

The second and third terms in Q5 (9) are also of the form op (1) 7, (6), hence are also
bounded by €6 — 9#||2 + n_lM’% 59- The first term in Q5 (6) can also be bounded by, for
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some M, 5p = Op (1) and Ve > 0,

R 6 —o* -
180 Wo—W) (2 (9#)—”<9#))|=0P<”¢r3”) =€l —0T M 5
7 #
I Wy =W = 0p(n77) for y = 12, "4 = 6/ Wy~ Wig (6%) + &' Wa = W)

b4 (9#> =O0p (n_V). Taylor expanding Q4 (6) around 6% gives for some M, 4 = Op (1)
and Ve > 0,

0u )= 0s () + (0-*) 22D 4 Lo _gry PO (g (10— o2)

:;@_9#)/(6/(“’ WG+ ZZ Wajk = Wik ﬂk(e#)flj+o,,(1))(9_e#>

j=1 k=1
llo — 6%
+0p(
nY

<elo—6*12+n"2 M2,

Then Ve > 0, there exists My = Op(1) such that |05 (8) + 03 ) + Q4 (6) + Q5 (6) +
Q6 @] <€l — G#H2 —l—n_lM,%. We already showed that there exists some C > 0 such

~ ~ 2
that almost surely Q <0n> >C|6,—0* H . Then,

Q1 (80) +02 (1) +03 (8) + 0s (8:) + 05 (91) + Qs (8) = 0 (90) — inf 0 ®) <0 (n”").

Choose € so that C —e€ > 0. Then,

on (7)1 () <]

é,,—e#H —n~ M2

6 —B#H — M2

= (C

~ 2
b, —O#H <(C-o 'n M2 yop (n_l) —0p (n_l).

It follows that /7 (én - 9#) —0p(1).

We already showed in Theorem A.l that nQq (9#+n_1/2h) = %h/ljlh—k o(1), and
0y (9# +n—1/2h) + 103 (9# tnV/ 2h) - (9#)/ W20, (h) + ' G'W'Uy. Further-
more, if W, — W = Op <n_1/2),

o (9#+n—l/2h) - %ng (9#+"_1/2h>/(wn _W)g(9#+1’l_l/2h)
+ng (9#+n_1/2h)/ (Wp— W) (9#)

o

—

=n0Op
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+ (ﬁ{g (9#)/+h/G’n*‘/2} +0p(1)> AWy — W) (9#)
— WG \/n(Wy— W) (9’*) +op(l)
w WG Dy (0#),
n0s (9# +n—1/2h) —ng (9# +n_1/2h)/ (Wp—W) (frn (9#) — (9#))
+g(9#+n*‘/2h)/(wn — W) iy (9#+n*‘/2h)
+ (7 (6F) = (6%)) W = Wyniy (6 +n71/20)

) (e
n) +0p

=0p (n_1/2> +Op (n_l) +Op (n_1>
=op(1),

nQOg (9#—|—n*1/2h) =7 (9#>/(Wn — Wynih, (9#+n71/2h>

=nOp 0p (1) +0p (n~") Op (1)

4 (6407120 W= Wy (6% 71 20)
=Op (n—1/2> Op (1) +0p <n—1> Op (n—l/Z) op (1)

=op(1).

The joint Lindeberg condition is satisfied by Assumption 4: for each € > 0 and 7 € RY,

(s )\ ] Vo)

ninéoP T <~,9#> 1 T (-,9#> >e/nt =0.

veeh (¢ (.61 vech (¢ (-6f) )

Therefore, by the Lindeberg—Feller CLT and stochastic equicontinuity arguments similar to
those in Theorem A.1,

WG Wor/n (P — P) 7w (-,9#) - WG wu, ,
WG o~ P (-0f) x (6%) WG o (0F)

3
as a process indexed by £ in the product space of locally bounded functions { Bioc (Rd) }
equipped with the topology of uniform convergence on compacta. By Assumption 4,
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JAWn = W) = /n(Pn—P) (-,0#) +op(1); therefore,

WG Wy /i (Py—P) 1t <.,9#) . WG WU,
WG (W~ W) (67) WG b (6%)

By Slutsky’s theorem and the argmin continuous mapping theorem,

~ / 1 ,-
Jn (en - 9#) ~ arg min, {n (9#) W20 1 (h)+H G W Uy +H G dyr (9#) n Eh/l-lh} :
heR '

