6

Supersymmetric gauge theories

Local gauge invariance is a very powerful requirement. It is a symmetry principle
that provides a powerful rationale for (Yang—Mills type) dynamics which, together
with the ideas of spontaneous symmetry breaking, forms the basis of the Standard
Model. To preserve the spectacular success of the Standard Model, it is reasonable to
expect that its supersymmetric extension will incorporate the gauge principle. This
then leads us to consider theories that are both supersymmetric and locally gauge
invariant. In this chapter, we develop a formula analogous to Eq. (5.73) for a gauge
invariant supersymmetric model with an arbitrary gauge group and any number of
“matter” chiral superfields in specified representations of this group. This formula
will then be our starting point for developing the Minimal Supersymmetric Standard
Model or, for that matter, globally supersymmetric grand unified theories.

6.1 Gauge transformations of superfields

We saw in Chapter 4 that internal symmetry transformations must commute with
the super-charge. Thus the various components of the superfields must transform
in the same way under any internal symmetry transformation and, in particular,
under a local gauge transformation. Hence, for a chiral scalar supermultiplet with
components (S, v, F), we want the Lagrangian density to be invariant under the
local gauge transformations,

Sa(x) = [ Sp(x), (6.1a)
Yalx) = [¥11O] g (x), (6.1b)
fa(x) - [eigtAwA(X)]ab f‘b(x)’ (61C)

where we write the local transformation parameters as w4(x) to distinguish them
from the SUSY transformation parameter o or the Majorana coordinate 6. The
wa(x) are, of course, real functions of x, g is the gauge coupling constant, and the
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80 Supersymmetric gauge theories

t4 are matrix representations of the generators of the gauge group that satisfy the
Lie algebra [ta, tB] = ingctc.

What would be the corresponding transformation property of the superfield S(x)?
The answer would be easy if the w4 were independent of x: then we would have
simply that S, — [e!¢"1*1] S,. However, such a form cannot be correct for a
local gauge transformation because of the derivatives that appear in the expansion
in Eq. (5.34) or (5.36).

Recall, however, that the expansion (5.40) of the superfield in terms of * =
x+ %é ¥5Y,0 has no derivatives. We would then be tempted to consider the trans-
formations,

Su(k,0) — [e¥1 D] | Sy(%,6).

The component fields would then transform as

Sa(®) = [ D] Sy(),
Ya(R) = [944D] P (R),
Fa®) — [e8194D]  F(8).

These reduce to (6.1a)—(6.1c) for 6 = 0. This cannot, however, be right either
because after the gauge transformation, the components of S, which was a left-
chiral superfield, no longer transform as a left-chiral superfield. This is because
e'¢4@a® (which has only one component field w,) is not a left-chiral superfield.

To ensure that the gauge transformed left-chiral superfield remains a left-chiral
superfield, we are forced to introduce a set of left-chiral scalar superfields €24
with as many members as the generators of the gauge group. We then consider the
superfield transformation,

S.(%.6) —> [eig’AQA@)] 8. 0), (6.2)

which at least has the virtue that the transform of a left-chiral superfield remains a
left-chiral superfield. The components then transform as

S,(%) — [eig’AQAO‘)} Sy(R), (6.32)
ab
Ya®) = [0y, (6.3b)

F.}) — [eig”‘m(@] Fo(®). (6.3¢)

a

Setting 8 = 0, i.e. looking at the scalar components of (6.3a)-(6.3c), we see that
we almost recover (6.1a)—(6.1c), except for what looks like a complex gauge trans-
formation parameter (since the scalar components of {4 are complex functions of
x). We will return to this later.
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6.1 Gauge transformations of superfields 81

We stress here that the “parameter superfield” 2 is not a dynamical degree
of freedom. Its components are just classical functions (Grassman-valued in the
fermion case) of the spacetime co-ordinates. We need to introduce such a field so
that after a gauge transformation, chiral superfields transform appropriately under
a supersymmetry transformation.

Now that we have been able to sensibly extend the notion of gauge transforma-
tions to chiral superfields, we proceed to examine how to couple these in a gauge
invariant way. Here, and in the following, by gauge invariance we will mean in-
variance under this extended gauge transformation. Since all interactions of chiral
superfields with one another are given by the superpotential, we begin our study
with that. However, because the superpotential is simply a polynomial of chiral
superfields and does not contain any spacetime or supercovariant derivatives, it is
clear that choosing it to be invariant under global gauge transformations ensures it
is also invariant under the transformations (6.2). The Lagrangian density derived
from this is then also invariant.

We thus have only to worry about the Kéhler potential contributions which give
rise to the kinetic terms for the component fields. For renormalizable theories, the
Kihler potential is given by (5.60). We see immediately that this term is not invariant
under the transformation (6.2) for the chiral superfield because the gauge param-
eter superfield {4 is intrinsically complex. We have (with matrix multiplication
implied),

§1 = Gle-imnd)
and, as a result, the Kihler potential term,
318 — Sl isneisns g

isno longer a gauge invariant. This should not be surprising. In the usual formulation
of gauge theories, kinetic terms for the scalar or fermion fields are also not gauge
invariant. We have to introduce new fields (the gauge potentials) and couple these to
the scalars or fermions via a gauge covariant derivative to obtain a gauge invariant
Lagrangian that includes these kinetic terms.!

Towards this end, we are led to introduce a set of gauge potential superfields
&4 in which the vector potentials reside. These are not chiral superfields, but are
chosen to satisfy the reality conditions ol = d 4 so that their bosonic components
are real while their fermionic components are Majorana. This ensures that the vector
potential and the gauge field strength are real. The SUSY transformation rules for

! In fact, the parallel is exact since global gauge invariance of the Yukawa interactions of fermions as well as
the scalar potential ensures these are also locally gauge invariant, just as the global gauge invariance of the
superpotential (which leads to Yukawa interactions and the scalar potential in a supersymmetric theory) also
guarantees its local gauge invariance.
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its components are given by Eq. (5.29a)—(5.29g) of Chapter 5 (with the index A
implied). We will see shortly that it is possible to work with the components S,
Y, M, and N set to zero. The curl supermultiplet that contains the field strengths
is then constructed from &4, just as the field strengths F " are constructed from
the vector potentials.

In order to maintain local gauge invariance of the Kihler potential, we modify
it to,?

K = Sfe 261§ (6.4)

where it is, of course, implicit that the dimensionality of the matrix 4 depends on
the representation to which the chiral superfield belongs. We then require that the
Kiéhler potential remains invariant under a gauge transformation, i.e.

