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Abstract

The superadditivity and subadditivity of some functionals associated with the Riemann—Stieltjes integral
are established. Applications in connection to Ostrowski’s and the generalized trapezoidal inequalities
and for special means are provided.
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1. Introduction

In the theory of the Riemann—Stieltjes integral for scalar functions, it is well known that
if f:[a, b] - R(C) is continuous and u : [a, b] — R(C) is of bounded variation, then

the Riemann-Stieltjes integral | ab f (@) du(t) exists and the following sharp inequality
holds:

b
= max [£()] \a/(")’ (1.1)

b
/ f (@) du(t)

where \/Z (u) denotes the total variation of u on [a, b]. We recall that
b n—1
\/(u) = Sup{z lu(xit1) —u(x))],a=xo<x1 <+ <Xp—] <Xy = b}.
a i=0

Inequality (1.1) plays an important role in obtaining various sharp bounds for the
approximation error of the Riemann—Stieltjes integral by simpler quantities such as:

J@)[u) —u@)] (see[2,5,06]),
S D) u®) —u)] + fl@)lulx) —ua)] (see[2,7])
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and
1

b—a

b
[u(b)—u(a)]/ f@)ydr  (see[8, 9D,

where x € [a, b].
Following the recent paper [1], for a continuous function f :[a, /] - R and a
function of bounded variation u : [a, b] — R we define the functional

. (1.2)

b b
V(f, u;la, b)) = max MOl \/(M) - / f (@) du(t)

Due to the properties of the Riemann—Stieltjes integral, the functional W is well defined
and nonnegative. The following properties of this functional as a function of an interval
hold [1].

THEOREM 1.1. Assume that f :[a, b] - R is continuous and u :[a, b] — R is of
bounded variation on [a, b]. Then for any ¢ € (a, b),

0=) Y(f, u;la, c) +V(f, u; [c, b)) V(S u; [a, b)), (1.3)

that is, Y (f, u; -) is superadditive as a function of an interval.
If[c, d] S [a, D], then

0=<) W(f, u; [c,d]) <V(f, u; la, b), (1.4)
that is, V (f, u; -) is monotonic nondecreasing as a function of an interval.

In the same paper the following functional is also considered:

:|(b—a)

which is well defined for continuous functions f:[a, b] - R and functions of
bounded variation u : [a, b] — R. The following result concerning the properties of
this functional holds [1].

1 \} 1 b
O (f, u; [a, b]) = Lg[%llf(t)lb_a \/(u)— ‘E/ (@) du(o)

THEOREM 1.2. Assume that f :[a, b] - R is continuous and u :[a, b] - R is of
bounded variation on [a, b]. Then for any c € (a, b),

O(f, u; [a, b]) = ®(f, u; [a, c]) - D(f, u; [c, b)), (1.5)
that is, ®(f, u; -) is supermultiplicative as a function of an interval.

For applications of the above results for the Trapezoidal and Ostrowski error
functionals as well as applications for special means, see [1].

In this paper we consider other composite functionals that can be naturally
associated with the functional W( f, u; [a, b]) and study their quasilinearity properties.
Some applications in connection with Ostrowski’s and the generalized trapezoidal
inequalities and for special means are provided as well [3, 4, 10, 11].
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2. Some general results

Consider a continuous function f : [a, b] — R and a function of bounded variation
u :[a, b] — R for which

y
W(fous e yD) = max (0] \ @ — £0 QD

y
/1fmdMﬂ

for any proper subinterval [x, y] of the given interval [a, b]. Define the new functional

b—a
Y(f, u; [a, b)) :=
maxcia ) | 0155 - Vo = |55 [ @O du)] 5
_ (b—a)? '
T V(fousla b))

The following result holds.

THEOREM 2.1. Assume that f :[a, b] - R is continuous and u :[a, b] - R is of

bounded variation on [a, b] such that condition (2.1) is valid. Then for any
c€(a,b),

Y(f, u; [a, b]) <Y (f, u; la, c]) + Y(f, u; [c, b)), (2.3)
that is, Y (f, u; -) is subadditive as a function of an interval.