If W, — W =0, (n_l/z),

_ 2
”Q4 (9#+n_1/2h) =nop Hi’li;;hu

1
=op (ﬁ) +op(l) = op(D),

A /
which implies /7 <9n—9#> - argminheRd{n (9#) W21 (h) + WGWUy +
LW in). O

||
A

+nop

A.3. More Details for Examples

1V quantile regression. We show that the classes Gg = {nj (.0) —m; <-,9#) :

H@ —o* H <Rj=1,... m] have envelope functions which decay at the linear rate:
Gr()= sup  |m(.0)—;(-0")]

|o—6*| <R
a (1 (i = a(x6%)) — 1 0w = a(0))) |

= sup
lo—6*]<r

Using monotonicity of g (-), we can bound the second moment of the envelope function by
considering all possible ways of adding or subtracting R from each coordinate of 0¥

PG12e <E ‘z,ﬂzE sup ‘1 (y,- <gq <x29#>) —1 (y,- < q(xé@))‘ Xi\ Zj
Jo—o* | <

<E |z,-j|2 Z (P(q(x;(Q#—wR))S)’iSq(xi»Q#) xi,zi>)

we{—1,1}¢
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+E |z,-j|2 Z P(q(xfe#)Syifq(x;@#-l—wR)) xi,Zi)

we{—1,1}¢

<Ellzg)"sup Y 2hne(a(¥0))d (x}8) xR | = OR).
we{—1,1}4

For the third inequality, we applied mean-value expansions to the probabilities since we
assumed that F), , is absolutely continuous and g (-) is twice differentiable.

In the case of a fixed weighting matrix, the asymptotic distribution of the IV quan-
tile regression estimator is given in Theorem 1. We now consider the case of an esti-

mated weighting matrix. The two-step GMM estimator én = argminst, (9)’ Wy (é 1) 7, (0)
0
depends on the one-step GMM estimator él = argmint, (8) W} 7, (9) whose probability
0
limit is Gf = arg Gminjt (6) Wim (9). The pseudo-true parameters are given by o* =

argminz (9)' W (6?) 7 (0), where W <9f) is the inverse of the variance—covariance matrix
6

of the population moments

()= (efr (ot) () ] - 6= (o))

= ([ (e=1 (v alot))) e —n(ei“)”(ef‘)/)_l

(e[ =1 (s =) ] ) o) )
— ([(2 =200 o)) ) o) (1) )

The last line follows from the fact that conditional on x;,z;, 7 — 1 <y,- < q(x?@f)) is a

Bernoulli random variable that equals T — 1 with probability Fy|y , (q (xé@f)) and equals

7 with probability 1 — Fy - (q (xé@f)). Therefore,

B[ (1o =aon)) e = =02 R (0 () 2 (1= P (a(01)

= =20 (o 18)).

Note that in the case of correct specification, W (9#) reduces down to (7: 1-1)E [z,-zg])_l

since Fy|y ; (q (xf@?)) =T.

https://doi.org/10.1017/50266466623000385 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466623000385

RATE-ADAPTIVE BOOTSTRAP FOR POSSIBLY MISSPECIFIED GMM 43

The estimated weighting matrix is

n -1
(rll 3 (rZ +(1=27) Py (q (x;é]))) 2z, — 7 (él) i (él)/)

i=1

S
—~
D>
SN—"
I

T sz,z +(1-27) 222 < <q(xéh))z,zé—frn(é])ﬁn(@)/

i=1 j=1

7 (0) =32 (=1 (v=a(sh1))w

Suppose there exists Dy, such that the following mean value expansion around Qf holds:

(Wa (61) = w (6F)) 7 (6%) = (wa (6F) — W (6F) ) = (6%) + Dy, (61 — 6F ) + 0p(1).

D, can be interpreted as a subgradient (with respect to 1) of W, (1) (6#) evaluated at 9?

AW O (6%)

that is consistent for the population derivative matrix: Dy, £z Dy = 50, It

01=0%
the one-step GMM estimator 6; has an influence function representation, then there is also

an influence function representation for W, (é]) However, é] has an influence function

representation only in the case of correct specification in which case we can use the simpler
-1

estimated weighting matrix W,, = (1’ (1-1) % ZiZiZQ as in Chernozhukov and Hansen

(2005). In the case of misspecification so that nl/3 (él - Gf) ~+ J, the estimated weighting

matrix is cubic-root consistent because of the dominant effect of él.