STeflgthLefzng(,I\)/AelngQQS — STefzgtA&)AS‘
This then fixes the gauge transformation rule for the fields ® 4 to be,

e*iglplee*lgm&)%eithQQ — ef2glAél\)A. (65)

Notice that the Kihler potential is now not a polynomial in the fields since the
field ® is exponentiated. It still has mass dimension 2, however, because as noted in
the exercise following Eq. (5.60) of the last chapter, [®] = 0, and renormalizability
is not affected.

Let us define a left-chiral superfield

gtA WA = —%DDR I:ethCé)c DLC_thBé)B] (66)

where the Dy, are the right/left supercovariant derivatives defined in Chapter 5.
Its chiral nature follows because we have already checked (see the exercise be-
low (5.54)) that the components of Dg anticommute, so that by the “Majorana
character” of D, Dr(DDR) = DR(Dg C DR) = 0. The leading component (i.e. the
6-independent term) of the superfield W, is a spinor, and we will call this a left-
chiral spinor superfield (as opposed to a left-chiral scalar superfield).

Exercise Convince yourself that none of the properties that we have derived for
chiral superfields depended upon the fact that the leading component was a scalar.
In other words, these properties of chiral superfields hold for W 4 also. In particular,
powers of Wy are left-chiral superfields (though not necessarily Lorentz scalars).

2 The Kihler potential (5.60) of a renormalizable theory is trivially invariant under global gauge transfor-
mations. More generally, if the Kihler potential K(SL, 3{) is chosen to be globally gauge invariant, then

K(SL, 5‘{6’25”/" @4y will also be locally gauge invariant if &4 transform as discussed below. This is because
the product of any representation times the adjoint contains the original representation.
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Since we know the corresponding transformation rule for ® 4, we can now work
out how the fields W, transform under a gauge transformation. We have,

ngWA -

. .o N . A . At N A
%DDR I:elgtpﬂpezglcq)ce—lgtp/gl, DLelng’QQ/efzgl‘3<bgeflngQQ:| .

Now, since DLQTQ, = 0 (because QTQ is a right-chiral superfield),
e—igtp/le, DLeith’QE’ — D,
and our gauge transformation simplifies to,
gt WA N —%DDR [eigtpfzpethCéc DLe—Zngﬁ)Be—ithQQ] )

The same type of argument allows us to move D Dy, past the left-chiral superfield
els’r$2r and we find that

A 1.6 = X P
gtaWy — —gelgt”m [DDRezg’Cq>CDLe_zg’B‘DBe—lngQQ] )

The Dy in the square brackets may act on either e ~2¢ 5%5 or e~i8'0%0  When it acts
on the latter, the corresponding contribution to the square bracket becomes,

DDgDye 8%,

Since Dgre™ igtoS2o — =0, we can replace Dgr Dy, by the anticommutator, and then
using (5.54), obtain DRDLe_‘thQQ = —2idCe %020 Then, since spacetime and
supersymmetric covariant derivatives commute, we get

DDy Dy e 8% = —2i3, Dy y*Ce ¥"e% =
2id, DL Cy* T e 809 = _2iy, (" Dge ¥'e%e) =0
where the expression in the brackets vanishes because 2 is left handed. Thus, we

only get a contribution when Dy acts on e 28 15 Ps thereby giving us our final result
for the gauge transformation of W,

ta WA — CigtPQP Ip Wge_ingQQ . (67)

Notice that unlike the transformation law (6.5) for the gauge potential superfields
&, which entailed both €4 and SAZL, the transformation law for £, W brings in
only the fields €2 4. In fact, t4 W, transforms as a gauge field strength F /fv (except
that the local transformation parameter is a superfield).’?

3 See, for example, Introduction to Quantum Field Theory by M. Peskin and D. Schroeder, Perseus Press (1995),
Eq. (15.36), where the field strength transforms as t4 Fj,,4 — €'$'PPtpF,, ge~'8'0%0
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Let us summarize the main results for local gauge transformations of superfields.
Chiral superfields transform as

S — e#$ and ST — gTe_ig’AQQ; (6.82)
the gauge potential superfield transforms as

e—2gtA<i>A N eigthLe—thgége—ithfZQ; (6.8b)
finally, the superfields
gtaWy = —éDDR [ezgtc&c DLe_zgtB&“]
transform as
(AW, — eig”’Q”tB WBe_ig’QQQ. (6.8¢)

We will see below that it is the superfield W, that contains the field strength F%",
and we will work out its other components. But first, to connect up this rather
formal discussion with the usual formulation of gauge theories, let us work out the
transformations (6.8b), and later (6.8c), in terms of the component fields.

6.2 The Wess—Zumino gauge

In the last chapter, we showed that under supersymmetry the F*”, A, and the D
components of the curl superfield transformed into one another, but we did not
discuss the other components of this multiplet. The reason for this, as we show
next, is that we can work with all but the A, V#, and D components of the gauge
potential superfield set to zero. Then, because the curl superfield is derived from
the gauge potential, the question of the other components does not arise.

6.2.1 Abelian gauge transformations

We begin by working out the transformations (6.8b) in component form for an
Abelian theory. In this case, (6.8b) reads,

gd = b+ i%(@ —ah. (6.9)

Notice that i%(fl — Q) is a real superfield so that & remains real under a gauge
transformation.

Recall that  is a classical left-chiral scalar superfield. We denote its components

by w, &, and ¢. We are abusing notation here by using the symbol w both for the

(real) parameter of the local gauge transformation in (6.1a)—(6.1c) as well as for the
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6.2 The Wess—Zumino gauge 85

(complex) scalar component of 2, but we trust that this will not cause confusion.
We can expand €2 in its canonical form,

O = w(x) + ivV208.(x) + 10612 (x) + %éysyuea"w(x)

1. 1
— E9;/599;9§L(x) + §(9y50)2Da)(x). (6.10)
Then
La—ah=i 1fw1+1«/_0g+—90§R+ ! —Oys0G
2 2 V2 V2

where, ® = % and¢ = g“Lﬁ‘g‘ Reading off the components of (6.9) immediately

tells us that under a gauge transformation, the various components of ® transform as,

1

S =8— 72“’" (6.11a)
V=9 - %Vsé, (6.11b)
1
M =M- —aq, 6.11
ﬁil (6.11c)
1
N =N — —, 6.11d
ﬁCR ( )
VI = Y — \/%a“wR, (6.11e)
A=A, 6.11f)
D =D. (6.11g)

This transformation preserves the reality of the Bose fields and the Majorana
nature of the Fermi fields.