PROOF. Since, by Theorem 1.1, the functional W ( f, u; -) is superadditive as a function
of an interval, we have for any ¢ € (a, b) that

W (f, u; [a, b)) - V(f, u;la,cl) +W(f, u; [c, D))
b—a - b—a
(C _ a) ‘I’(fycliga,c]) + (b _ c)‘P(fsti[CCsb])

(c—a)+ b -0

24)

Utilizing the elementary inequality between the weighted arithmetic mean and the
weighted harmonic mean, that is,

aa+,3b>a+,3
i /37
atp T L4l

o, B,a,b >0,

for the choices

V(f, u; [a, c]) W(f, u; [c, b])
a=— b=—"

a=c—a, PB=b-—c,
c—a b—c
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we have
Y (fusla.cl) W (fusle,bl)
(c — ay¥Lmlach 4 _ o) Pfuleb)
(c—a)+ (b —rc)
(c—a)+b—-—¢c)  (c—a)+(b—-0) Y
- ca__ b—c T (c—a)? (b—c)? (2.5)
¥(fula.c) ¥(fsle.b) V(fusla,cl) + W(fousle,b])
. b—a
T (c—a)? (b—c)?

T(fwlac) T U awlc D
Combining (2.4) with (2.5), we get
U(f. u la. b)) _ b-a

b—a - (c—a)? + (b—c)?
Y (fou;la,cl) Y (fu;[c,b])

which shows that the functional Y ( f, u; -) is subadditive as a function of an interval. O

El

Further, for g € (0, 1), we consider the following family of functionals:

Q,(f, u; [a, b]) := (b — a) "IV (f, u; [a, b])]?

b
=0b-a)'? [zgf%] [ f (D) \a/(u) -

b 7 6
/f(t)du(t)]. (2.6)

The following result concerning the quasilinearity of the functional Q,(f, u; -) may
be stated.

THEOREM 2.2. Assume that f :[a, b] - R is continuous and u : [a, b] - R is of
bounded variation on [a, b]. Then for any q € (0, 1),

0=)  Qq(f, us [a, c]) + Q2q(f, us [c, b]) = Q4 (f, u; [a, D), (2.7)
for any c € (a, b), that is, the functional Q(f, u; -) is superadditive as a function of
an interval.

If[c, d] C [a, D], then
(05) Qt](fs l/l, [C7 d]) 5 Qq(fv us [a7 b])s (28)

that is, Qq(f, u; -) is monotonic nondecreasing as a function of an interval.

PROOF. We know from the proof of Theorem 2.2 that

W(f, s la, b)) _ (e = a) EERD 4 (b — o HUGHERD

2.9
b—a - (c—a)+®—-o0) 29)
for any ¢ € (a, b). Taking the power g € (0, 1) in (2.9), we get
‘Ij(f, u; [a, b)) q> (C—G)W'i‘(b—c)w q 2.10)
b—a - (c—a)+ (b —0) '

for any c € (a, b).
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By the concavity of the function g(t) =19, g € (0, 1) we also have

[@_a)\”fgf_;[;’cb (b — o) YleD b])}

(c—a)+®—-0)
‘P(fu [a cl) Y (fou;le,b]) 19
e e R e =
- (c—a)+(b—c) @2.11)

_(c— )"V (S, u; [a, D] + (b — o) IV (S, us [c, bD)?
B (c—a)+b—-0)

_(c— @)V (S, u; [a, D) + (b — o) I (S, us e, b)Y
N b—a

for any c € (a, b).
Combining (2.10) with (2.11), we deduce that

[W(f, u; [a, DY (c = @)W (S, ws [, cDI + (b — )10 (S, us [e, DI
(b—a) B b—a

for any c¢ € (a, b), which shows that the functional Q,(f, u; -) is superadditive as a
function of an interval.
Now let a < ¢ < d < b. Then by the superadditivity of 2, (f, u; -),