8 (0 5) - 51) ()

(0 0 W) () 0 =) or
Op(1)
=Dn'/3 (él —9{*) +op(1)

~ D6j =W)p.

Simulated method of moments. The classes Gg = [nj (.0)—m; ( 9#> : HG —o* ” <

Rj=1,... ,m} have envelope functions

Gr()= sup ’”j('ﬁ)—ﬂj (.,9#)’

[o—o%]<r
= H97S9u#p‘|5R ;;( ( (x 9#) + s > 0) -1 (h (x 9) + 05 > 0))
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Using similar arguments as in the previous example,
s

|
PG <E| |4 - ‘1h59#+~ 0) — 1 (h(x6)+n; 0‘
" [|ZU| [HH_S;ITISRS; <<XZ ) 7]13>) ((XI) s> 0)
xi,Zi>

Xi, Zi)

N
1
<E !Zij|2§Z:l€lg > fpinz (h(X0))  (X0) xjsR | = OR).
s=1

wse(—1,1}

]

<o WPEY X (e o)) < om0

s=1 wee(—1,1}¢

|l LY S () < < (1 (0" )

s=1gee{—1,1)¢

Just as in the previous example, the pseudo-true parameters are given by o* =
argminz ()’ W (9?) 7 (0), where W (0#) is the inverse of the variance—covariance matrix
0

of the population moments:

0)= (e (o)t - ) 6))

2 -1

St (n(xef) +mie > 0) | iz |~ (6F) 7 (o7)

s=1

El|yvi—

| —

The estimated weighting matrix is

2 -1

Suppose there exists D;, such that the following mean value expansion around 0# holds:

(Wa (81) = w (6F)) 7 (6%) = (wa (6F) - W (6F) ) = (6%) + Dy, (61 — 6F ) + 0p (1.

D), can be interpreted as a subgradient (with respect to 61) of W, (61) (9#) evaluated at Qf

AW (0 (0%)

- If

01=0%
the one-step GMM estimator 61 has an influence function representation, then there is also

that is consistent for the population derivative matrix: Dy, L Dy =

an influence function representation for W, (él) However, 2 1 has an influence function

representation only in the case of correct specification in which case we can use Wj, (é 1) =

. 2 -1
(% - (yi - % Zle 1 (h (xé@l) + 15 > O)) ziz;> . In the case of misspecification
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so thatnl/3 <é1 — 0#) ~+ J, the estimated weighting matrix is cubic-root consistent because

of the dominant effect of él.

a3 (w (61) - w (6F) ) = (6%)

- n]\//nfﬁ(w" (6F) = w (61)) 7 (6%) + D' (1 ) +-0p )
0p(D)

= D' () —Gf‘) +op(1)

~ D6J =Wp.

Dynamic censored regression. The classes Gg = {nj .0)—m; <-,9#) : HQ — H#H <

Rj=1,... m] have envelope functions

Gr()= sup |m(.0)—7;(-6%)]
Jo-o] <k

= sup ’maX{O,yit—yit,IQ}—maX{O,yit—yi,,IQ#H.
Jo~o¥] <k

Because each moment condition rrj(~,9) is Lipschitz in 6, PG%e will be 0(R2> if

E sup |yy|?> <oo®. Fory. =[ yn

seees  VIT ]/and)’i~75[yil seees ViT—1 ]/,
1<t<T

w (0#) is the inverse of the variance—covariance matrix of the population moments
—1
!/ /
w(ef) = (E [n (~6f) = (-of) ] —x (6F) 7 (o}) )
1 * * 2 / # # /
=|E|E i—l(yigot +B d,') Zi | 2iz; —71(9])71(91)
_ lE / 9# 9# ¢ -
- (dstee)= ()= (1))
The estimated weighting matrix is
R 1 o . . /
Wa (91) = (; 21: (max {O,yi- —yi.—01 } —yi-—) (max {O,yi- —yi.—01 } —yi-—)
=

1

— 1y (él)ﬁ'n <é1>/>7 ,
in (él) = %Z (maX {O,yi- —yi— 0y } —yi_)-

i=1

-1

2We thank an anonymous referee for pointing this out.
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If the one-step GMM estimator 61 has an influence function representation 1/n (é 1— Gf) =

Py —P)k (-, Qf +o0p(1), then there is also an influence function representation for the

estimated weighting matrix, which we now derive. Suppose there exists A, such that the
following mean value expansion around Gf holds:

/7 vech (W,, (él) —w (ef‘))

= nvech (W (6F) =W (6F)) + a7,/ (01 = 0F) +0p ()

— _vech (W (ef) JA(Pu—P) (.,ef) W (9{*)) + AR (Py— Pk (.,9{*) +op(l)
= vech (ﬁ(Pn —P)¢ (-,91‘*)) +op(D).