The important thing to note is that even if we started with a multiplet with non-
zero (S, ¥, M, N, V* A, D), by choosing wy, &, {1, and {g appropriately, we
can set §', ¥', M’, and N to zero! This choice is called the Wess—Zumino gauge.
Of course, if after setting these to zero we perform another SUSY transformation,
we will re-generate these components again. Thus, the Wess—Zumino (WZ) gauge
is not supersymmetric.
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The local parameter wg(x) is not fixed by our choice of the WZ gauge, and the
transformation corresponding to just this parameter reads,

1
VW = VH — — 3 g, (6.12a)
\/5 R
A=, (6.12b)
D =D, (6.12¢)

while the other components are not affected by it. We still have the freedom to
perform the gauge transformations (6.12a)—(6.12c). But these are the usual gauge
transformations for an Abelian theory. The gauge field changes by a gradient, and the
transformation parameter is the real part of the scalar component of the parameter
superfield €, while the other components (which, being partners of a gauge field,
must be neutral) remain invariant under the gauge transformation. In other words,
the choice of the WZ gauge does not fix the gauge in the usual sense of the term.

6.2.2 Non-Abelian gauge transformations

We will now work out the transformation laws for the gauge potential superfields
of a non-Abelian gauge theory. Our starting point will be Eq. 6.8b:

e—thAdAD’A — eigpoLe—zgtB&)Be—ithQQ. (6.13)
In this case, because the matrices f4 do not commute with one another, it is not
possible to explicitly display the transformation to the WZ gauge as we did for
the Abelian case above. Using the fact that a product of the exponential of three

arbitrary matrices u, v, and w can be written (using the Baker—Campbell-Hausdorff
formula) as,

with
1 1 1
z=u+v+w+5[u,V]+§[u,W]+5[V,W]+---,

where the ellipsis denotes terms with nested commutators, we see that (6.13) gives
us,
2gtad, =2gtpdp +igtp(Qp — QL) + g” feentp(@pSec — CTDCQJ;;)
£ 2
ig A A
- 7fBCDIDQBQTC +o- (6.14)

The nested commutators that we have ignored have even higher powers of couplings.
We first observe that the first two terms of (6.14) are the same as the corresponding
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equation for the Abelian case. Moreover all other terms, including the ellipsis,
vanish in this case since the structure constants are zero. We now see that there
is an iterative procedure for going to the WZ gauge for the non-Abelian case. To
zeroth order in g, the gauge transformation that we need is identical to (6.11a)—
(6.11g) discussed above. But this must be corrected to the next order in g to include
terms on the second line of (6.14), and then again to include the yet higher order
terms denoted by the ellipsis. The point of this argument is only to convince the
reader that there is a Wess—Zumino gauge even for non-Abelian theories, where the
Sa, ¥a, My, and Ny components of the field 4 can be set to zero.

From now on, we will work in the WZ gauge where the gauge potential superfield
can be written as,

. 1 - _ 1
b, = 5(e)ysy,ﬁ)vjf +i0ys001, — Z(9y59)2DA. (6.15)

We must remember that the components w4, £4, and ¢4 of the parameter superfield
€24 are now fixed, and the only gauge freedom corresponds to transformations that
depend on the parameter wr4 (which, we will see, is the gauge transformation
in the conventional sense). We will thus compute how the components of &,
change under the gauge transformation (6.13) taking the parameter superfield with
wipg = &x = &4 =0, and a)RA/«/E = 4. In other words, we take,

A i |

Q= aalx)+ E(GVSVue)aM(XA(X) + §(9V59)ZDaA(x) (6.16)
and

At i 1

Q,'L‘ =ou(x) — E(styMQ)BMaA(x) + g(QVSQ)ZDaA(x). (6.17)
This transformation clearly preserves the WZ gauge. For simplicity, we will only
compute an infinitesimal gauge transformation.

In evaluating the LHS of (6.13), we need only keep terms in the expansion of

the exponential to second order, since each term in (6.15) is at least quadratic in 6.

Thus,

e*thA&)/A =1 gé)/s)’;ﬁ([ . VIU) _ 21g(9)/59)é(t . )\,/)

1 -
+ 5(9;/50)2 {gt - D' — (gt - V*)(gt - V))}. (6.18)

We have used (5.24¢) to cast the expression in canonical form and introduced the
notation ¢ - X as a shorthand for 14 X 4.
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A straightforward substitution of (6.16), (6.17), and (6.15) into the RHS of
Eq. (6.13) yields, to first order in a4,

_ o . 1 _
1 — gty [eysme Vi +2i0ys0)0ra — E(QVSQ)zDA] L a1 PV Vi
+ ig [(a - 1), e—2gtA<i>A] + %éyﬂ/u@ {3“0{ -1, e—2gtA<i>A}
+ ég(éVSH)Z |:|:|C( - t, e_thA&)A] )

The last term of this expression vanishes because the commutator has at least two
fs yielding a term with more than four 8s. The second last term involving an
anticommutator has two non-vanishing terms:

2
— g —
g0ysy,00"a -t + 7(9y59>2a“aAvMB{rA, tg}.

The third last term becomes

+i5 e ). g1 - DI @ys0)? = i3 [(@ - 1), (g1 - V) (gt - V0] @)

Putting all the pieces together, the RHS of (6.13) becomes

1 - éVSVue (gt - VH — ga“a -t +igla-t, gt - Vl‘«])
— 2i(@ys0)0 (gt - A +igla - 1, gt - A])

1 _
+ E(eyse)z (8D -t — (gt - V*')(gt - V) + 70" oea Vyuglta, tg)
+ ig’[a - t,t - D] —igla - 1, (gt - V*)(gt - V)I). (6.19)

Equating the coefficients of —g8ys Y,.0 1n (6.19) and (6.18) leads to,
(t-V*"y=1-V*¥ —d"a -t +igaaVylta, ts]. (6.20)
Comparing coefficents of —2ig(0ys0)0 gives,
(t-A)=t-Ar+igaarplta,tp]. (6.21)
Finally, by equating coefficients of %(é ¥50)* we get,

t-D —gt-V*)t-V,))=t-D+igasDplta, tg] — gt - V*)(t - V},)

+ 80" aaVyuslta, ts) —ig?a* VIV C 1y, tpic].
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Exercise Using the relation

i[ta, tgtc] = — fasptptc — facplslp,
show that Eq. (6.20) leads to

—g(t - V)t - V) = — g(t - VI - Vi) + gViad aplta, 15)

s 2 B C
—1g [ZA,lBlc]OlAVM yire,

Using the result of the exercise above, it is easy to show that
D¢ =De — gfapcaDp. (6.22)

It is now easy to see from (6.20) and (6.21) that for an infinitesimal gauge
transformation by a parameter o4, the component fields of the gauge potential
superfield transform as,

Ve = Vi — 3" ac — gfapcaaVy, (6.23a)
Ae = ke — gfaBcatp, (6.23b)
D¢ =Dc — gfapcaaDs. (6.23¢)

The first of these is exactly what we expect for the gauge transformation of a non-
Abelian gauge potential. The vector field V' does not transform covariantly in
that its transformation includes the inhomogeneous 9"« piece. The fields A¢ and
Dc transform covariantly under the gauge transformation (i.e. the transformation
is homogeneous). For the A¢, for instance, this is just what we expect since it
corresponds to fermions in the adjoint representation of the gauge group.