Qq(fsu; [a, 1) — Qq(f, u; [, d]) = Qq(f, us [a, c]) + Qq(f, u; [d, b]) = 0,

which proves the monotonicity property. O

If p>g>0,p>1 we can also consider the mapping depending on two
parameters:

Ap,q(fv u; [a, b))

= —a)PDIPYI(f, u; [a, b]) = (b — a)P~ITPD/P
(b—a) (f,u; [a, b)) = (b —a) 2.12)

]"

THEOREM 2.3. Assume that f :[a, b] — R is continuous and u:[a, b] - R is
of bounded variation on [a, b]. Then for any p>q >0, p>1, we have that
the functional Ap ,(f, u;-) defined by (2.13) is superadditive and monotonic
nondecreasing as a function of an interval.

1\ 1 b
X [zg[‘i’él'f(”"ﬂ\a/(”)_ ‘m/ f () du(t)

We have also the following general result.

PROOF. First of all, we observe that the following elementary inequality holds:
(@ +p)F = (el + g7 (2.13)

foranyo, B>0and p>10< p < 1).
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Indeed, if we consider the function f), : [0, c0) = R, f,(t) = (t + )P — 17, we
have f[/,(t) = pl(t + 1)?~1 —P~1]. Observe that for p > 1 and r > 0 we have that
fl/, (t) > 0, showing that f, is strictly increasing on the interval [0, c0). Now for t =
a/B (B>0,a>0) we have f,(t) > f,(0), giving that (a/B + 1)? — (a/B)P > 1,
that is, the desired inequality (2.1).

For p € (0, 1) we have that f), is strictly decreasing on [0, 0o) which proves the
second case in (2.13).

Now let ¢ € (a, b). Since W(f, u; -) is superadditive as a function of an interval,
we have by (2.13), for any p > 1, that

WP(f, u; la, b)) = [W(f, u; [a, c]) + W (f, u; [c, bD]P

(2.14)
> WP (f, u; la, c]) + WP (f, us [c, b)),
which provides that
V(f, u; la, b])
b—a
(WP (f, u; la, c]) + WP (f, u; [e, bD]'/P
> (2.15)
(c—a)+(b—c)
Y(fiusla,c)) 1P Y(fousle,bD) 1P
_ <(c IRl ST M) ST 1/ )l/p(b — )/
(c—a)+b—-0)
for any c € (a, b).
Utilizing the monotonicity property of power means, that is,
(oexp +/3yp)1/p - (axq _Hqu)l/q
a+p - o+ B
where p > ¢ >0, and «, B, x, y > 0 with @ + 8 > 0, we have
V(fou;la,cl)1p Y (fusle,b) 1P
((C ) e i B ) s vl )1/”
(c—a)+ (b —c)
Y(fiusla,c)) 14 Y (fiusle,bD) 14
. ((C‘“)[W] + - [5G ] )”‘1 2.16)
- (c—a)+b—-0)
(=) TYPWI(f, us [a, c]) + (b — ) TPWI(S, us [e, b]) |9
B b—a '
By making use of inequalities (2.15) and (2.16), we get
V(f, u; [a, b])
b—a
(=)' TP s fa, e + (0~ o PWI(f s e, b))
- b—a
x (b —a)l/P~1
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which is equivalent, by taking the power ¢, to

WA(f, u; [a, b))
(b —a)t

>

((c — )79 PWA(f, us [a, c]) + (b — ) TYPWI(L, u; [c, b])
b—a

x (b —a)l/P—4
=[(c —@)'~9/PWI(f, us [a, c]) + (b — )\ ~9/PWI(f, us e, b])]
x (b —a)t/P—a—1,
Moreover, if we multiply (2.17) by (b — a)'+t9=@/P) then we get

WI(f, u; [a, b)) (b — a)' 797 > (c — a) ' "VPWI(f, u; [a, c])
+ (b —o)'TYPWI(S, u; [c, b))

59

(2.17)

(2.18)

for any c¢ € (a, b), which shows that A, ,(f, u; -) is superadditive as a function of an

interval.
The monotonicity follows as above and the proof is complete.