Ay can be interpreted as a subgradient of vech (W, (61)) evaluated at 0? that is consistent

for the population derivative matrix: A £ Ag = %g:/(a.)) ‘6 ot
=

We can obtain the expression for /n (P, —P)y¥ (-,9?) using U-statistic projection
arguments:

% ; (ﬂ (o) (wo8) [n (o) (.,ey)/}) - f(n (68) 7 (6}) ~ (6f) = (gm

- % 'n (max{O,y,x —yi_ef‘} —yi_) (max {O,y[. —y,x,ef} —y,x,), —E[S (pvi)]

i=1

8(viyi-)

_ g Xn:Xn: (max {O,ylz 7y,<_6}*} fyi.,) (max {O,yj. 7yj.,9ﬂ fyj.,), 7E[5 (y,x,yj.)]

8(viyy)

g(iy;.)
1 n 1 n 1 n
=7 ; (8 3 yi) —E[8 i yi)D) — T ;E[g ienyji) | vi- ] = T > E[g(viyy)|vi]+op(D)

J=1

— JA(Pp—P)y (~,9f‘) +op(D),

where the second to last equality follows from the fact that ,%22?:1 18 (Vi)
is a non-degenerate V-statistic which has the same asymptotic distribution as the non-
degenerate U-statistic ﬁZlgkjgng(yi-’yj') if E[|lvech(g(y;.,yi))|ll] < oo and
El|vech (g (yi..yj.)) 2] < co. A discussion of this asymptotic equivalence result can be
found in Section 8.2 of Newey and McFadden (1994), Section 6.4 of Serfling (1980), and
Appendix A of Zhou, Mentch, and Hooker (2021).
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The bootstrapped weighting matrix is computed using the multinomial bootstrap and an
initial rate-adaptive bootstrap estimator 9;“ computed using a fixed weighting matrix.

n

Wi (67) = [ 32 (maxfog —op_ap} —vr) (max ot 07} —5r_)
i=1
—1

~ ~ /
i) i) )

n

. (A 1 N
n (Qik) =- Z (max {O,y;’f —yf._@ik] —y;-'f_).
i=1
We can show that when the bootstrapped one-step GMM estimator éi“ has the same
influence function representation as 6, ﬁ(éf‘ - é1> = /n(Pi—Pp)k <»,9f) +op(1),
the bootstrapped weighting matrix W, (é;") has the same influence function representation

as Wy (91) Suppose there exists A such that W, (éi“) has a mean value expansion around

9#. A% can be interpreted as a subgradient of vech (W} (91)) evaluated at Gf that is consistent

dvech(W(61))

for the population derivative matrix: AZ £> Ag = 20, . Then since A, is a

01=0%
subgradient of vech (W, (1)) evaluated at 6% and it is also consistent for A, we can write

NEAGRAD)

nvech( ( ) W,,(e )) nvech(Wn@l)—Wn(ef))
nvech (Wy (0F) = wa (6F)) + (a5 v (6 — 6F ) — Ap/n (87 = 6F) ) +0p(1)
nvech (W (6F) = W (6F)) + A/ (87 =61 ) + (D)
= —vech (W (6}) nP*—Pn)x/f< D) w (o)) + g (P —Pa)e (0F) +op(1)
=vech(f(P* ( ))+aP(1)

where /71 (W (6F) = W (0F)) = =w (0F) v (P — Pa) v (08 ) W (6F ) +0p (1) fol-
lows from the consistency of the multinomial bootstrap for V-statistics of order 2 (see
Theorem 3.1 in Bickel and Freedman, 1981).