6.3 The curl superfield in the Wess—Zumino gauge

Before we can proceed with the construction of supersymmetric Lagrangians for
gauge theories, we need to work out the explicit form of the curl superfield Wy
introduced in Eq. (6.6):

o i._ . .
gtaWy = _gDDR I:ezngqM DLefthBQDB] ‘

We will work in the WZ gauge where &, is given by (6.15). The calculation is
rather lengthy, so we will break it up into a number of steps, and leave it to the
reader to work through the details.

Step 1: Act with D = 3/80 — id0 on e~24%4 to obtain

DefzgtAéA = —2gt - V*(ysy,0) +ig [é@ySt A= @ysO)t -k — Bysy 0yt - A]
+20ys0)ys0{gt - D — g*(t - V)*} —ig(t - 8 Y)0(@ys0)
|
- Eg(éyse)zys(t ¥ 5% (6.24)
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where we have, as usual, made use of various 6 identities to cast the result in
canonical form.
Step 2: Act with P. on the above expression to obtain

Dre 264% — 201 Yog —ig [266R1 - AL + Oysyaby©t - AR]
—20@ys0)0Ligt - D — g*(t - V)*)

_ 1
—ig(t -9 ¥V)oL(0ys0) + 5(9V59)2(gt - OAR). (6.25)

Step 3: Next we multiply this by e?¢’ % to find after some tedious algebra,

2P e 1Y _ Dor. Yoy — 2Okt - AL — i8(BYsVa0)yt - AR

= .8 1,
—20ys0{gt - D‘HE(I DY)+ §1g2fABCtC Vi ValoL

1 _
+5@ys0) {(gt - 9rr) + 28" fanc Vitchar}.  (626)

The structure constants in (6.26) come from writing the product z47g of Lie algebra
generators as the sum of a commutator and an anticommutator. The former gives
the structure constants, while the symmetry of the latter (under interchange of A
and B) helps to reduce the expression to the form given above.

Step 4: Work out DH—z”SD to find

1+ ys 9 5 . 3
D D=——" Poy—o 466,00 — 2i(Pedb), —. 6.27
2 50, Rabgg O 1(Prd)e 50 (6:27)

‘We can now work out the action of % Prap B%h on various terms in (6.26) involving
6. Using (5.26a)—(5.26e), we obtain:

aza PRahaiébé PrO = 4, (6.28a)
iPRahi—(éVSVae) =0, (6.28b)
96, 38,
iPRahi—(éVSQ)eLc =46, and (6.28¢)
96, 38,
iPRabi—(éVSQ)z = —806y. (6.28d)
360, " 38,
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We thus obtain the action of DHTVSD on (6.26) to find
g g
8igt - AL + 8{gt - D +i§(f DY) +i?fABCtC Ve YaloL
+ 4061 {(gt - 9AR) + 28° fasc Vptchar) + 200t - O YV)or
+ig(éy59)2(t -OAp) — 4iga,(t- Y)y" oL — 8g939L(t -AL) +4gdrt - AROOL

.= . 1
+ 81080, {gr - D +1§(f O Y)+ EngABCtC Ve ValoL. (6.29)

Step 5: To complete our calculation, we will exploit the fact that W, is a left-
chiral superfield; hence, its dependence on #; and 6y can arise only through %. To
obtain W4, we can thus pick off the terms involving only O and 6, from Eq. (6.29),
including of course the 6 independent term, and then simply change the argument
in the component fields from x to X. These terms are,

2
. .8 .8
8igr - AL+ 8{gt-D +1§(f DY)+ lijBCtC Vi VatoL
+406L{(gt - DAR) + 28” fasc Vptchar} — 4igd,t- Y y" 0L +4g00.t - Ay
= 8igt - AL + 4igy"y (8. Voa — 3, Vyadta + gfac Vi VoatclbL
+8g00L1c [88ac + gfanc Velira + 881 - DOL. (6.30)
Since Fj 4 = 0, Vya — 0, Vya — gfasc Vs Voc, the term in the first square brack-
ets aboveisjustr4 F,, 4. Also, recall that the gauge group structure constants furnish

arepresentation — the adjoint representation of the gauge group: [tédj] AB = —1fcaB.-
Using this, the second set of square brackets above yields

[86ac + gfaBc VBlAra = [80ca + ig(tgdj)CA YBlAra,

which is the gauge covariant derivative acting on the field A4 that always belongs
to the adjoint representation of the gauge group. . )
Thus, the 6 and 6y independent part of D Dg{e?$""® Dy e=28""®} is:

Bigtarar + 4igy"y taFunabL
+ 8800L1A(PAr)A + 881ADAOL.

Comparing this with our definition (6.6) of gr4 Wy, and then replacing the argument
x with X we find that, in the WZ gauge,

R 1 . . N
Wa(x,0) = Aa(®) + EV“V”F,NA()?)@L — 106 (PAr)a —1DA(X)0L, (6.31)

where Dac = #S4c + ig(tgdj) Ac Y 1s the gauge covariant derivative in the ad-
joint representation. The interested reader can explicitly check that, aside from the
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factor 8igt4, expanding the component fields about ¥ = x indeed reproduces the
expression in (6.29).
We note the following:

« We have already remarked that W, is a left-chiral spinor superfield. We see
explicitly that the 6 independent term in W, is a spinor. In addition to its gauge
index A, it carries a spinor index which we have suppressed.

. WA has components A4, F),, 4, and Dy; the spinor A4 and the scalar D, are the
same components that are in the gauge potential superfield & 4, but instead of the
vector potential, the third component of W is the field strength.

» The product W, W, is gauge invariant but not Lorentz invariant. Since W¢ =
—T
CW , transforms as the adjoint representation also, but is a right-chiral superfield,

the combination
Wi Wy
is a gauge-invariant, Lorentz-invariant bilinear in Wy, and is a product of only

left-chiral superfields. Its F-term is, therefore, a candidate for the Lagrangian
density.