3. Applications for Ostrowski’s inequality

a

In [6], the author has proved the following inequality of Ostrowski type for the

Riemann-Stieltjes integral:

b
'f(X)[u(b) —u(a)] - / J (@) du(t)

r b

] \/(u>,

for all x € [a, b], where f : [a, b] — R is of r- H-Holder type, that is,

|f() = fOI = Hlx =yl

a-+b
2

SH[%(b—a)—F‘x—

(3.1)

for any x, y € [a, b], where r € (0, 1] and H > 0 are given and u is of bounded

variation on [a, b].
We can now define the functional

b
O(f, u, b)) =H t—x|"
(f, u, x)(a, b) max |f = x| \a/(”)

b
- ‘f(X)[u(b)—u(a)]—/ S (@) du(r)
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where f, u, x, a, b, r and H are as above. We observe that, when x is in the interior
of [a, b] then
]r

which provides a natural connection between inequality (3.1) and the functional (3.2).

a+b

1
max |t—x|’=|:§(b—a)+ X —

tela,b]

LEMMA 3.1. Assume that f :[a, b] — R is of r-H-Holder type and u is of bounded
variation on [a, b). If ¢ € (a, b), then

O(f, u, x)(a, b) =0(f,u, x)(a, c) +6(f, u, x)(c, b) (3.3)
for any x € [a, b], that is, O(f, u, x) is superadditive as a function of an interval.
PROOF. Observe that, for any ¢ € (a, b), we have successively

0(f, u, x)(a,b)

b
= H(trer[lsx |t — x| ) \a/(u) —

b
/ Lf(x) = f(®)]du(t)

. . ¢ b (3.4
=H max{tlelgsﬁj [t — x]|", tler[lgl’i] |t — x| }(\a/(u) + \C/(u))
c b
- f [f(x)— f(@®)] du(t)+/ [f(x) — f@®]du(@)|.
Now, since
H max!treng)z It —x|", rnax It — x| }(\/(u) + \/(u))
3.5)
[Irensué It —x|" \/(u)+ max It —x|" \/(u)]
and
b
(x) = f(®)] du(r) +/ [f(x) — f(®)]du)
¢ (3.6)

b
/ Lf(x) = fF(O]du(@®)],

< / LF GO — £ du()| +

then, by (3.4),

c b
O(f, u, ,b)> H t—x|" H t—x|"
(f.u )@, b) = H max |t —x] \/(u)+ max [t = x \/(u)

c b
- / Lf) — )] du(t)| - / () — F(0)du)
=0(f, u, x)(a,c)+0(f,u,x)(c,b)

and the statement is proved. O
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COROLLARY 3.2. Assume that f and u are as above. If x € [c, d] C [a, b], then
O(f, u, x)(a, b) =0(f, u, x)(c, d)
or, equivalently,

a+b
2

X —

b
Ju(b) —ua)] - / f (@) du(t)

r b
} \ @ —
chrd } \"/(u) 3.7)

d
- ‘f(x)[u(d)—u(C)]—[ J (@) du(r)

H[%(b—a)+

ZH[%(d—c)%—‘x—

As in the general case presented above, we consider the following composite
functionals that can be attached to 6(f, u, x):

O(f, u, x)(a, b)]®=®
b—a ] ’

b — 2
T(f, u, x)(a, b) = W,

provided the denominator is not zero, and the families of functionals

Q(f, u, x)(a, b) == (b—a) IO(f, u, x)(a, D)1, g€ (©,1),

D(f, u, x)(a, b) := |:

and
Apg(fsu, x)(a, b):=(b—a)P~PPO(f, u, x)(a, b)Y, p>g=>0,p>1.