A.4. Monte Carlo Simulation for Smooth Misspecified GMM

Now, suppose we consider the data combination example in Section 7.1 of Lee (2014).
Suppose we observe (y;,z;) € R2, and our goal is to estimate 6 = Ez;. Suppose we think
that the mean of y; is 0, and we would like to exploit this information to get more accurate
estimates of . Our moments are

T ('76):yi7 ”2("9)=Zi_9'
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However, suppose the actual mean of y; is § # 0, so the model is misspecified. We generate
data as

() (8 Y)

As shown in the supplemental appendix of Lee (2014), the one-step GMM estimator (using
the identity weighting matrix) is #; = z and the two-step GMM estimator using the optimal

1
sz s, 2 =Sy F S
weighting matrix W, = y oz S - < J° )is 6y =7 — 2%,
e "\ s 82 Cra) Q. 5

We would like to compare the performance of our rate-adaptive bootstrap to the standard
Sy*
2y S
20

It turns out that the rate-adaptive bootstrap one-step GMM estimator is numerically
identical to the standard bootstrap one-step GMM estimator. We can see this by noting

that (P; = P) (7 (.0) =7 (.64)) =0, H=0,G=[0; =11, G'G = 1, and therefore

bootstrap estimators (5;‘ =7* and é; =7 -

rv (1 ~\2 NP .
0] _aragergm{i(e—el) +(9—91)G (Pn—Pn)ﬂ(-,91>}
:argmin{l(9—2)2—(9—2)(2*—2)}
pee |2

=7"

The rate-adaptive two-step GMM estimator differs from the standard bootstrap two-step
GMM estimator:

or = argrmin {% (9 - é2)2 G WG+ (9 - éz) G Wy (Pr—Pa) (-,éz)

+(0-6:) & (W = W) 70 (62) ]

52 ) (812 6" —=5) -2 (z-72))

~\2
(9—92) 7y+(0—92
§382 - 5%, §382 - 8%,

| =

= argmin
0e®

Sy \ -
. (S)fz*_Sg*fg)y
+(0-0) 55—

2 Q2 2
Sy* SZ* - Syz*

- 202 @2 2
s r = Syy* 582 =5 <Sy2* Sy Syx) -
2 —_ 4 - - .

2T 222 2 2 2
N Sy*Sz*_Syz* N Sy Sy
We examine the empirical coverage frequencies of nominal 95% equal-tailed rate-
adaptive bootstrap confidence intervals [52—00,975,92—%.025], where c¢pg75 and

co.025 are the 97.5th and 2.5th percentiles of éé" — éz. We also examine the empirical
coverage frequencies of nominal 95% equal-tailed standard bootstrap confidence intervals:
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TABLE A.1. Empirical coverage frequencies for § = 1.

n 200 800 1,600 3,200 6,400 9,600
Rate-adaptive 0.948 0.953 0.948 0.952 0.953 0.953
(0.343) (0.170) (0.120) (0.085) (0.060) (0.049)
Standard 0.944 0.952 0.948 0.953 0.952 0.953
(0.339) (0.170) (0.120) (0.085) (0.060) (0.049)
MR 0.944 0.951 0.949 0.952 0.952 0.953

(0.339) (0.170) (0.120) (0.085) (0.060) (0.049)

TABLE A.2. Empirical coverage frequencies for § = 0.1.

n 200 800 1,600 3,200 6,400 9,600
Rate-adaptive 0.950 0.947 0.953 0.950 0.951 0.952
(0240)  (0.121)  (0.085)  (0.060)  (0.043)  (0.035)
Standard 0.950 0.947 0.952 0.950 0.951 0.952
0.241)  (0.121)  (0.085)  (0.060)  (0.043)  (0.035)
MR 0.951 0.947 0.952 0.950 0.950 0.952

(0.241) (0.121) (0.085) (0.060) (0.043) (0.035)

[ég - d0_975,é2 —d0.025], where dg 975 and dg o5 are the 97.5th and 2.5th percentiles of

53‘ - éz. We also examine the empirical coverage frequencies of Lee’s (2014) nominal 95%
MR bootstrap confidence intervals. We use B = 5,000 bootstrap iterations and R = 5,000
Monte Carlo simulations.

From Tables A.1 and A.2, which correspond to § = 1 and § = 0.1, respectively, we can
see that the rate-adaptive bootstrap performs similarly to the standard and MR bootstraps in
terms of both coverage and confidence interval width. The coverage frequencies of the three
methods are very similar because in the smooth case, the asymptotic distribution remains
normal, so the standard bootstrap will be consistent. Results for symmetric confidence
intervals are very similar and available upon request.
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