Exercise Show that

- 1 ~
4 =Ara + EFp.vAQRV y*

—i66,, [—)_»LA 3 —gfcpahic VB} — iD4bk. (6.32)

6.4 Construction of gauge kinetic terms

We have just seen that the F-term of Wj W, is a candidate for a supersymmetric
action. Moreover, inspection of (6.31) and (6.32) shows that this term contains
a contribution proportional to " F,,4 so that this term potentially contains the
gauge kinetic term. Before computing it, however, let us do some dimensional
analysis to see the constraints imposed by renormalizability.
The dimensionality of the superfield W, can be worked out as

Wl = [DDD] = [(<2)] = 2

[(Wal =1 ]—[(@)]—5-
Since renormalizability requires that the (composite) superfield whose F-term is
proportional to the Lagrangian density have mass dimension < 3, this function can

at most be quadratic in W,. We are thus left with just Wﬁ W, as the most general

https://doi.org/10.1017/9781009289801.007 Published online by Cambridge University Press


https://doi.org/10.1017/9781009289801.007

6.4 Construction of gauge kinetic terms 93

Lorentz and gauge invariant bilinear.* Notice also that since W, carries with it a
spinor index, it can only enter via even powers, assuming that the other fields in the
theory are just chiral scalar superfields. We do not, therefore, have to worry about
products of WAS and S‘Li in a renormalizable theory.

We are thus led to compute the 66 term of Wg W,4. We can do so by simply using
the form (6.31) for WA and setting X = x because, since ¥ — x is already bilinear
in 0, any other contribution to the #¢; term can only come from the # independent
term of this product. But this contribution is proportional to #y,,6 and not 66, that
we are looking for, and so does not contribute. We thus have,

aWa

06, term
- 1 ~ = - < - e =
= |:)\RA + EFWAQR)/VVM +166, (KLA D +gfcparcL VB) - I,DAQRi|

1 ’ ’ L= .
X |:)\LA + 5)/” VY Fuwabl — 1060 (OAra + gfcma YViire) — 1DA9L:|

06, term

The sources of 66, terms are,

L. (—i)_»RA(W\RA + gfcpa Verre) +i(ALa 8 +gfcparcL VB)XLA) 06;.

2. 4FuaFuvabry y"y" vV oL,
. —DADAQQL, and
=5 FaORY Y DAL — 5 Fuuabry" Y DabL.

B~ W

In the first term above, we can integrate by parts and shift the derivative acting
on A4 to one acting on A4, at the cost of a sign. Then, up to a surface term that we
will not display, the derivative terms together yield the usual kinetic term for the
spinor field A aside from a factor of —2.

The second term can be simplified by noting that,

-— ! ! 1 ! ’ -_— _— -
Ory " y'y*yt oL = ZTr [V”V“V“ y" PL{OOL + 0ys0 - ys — Oysy,0 - J/sy”}]
1 —_— ! !
= S@0Tr [y'y"y" v B

where we have used (5.21). This then simplifies to

1 i 154/ -_
123 v v
<5F,w AFY" + 2" Fa Faer ) 061 (6.33)
4 It is clear from (6.31) that Vs W4 = —Wy so that Wgys W, is not an independent term.
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The first term in (6.33) is the usual gauge kinetic term apart from a factor —2, while
the second term can be re-written as

1 ’t
v v
—€ i FA;wFAp/v’

vu'v' 8 8
= —e"""V (0, As — EfABCABuACv)(au’AAv’ - EfAB’C’ABu’ACv’)

' g
= —el"Y 8M(AAva/,L’AAv’ - ngBCAAvAB’u’AC’v’)

2
’ /g
v v
— el ZfABCfAB’C’ABMACvAB’M’AC’v’-

In the last step the 1/3 enters because it does not matter upon which of the three
gauge potentials the derivative acts — they all give the same contribution. We will
leave it to the reader (see exercise below) to check that the last line of the expression
above vanishes, so that the second term of (6.33) turns out to be a total derivative
and makes no contribution to the equations of motion.

Finally, the last term in our list contracts a symmetric and antisymmetric tensor,
and so identically vanishes.

Exercise Verify that

2
8 Hoqv Al 4V
G;wu’v’ZfABCfAB’C’ABACAB/AC/ =0.

Hints: one way to verify this is to note that we may write,
tp frecAR Al = [1p, tc]AR AL = [A*, AY]
tofopc Ay AL = ltp, tc]A AL = [AY, AV ],

where we have introduced matrices, A* = A'gtp etc. Then since Tr(tptg) X Spo,
the term in question becomes EWM/U/Tr(A“A“A“IA”/) (aside from a multiplicative
constant), and so vanishes because of the cyclic property of the trace.

Collecting all terms from the computation of the coefficient of 06, in VAVX W
and inserting an additional —1/2 to put the gauge kinetic terms in canonical form,
we obtain a supersymmetric and gauge-invariant Lagrangian density Lgx for the
gauge field kinetic terms,

P 1 o
Lok = EKA Dacic — ZFWAFK + EDADA, (6.34)

where, as before,

F/,LI)A = 8/}. VvA - 81) VMA - ngBC V/LB VvC and
(PM)a = Bra +ig(ty’ Vp)ache.
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We see that we have the usual gauge kinetic term for the Yang—Mills field. We
also have a gauge invariant kinetic term for the massless spin % fields A4 in the
adjoint representation of the gauge group. The spin zero fields D4 enter without any
derivatives so these will turn out to be auxiliary fields that satisfy algebraic equations
of motion. The quanta of the theory whose Lagrangian density is Lgx would thus
be massless vector bosons together with a set of massless spin % fermions, both in
the adjoint representation of the gauge group. These fermions are termed gauginos.

Exercise In our derivation of the Lagrangian density (6.34), we dropped surface
terms. Show that these can be written as,

1 i _
Zewp(,Fj‘”F/f" - 53“ (Aay™ysha) .

These terms do not contribute to the field equations. Even so, they might be relevant
in a non-Abelian gauge theory when instanton effects are important. In Abelian
gauge theories, they have no effect.

We remark that the superfield Wg W, is intrinsically complex, and it was only
fortuitous that the surface terms that we ignored were anti-Hermitian. This would
not be a problem, since, as in the case of the Lagrangian density for chiral superfields
that we obtained in the last chapter, we would simply have added the Hermitian
conjugate. The point, however, is that (since the Hermitian and anti-Hermitian parts
are separately supersymmetric and gauge invariant) a supersymmetric gauge theory
may include terms proportional to the surface terms shown in the preceding exercise.
In non-Abelian gauge theories, the corresponding constant of proportionality is
conventionally written as 6 (not to be confused with the Grassmann number 6 that
we have been using).

Finally we note that it is only in the WZ gauge that we can set the scalar com-
ponents of ®4 to zero. This is what gave us only a finite number of terms in the
expansion (6.6) of W 4, and not an infinite series. The latter would have resulted in
a non-polynomial Lagrangian where renormalizability would not have been at all
clear.