PROPOSITION 3.3. Assume that f :[a, b] — R is of r-H-Hdlder type and u is
of bounded variation on la,b]. For x €(a,b), the functional ®(f, u, x) is
supermultiplicative, Y (f, u, x) is subadditive and Qg (f, u, x) and A, 4(f, u, x) are
superadditive as functions of an interval.

The proof follows from Lemma 3.1 and the results from the preceding sections. The
details are omitted.
4. Applications for the generalized trapezoidal formula

In [7], in order to approximate the Stieltjes integral f ab f()du(t) with the
generalized trapezoidal rule [u(b) — u(x)]f(b) 4+ [u(x) — u(a)]f(a), where f is a
function of bounded variation and u is continuous on [a, b], the authors considered
the generalized trapezoidal error functional

b
T(f, u; x,[a, b)) := [u(b)—u(X)]f(b)Jr[u(X)—u(a)]f(a)—/ J (@) du(r)
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and showed that
b
IT(f, u; x, [a, b])| < lg[l%] lu(®) — u(x)| \a/(f)- 4.1)

Now, if f : [a, b] — Ris of r- H-Holder type, where r € (0, 1] and H > 0 are given
and u is of bounded variation on [a, b], then by (4.1) we have the generalized trapezoid
inequality

r b

] \/ @) (4.2)

a—+b
2

X —

IT(f, u; x, [a, b])| < H[%(b —a)+

for any x € [a, b].
We may define the functional

b
n(f,u, x)a, b):=H max, lt— x|’ \a/(u) —|T(fsu; x, [a, DD (4.3)

where f, u, x, a, b, r and H are as above.

LEMMA 4.1. Assume that f : [a, b] — R is of r-H-Holder type and u is of bounded
variation on [a, b]. If ¢ € (a, b), then

n(f, u, x)(a, b) = n(f, u, x)(a, ¢) + n(f, u, x)(c, b) 4.4
for any x € [a, b], that is, n(f, u, x) is superadditive as a function of an interval.
The proof is similar to that of Lemma 3.1 by observing that
T(f, u; x,la, b)) =T(f, u; x,la, cl) + T(f, u; x, [c, b])
for x, ¢ € [a, b], and we omit the details.
COROLLARY 4.2. Assume that f and u are as above. If x € [c, d] C [a, D], then
n(f, u, x)a, b) = n(f, u, x)(c, d)

or, equivalently,
1 a+b|1\°
H[E(b —a)+ ‘x - ] \/(u)

b
[u(b) — u(x)]f () + [u(x) —u(a)]f(a)—/ J (@) du(t)

o 4.5)

e

d
[u(d) —u(x)]f(d) + [u(x) —ulc)]f(c) - / f (@) du(t)

c+d
2

X —

1
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As in the general case presented above, we consider the following composite
functionals that can be attached to n(f, u, x):

n(f, u, x)(a, b) ]~

e
(b —a)?

n(f, u, x)(a, b)’

provided the denominator is not zero, and the families of functionals

F(f,u,x)(a,b) =

A(f,u, x)(a, b) =

B, (f, u, x)(a, b) = (b — a)' ™ [n(f, u, x)(a, b)l4, qe(0,1),
and
My (f,u, x)@, b) = (b —a)P~PPn(f,u, x)(a, b)Y, p>g=>0,p=>1.

PROPOSITION 4.3. Assume that f :[|a, b] — R is of r-H-Holder type and u is
of bounded variation on |a,b). For x € (a,b), the functional F (f,u,x) is
supermultiplicative, A(f, u, x) is subadditive and E4(f, u, x) and 1, 4(f, u, x) are
superadditive as functions of an interval.