6.5 Coupling chiral scalar to gauge superfields

We have already seen that the gauge interactions of chiral superfields enter via the
Kéhler potential (6.4),

Sle2s1®ag, (6.35)

There is one such term for every chiral scalar superfield that we introduce. The
(Bys6)* component is a candidate Lagrangian density. In the previous chapter we
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had seen that, for g = 0, these gave rise to the kinetic energy terms for the scalar
and fermion components of the chiral supermultiplet.

To work out this quartic term in 6, we substitute the expansions for 3{ and Sp
from Eqgs. (5.34) and (5.37) together with the unprimed version of (6.18) for the
exponential of ® in the WZ gauge. There are then four sources of 0* terms in (6.35).
First, we have the quartic terms from just ‘SA'ESA‘L multiplying the 1 from the expo-
nential, which was exactly what we had worked out in Chapter 5. These terms are,

At A 1 _ i_
88, = —5(9)/59)2{%1#31// + FIF +(8,8)1(0"8)). (6.362)
Next we have contributions from,
—8! 8t - VI SLo@ysyd), (6.36b)

where the chiral superfields contribute two factors of . Then we have another
contribution from,

—2ig@ys6)S) At - MapSis (6.36¢)

with one 6 from the chiral superfields, and finally, we have a contribution from,
1 - 2 6t 2 2 5
5(9)/59) Si gt -D— g (t- V) }apSip- (6.36d)

Non-zero terms from (6.36b) can only come when we have either 6, and a 6;, or
Or and a Og from the chiral superfields. These contributions are:

i} _ _ i _
2YaO0r[—gt - V*1apO Vs (O ysyu0) — E(GVsV,LG)BuSJ[—gt -V abSp(0ys5v00)

i - _
+ 5<0y5yﬂ9>8;[—gr V10, Sp@ysy,0).

Using (5.21) on the first of these terms, and (5.24d) on the remaining terms to cast
this in the canonical form, we obtain,

%g&(x- Vv @ys0) — %(éysmzaﬂ [gr - VIS + %(é)’s@)st [gr - V*19,S.

Note that in the first term here we can rewrite (for reasons that will become clear
shortly) the fermion bilinear using,

1 —

_ 14+
2)/5 Yo = Yp(t- YV)ap &

2
1 _ -
=S [-0@ Y+ 9 Vove].

_l[_/a(t' y)ab wa

The terms from (6.36¢) are

—2ig(Bys0)(—iv2¥abR)A( - NSy — 2ig(Bys0)S}(t - Nap(—iv2013).
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Again, casting these in canonical form using the relations for bilinears of Majorana
spinors together with (5.21), we obtain
8

V2

We take the Lagrangian density to be the coefficient of — %(9 ¥50)? in (6.35) which,
as we saw in the last chapter, gives the correctly normalized kinetic terms for the
scalar and fermion components of S.

Collecting all the terms from Eq. (6.36a)—(6.36d), we find that the contribution
to the Lagrangian density from Sfe=28 ®1 8 i,

@ys0)2(t - MapVraSy + %(é Y502 SH(t)apRa V-

L gunge = %wxp +(0,8)(0"8) + FIF
+i(3,8) gt - VS —iSTg(t - V13,8 — ST [gt - D — gt - V)*] S
1 - _
+ 5 [=8¥ @ Vv + g (™ ¥)vr]

-
- (ﬁgSTtAAA . S+ h.c.) . 6.37)

We can now cast the interactions of the scalar and fermion components of the
chiral superfields with gauge bosons in the familiar form using gauge covariant
derivatives introduced in Chapter 1. The covariant derivatives on S are,

D,S =49,S +igt-V,S (6.38a)
(DS = (3,8 —igS't-V,. (6.38b)

For the action of the covariant derivative on the Majorana spinor 1, we must be
careful because (3.3) shows that its left- and right-handed components are complex
conjugates of one another.’ Thus, if ¥ transforms according to a representation
given by 4, then Yy transforms according to the conjugate representation whose
generators are given by —77.

An aside on conjugate representations Consider a field ¢ that transforms under
some representation of a group, and let t, be a matrix representation of the corre-
sponding generators. Then if ¢ — %41 ¢, ¢* — e Ulhgp* = el p* Iy other
words, the conjugate field transforms with generators (—t4)*.

It is easy to see that these satisfy the same Lie algebra [ta,tg] = ifapctc as
the generators ts. Since the structure constants can be chosen to be real, we have

5 Only if we insist that the left- and right-handed components transform the same way, can we conclude that the
fermion must belong to a real representation. For the case of the U(1) group, this will mean that the charge
of the fermion is zero. But we stress that it is possible to represent each chirality of a charged particle by a
Majorana field. Then one of the chiral components of this Majorana field corresponds to the field of the particle,
while the other corresponds to the antiparticle field.
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(14, t5] = —ifapcty, or [—ty, —tp] = ifapc(—1). Thus, if ts is a set of represen-
tation matrices, then —t is equally good. If the set of d x d matrices t4 furnish a
representation denoted by d, the matrices —t}; provide another equally good repre-
sentation of the same dimensionality. This is known as the conjugate representation
and is denoted by d*.

The gauge covariant derivative on a Majorana fermion 1 whose left-chiral com-
ponent transforms via a representation furnished by ¢4 is thus given by,

Dy = 0¥ +ig(t - Vi)y —ig(t” - Vi) (6.38c)

We can then write the Lagrangian (6.37) as,

Loauge = %@ Py + (D, S)(D'S) + FI F

2

—gsfz-DS+<—ﬁg5TtAXA LEI h.c.>. (6.39)

6.5.1 Fayet-Iliopoulos D-term

We have seen that the D-term of any superfield is a candidate for a Lagrangian. The
D-term of a product of chiral superfields, being a total derivative, is not interesting.
However, the D-term of the gauge potential multiplet &4 is not a derivative of
anything. It is independent of the terms that we have considered so far. As we saw
in (6.23c), it is however gauge covariant and not gauge invariant, unless of course
fapc =0, i.e. when the gauge group is Abelian. We can thus include

Lr =,D, (6.40)

in the Lagrangian density, where p runs over each U (1) factor of the gauge group,
where &, are coupling constants with mass dimension [§,] = 2.
It is easy to see that the D-term of higher powers of ® is not gauge invariant.

6.6 A master Lagrangian for SUSY gauge theories

We now collect the various contributions to the Lagrangian density of a renormal-
izable supersymmetric gauge theory that we have obtained into a single master
formula which will serve as the starting point for SUSY model building. Our
Lagrangian density consists of,

where LGk, Lgauges and L have been constructed in this chapter, and L is as
given in Eq. (5.70) of Chapter 5. Lk and Lga,ee have been explicitly constructed
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to be gauge invariant. Since the superpotential f is a sum of products of superfields
without any (spacetime or supercovariant) derivatives, £y will be just a product of
fields with no derivatives. Thus, the condition for £ to be locally gauge invariant
is that it simply be globally gauge invariant. This is guaranteed if the superpotential
is globally gauge invariant.

The complete Lagrangian for renormalizable, supersymmetric gauge theories is

L= YD) (D“S) + 230 Py + Y FIF

i - 1 1
+5 > ha Pashs — I > FuaFy+ > > DuD4
4B ) )

s 1= N
+ <—ﬁg Yy Sl 2’/5 Vi + h.c.) — gy 8leaD)s;
i i,A

A AN T
(af (oF |
~Sep,+ > 1 - 7 bal
~ gl’ 17+ i 1(88i>$=8 +1<881> i

8=S

~ 3 T
1 - 32 f 1—ys 9°f 1+ ys
—_ i iy 6.42
2;w (as,-as,-)S_S 2 3S:9S; | . 2 |V 0

where i, j denote the matter field types, A is the gauge group index, and p runs
over all the U(1) factors of the gauge group.

To obtain our final formula, we may eliminate the auxiliary fields F; and D4 via
their equations of motion, which are purely algebraic:

AN\ T A
(a7 o (a7
Fi = 1(88,-) and F, _1<85i>$_8 (6.43a)

$=s
Da=g) SltaS +&a. (6.43b)

Substituting into Eq. (6.42), we arrive at the master formula for supersymmetric
gauge theories:

1 - i 1 )
L= Z(D,L&)T(Dﬂsi) +3 Z Vi Py + ; [EAM(@A)M — ZFWO,AFO’fA:|

B
_\/i Z (SiTgottaA)VaA & Wi + hC)

i,a,A 2
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2
_% Z |:Z SjgataASi + 50{A:| - Z
A L i §=8
1—ys *f ¥s
Xj: (as 23, ) 2 (as 28, ) Vi

where the covariant derivatives are given by,

D,S =38 +1) _ gutasViaaS. (6.45a)

o, A

Dt = 0,0+ galtaa ViaWi =1 3 8altis Viar) W, (6.45)
o, A o, A

f
AT 6.44
"y (6.44)

“$|

NI'—‘

(p)‘)ozA — 3)W)zA + lgat (aB yaB)AC )\aC, (6450)
F;wozA = 8/L VV()[A - 8v VuaA - gotfaABC V/LotB VUO(C' (645d)

The index « that suddenly appears in (6.44) is simply to allow for several gauge
couplings that would be present if the gauge group is not simple.

Exercise Observe that unlike ordinary derivatives, the covariant derivatives de-
fined above do not commute. Show that their commutator is given by,

[Du. Dv] =1 gatan Fuvaa - (6.46)
o, A

We will return to this result when we consider the covariant derivative in general
relativity.

We note the following features of our master Lagrangian density (6.44).

1. The first line is the usual gauge-invariant kinetic energies for the components of
the chiral and gauge superfields. The derivatives that appear are gauge-covariant
derivatives appropriate to the particular representation in which the field belongs.
For example, if we are talking about SUSY QCD, for quark fields in the first
line of Eq. (6.44) the covariant derivative contains triplet SU (3)¢ matrices: i.e.
D, =0, +1gs )‘7" V4, whereas the covariant derivative acting on the gauginos in
the following line will contain octet matrices. These terms completely determine
how all particles couple to gauge bosons. As in any gauge theory, this coupling
is fixed by the minimal coupling prescription.

2. The next line describes the interactions of gauginos with the scalar and fermion
components of chiral superfields. We will see later that matter particles as well
as Higgs bosons together with their superpartners belong to chiral scalar su-
permultiplets. Thus, this term describes how gauginos couple matter fermions
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to their superpartners, or Higgs bosons to their superpartners. Notice that these
interactions are completely determined by the gauge couplings. Here #,4 is the
appropriate dimensional matrix represention of the group generators for the «th
factor of the gauge group, while g, is the corresponding gauge coupling constant
(one for each factor of the gauge group). Matrix multiplication is implied.

3. The third line describes the scalar potential. This has two distinct contributions.
The first term on this line is determined solely by the gauge interactions and has its
origin in the auxiliary field D 4. This term is referred to as the D-term contribution
to the scalar potential. The second term comes from the superpotential f. We saw
in the last chapter that this term arises when the auxiliary fields F; are eliminated
from the Lagrangian density. This set of terms is, therefore, referred to as F'-term
contributions to the scalar potential.

4. Finally, the last line of Eq. (6.44) describes the non-gauge, superpotential inter-
actions of matter and Higgs fields as well as fermion mass terms. Since this line
describes the interaction of fermion pairs with scalars, the Yukawa interactions
of the SM can arise from this term. In other words, all the Yukawa couplings are
contained in the superpotential.

5. We note here that in a supersymmetric theory, the scalar potential contains no
new couplings other than the gauge couplings and the “Yukawa couplings” and
fermion mass terms already present in the superpotential. This is the result of
supersymmetry which relates the masses as well as couplings of fermions and
bosons within a supermultiplet. Additional terms in the scalar potential are pos-
sible if supersymmetry is softly broken.

We conclude this chapter by presenting a recipe for the construction of renor-
malizable supersymmetric gauge theories.

(a) Choose a gauge group and the representations for the various supermultiplets,
taking care to ensure that the theory is free of chiral anomalies. Matter fermions
and Higgs bosons form parts of chiral scalar supermultiplets, S;;, while gauge
bosons reside in the real gauge supermultiplet 4. Keep in mind that we will
need a chiral scalar superfield for every chiral component of matter fermions
that we want to introduce.

(b) Choose a superpotential function which is a globally gauge-invariant polyno-
mial (of degree < 3 for renormalizable interactions) of the various left-chiral
superfields.

(¢) The interactions of all particles with gauge bosons are given by the usual “min-
imal coupling” prescription.

(d) Couple the gauginos to matter via the gauge interactions given in the second
line of (6.44).
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(e) Write down the additional self-interactions of the scalar matter fields as given
by the third line of (6.44).

(f) Write down the non-gauge interactions of matter fields coming from the super-
potential. The form of these is given by the last two terms of (6.44).

This theory is, of course, exactly supersymmetric. The final step for obtaining
realistic models is to incorporate supersymmetry breaking. This forms the subject
of the following chapter.

Exercise Construct the Lagrangian density for supersymmetric quantum electro-
dynamics using (6.44) and the recipe just mentioned.