5. Applications for means

If g:[a,b] — R is a continuous function on [a, b] then u(t) :fat g(s)ds is
differentiable on (a, b) and the functionals ¥, T, €, and A, ; become

b b

V(£ g la, b)) i= max |£()]- / lg(t)| dt — / f(Hg)dr|, (5.1)
Y(f, g la, b))

. b—a

C maXeeqan [FOI - [P gl dt — |5 [P F()g(0) di] (5.2)

_ (b—a)?

U(f, g la, b))’
Q,(f, & [a, b)) :== (b — a)'~1[V(f, g; [a, B¢
1 b
z(b_a)[é?i’é] If Ol — /a g ()] dt (5.3)

T

1 b
- ‘_b f F)g)de
—a J,
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and

Apq(f, g la, bl) := (b —a)P~D/PWA(f, g; [a, b])

b
= (- a)(p—q+pq)/p[ max | f(1)] - L |g(t)| dt (5.4)

tela,b] b—a ),
T
Obviously ¥ remains superadditive and monotonic nondecreasing as a function of an
interval while Y inherits the subadditivity property of Y. Also, any member of the
families of functionals 4, ¢ € (0, 1), and A, 4, p > g >0, p > 1, is superadditive

and monotonic nondecreasing as a function of an interval.
Let us recall the following means:

1 b
- ‘b— / f)g)de
— a a

b
arithmetic mean: A(a, b) = a ; ,
geometric mean: G(a, b) =+/ab,
. 2
harmonic mean: H(a, b) = I T
= + =
a b
. . b—a
logarithmic mean: La,by=——, b+#a;
Inb—Ina
1/ pb\ /=)
identric mean: I(a, b) =— (—) , b#a;
e\ a“

pp+l _ gpt+1 /P
p-logarithmic mean: L, (a, b) = [ ] ,

(p+D(®—a)
peR\{_170}7b¢a7

with a, b > 0. It is well known that L, is monotonic nondecreasing over p € R with
L_1:=L and Lg := I. In particular, we have the following inequalities:

H(a,b) <G(a,b)<L(a,b) <I(a,b)<A(a,b). (5.5)
If we consider u(t)=t?, peR\{-1,0}, u:la,b] >R, 0<a<b, then
obviously
1 b »
m g I/t(t) dt = Lp (d, b)

Ifu(t)=1/t,t €la, b],0 <a < b, then
b

1
- Ndf = ——,
b—al “WUN=T0T
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while for u(¢) =Int,t € [a, b],0 <a < b,

b
/ u(t) dt =In[l (a, b)].
b—a J,

If we choose above g(r) =1/t, f(t)=1t? with p e R\ {0, 1} and observing that
0 <a < b, we have

b b—a
1) = P bPy, Hdt = —
zgff,)zi]lf( )| = max{a } /a g(t) La.b)

and ,
/ Fgt)dt =L (a, )b —a).

Then we deduce that

@ b= | DBl |-, perVO L, 56
vy(a,b) =| ——— — a, —a), , 1}, .
P L(a, b) p=1 P
is superadditive and monotonic nondecreasing as a function of an interval, while
(a, b) boa eR\ (0. 1) (5.7)
Zp a, = > 1 ) P 5 5 .
SHan |~ L@ b)
is subadditive as a function of an interval.
Finally, if we consider the families of functionals
max{a?, bP} 1 4
yp’q(a, b) = (b — d)[w - Lp—l (Cl, b) s (58)

where p e R\ {0, 1}, ¢ € (0, 1) and

P pp B q
prq(a, b)=(b— a)<’—‘1+"1>/’[M — LN, b)} (5.9

L(a, b) p
where p e R\ {0, 1}, r > ¢ > 0 and r > 1, then we can conclude that each functional
Yp.q 18 superadditive and monotonic nondecreasing as a function of an interval for any
p € R\ {0, 1}, g € (0, 1). Also, each functional u , ;4 is superadditive and monotonic
nondecreasing as a function of an interval for any p e R\ {0, 1} and r > ¢ > 0 and
r>1.

Similar results may be stated for other choices of f and g. However, the details are
omitted.
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