Remember that you will need to introduce two left-chiral scalar supermultiplets
in order to obtain a massive Dirac electron. The left-handed part of the Majorana
fermion field in the first multiplet will annihilate the left-handed (Dirac) electron,
while the corresponding component in the second multiplet will annihilate a left-
handed positron. By the Majorana property, the right-handed part of this fermion
will annihilate right-handed electrons. The Dirac electron field is then the sum of
the left-handed part of the first and the right-handed part of the second. There are,
therefore, two scalar partners (one for each chiral component) of the Dirac electron.

Show that the interaction of the photon with the Dirac electron is exactly as you
would expect in QED, while the corresponding couplings to the scalar electrons
are as in scalar QED. Work out the couplings of the photino (the SUSY partner of
the photon) to the electron and the scalar electron.

Before concluding, we remark that the action for superymmetric gauge theories
can also be written as an integral over superspace. We have,

1 . .
s=-1 / d'xd‘o [STe 018 + 26,8, |
1 A A 1 = A
-3 [ / d*xd?6, £(S) + h.c.:| -3 / d*xd®WEWs,  (6.47)

where the &, are dimensionful couplings for Fayet-Iliopoulos terms, one for each
U (1) factor of the gauge group.

It is, perhaps, worth emphasizing here that supersymmetry is also restrictive
in a sense that we have not yet encountered because we have been dealing with
renormalizable theories. In this case, supersymmetry mandated the existence of
superpartners with well-defined interactions, but (aside from the holomorphy re-
quirement on the superpotential), did not restrict the spacetime structure of the
interactions. However, not all interactions that we might imagine in ordinary field
theory can be incorporated in a supersymmetric theory. This is exemplified in
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the exercise below where we assert that an arbitrary “Pauli magnetic moment” of
fermions is forbidden in a U (1) gauge theory.

Exercise Show that supersymmetry precludes the introduction of the “Pauli term”
(even ifit is generalized to include transitional magnetic moments), Ea,w Yo FHY +
h.c., in a globally supersymmetric Abelian gauge theory.

One way to proceed is as follows. Since the Pauli term is a dimension 5 operator,
in a supersymmetric theory it must arise either from a dimension 4 term in the
superpotential, or from a dimension 3 term in the Kdhler potential. Moreover,
since this term is (anti-)linear in Y1, V2, and F,,, it must originate in a superfield
term that includes (at least) one power of Sy and S, (or in the case of the Kdhler
potential, possibly SI or 3; ), the left-chiral superfields whose spinor components
are Yry and r», and one power of the left-chiral spinor curl superfield W exhibited in
(6.31) whose 6 component is the gauge field strength F),,. But the mass dimension
[$i1=[81=1, and [W] = 3/2, so that [$\5:W] = 7/2 > 3, showing that this
term cannot originate in a dimension 3 superfield operator in the Kdihler potential.

Finally, note that though 8,8, W is a (possibly) gauge invariant left-chiral super-
field, it is not Lorentz invariant because it is a spinor under Lorentz transformations:
in order to be able to include it in the superpotential, we have to contract the spinor
index on W. We do so by letting a supersymmetric covariant derivative (remember
that this also has a spinor index) act on any one of the superfields in the product:
this then results in a dimension 4 superfield product as required. We have, however,
already seen that the supercovariant derivative acting on a left-chiral superfield
does not leave it as a left-chiral superfield, so that terms that include such a super-
covariant derivative are not allowed in the superpotential. We thus conclude that
the “Pauli term” is absent if supersymmetry is unbroken.®

Notice that our argument relies only upon dimensional counting and hence
applies equally to electric as well as magnetic dipole moments. Also, its validity is
independent of whether these dipole moments are diagonal (for Dirac fermions) or
transitional.

We thus conclude that in supersymmetric models, anomalous magnetic moments
or radiative transitions of elementary fermions (contained in chiral supermulti-
plets) are possible only if supersymmetry is broken. In other words, contributions
from supersymmetric partners in the loops exactly cancel SM contributions if su-
persymmetry is unbroken. Measurements of anomalous magnetic moments of SM
fermions or radiative decays of heavy quarks or leptons potentially provide infor-
mation about supersymmetry breaking. We will return to this in Chapter 9.

6 This was first noted by S. Ferrara and E. Remiddi, Phys. Lett. B53, 347 (1974).
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6.7 The non-renormalization theorem

Supersymmetric theories have better ultra-violet behavior than their non-
supersymmetric counterparts. We have already seen an illustration of this in our
examination of the one-loop corrections in the Wess—Zumino model, where it was
shown that quadratically divergent loop integrals all cancelled. It is now understood
that this apparently miraculous cancellation of quadratic divergences is a general
consequence of the SUSY non-renormalization theorem which states that to any
order in perturbation theory, any loop correction can be written as a D-term, i.e.
one particle irreducible loop corrections do not generate F-terms. In particular,
there are no loop corrections to the superpotential.

This was first established by using supergraph methods,’ a perturbative technique
that maintains manifest supersymmetry throughout the calculation in the same way
that Feynman diagram techniques keep the Lorentz covariance manifest.® A more
direct proof of this theorem was given by Seiberg who recognized that the holo-
morphy of the superpotential (which is a direct consequence of supersymmetry)
suffices to establish that there are no perturbative loop corrections to the superpo-
tential, as long as the regularization procedure preserves supersymmetry and gauge
invariance.’

D-terms in the action of a supersymmetric theory lead to the kinetic energy terms
for the components of chiral superfields, so that corrections to these lead to so-called
“wave function renormalization”. Since loop corrections do not change the super-
potential, superpotential masses and couplings are renormalized only because of the
wave function renormalization; i.e. supersymmetry precludes additional renormal-
ization of the mass terms in the superpotential. The reader familiar with the basics of
renormalization in quantum field theory will immediately recognize that the wave
function renormalization is at most logarithmically divergent in the cut-off, thereby
establishing that supersymmetric theories are free of quadratic divergences to all
orders in perturbation theory. This is important because the existence of quadratic
divergences played the central role in persuading us that there must be new physics
at the TeV scale. It is the non-renormalization theorem that assures us that TeV
scale superpartners can stabilize the electroweak symmetry breaking sector of the
supersymmetric extension of the SM in the sense discussed in Chapter 2.

7 M. T. Grisaru, W. Siegel and M. Rocek, Nucl. Phys. B159, 429 (1979).

8 Supergraph methods were introduced by A. Salam and J. Strathdee, Phys. Rev. D11, 1521 (1975) and developed
by other authors. See e.g. J. Honerkamp et al., Nucl. Phys. B95, 397 (1975) and S. Ferrara, Nucl. Phys. B93,
261 (1975).

9 N. Seiberg, Phys. Lett. B318, 469 (1993).
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