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1. Introduction. Let p be a fixed prime > 3. The first factor of the field 
i?(f), where R is the rational field and f = eîTt/p, is determined by means of 

(1.1) h = (2pyilp-s)f(Z)f(Zi) . . . /(Z*-2), 

where 

f(x) = r0 + fix + r2x + . . . + rp^2x
P~", 

Z = e2vil{p~l\ r is a primitive root (mod p), and rt is the least positive residue 
of r* (mod £). Vandiver (4) has proved that if n is an arbitrary integer > 1, 
then 

(1.2) h = 2-*fp-8)/>fi S v . + i (mod />w), 
s 

where 5 = 1, 3, . . . , p — 2, and the Bm are the Bernoulli numbers in the even 
suffix notation. 

Let p — 1 = aby where b is odd and greater than 1. Consider the cyclic field 
K (Z R(t) of degree a over R. The class number of K can be expressed in the 
form ha-A/Ry where (1, p. 332) 

(1.3) Aa = 2-* ( f l-V*aIl/(26"), 
u 

where u ~ 1, 3, . . . , a — 1, and/(#) and Z have the same meaning as in (1.1). 
The numbers ha and A/R are the first and second factors, respectively, of the 
class number of K ; since the second factor is not used below we omit the precise 
description of this number. Beeger (2) has proved that ha is a rational integer. 
In the present note we prove the formula 

(1.4) ha - 2-*(a~2) EL JW+i (mod pn), n > 1, 
U 

where « = 1, 3, . . . , a — 1. The proof is similar to that of (1.2). Note that 
(1.3) does not include (1.1); also for b > 1, (1.4) does not reduce to (1.2). 

2. Proof of (1.4). As in (4), let 

(2.1) p = ( Z - r , / > ) 

denote one of the prime ideal factors of (p) in the field R (Z). Then for arbitrary 
k, m we have 

Zwm s rkpm (pm+1), 

so that 
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(2.2) f(Zk)=f(Zkll")=f(rkpm) (pm+I). 

Thus by (1.3) and (2.2) 

(2.3) pHa = 2" i ( a-2 ) n fir*""! (mod pm+1), 
U 

where # = 1, 3, . . . , a — 1. 
Now take m = w + \a, and (2.3) becomes 

fea = 2- è ( a ~ 2 y è û n /('*"*') (mod p*+1). 

Since by Fermat's theorem 

rkpm ^rkpn ( m o d ^ + 1 ) , 

it follows that 

(2.4) ha = 2-* ( -V*n/( '**") (mod £w). 

In the next place, it follows from rl = rt (mod p) that 

r ^ s s r ? " (modpn+1), 

so that 

(2.5) f(r»»u) = £ r / * * ' s f r ^ 1 (mod£n+1). 
i=0 i=0 

But since the numbers r0, r*, . . . , rp_2 are a permutation of the numbers 1, 2, 
. . . , / > — 1, it is clear that (2.5) is the same as 

(2.6) fir*"") = £ * » ^ + 1 (mod /»"+1). 
*=1 

Now|using the well-known formula 

y ^ 7 m _ Bm+l(P) ~ ^m+1 

é i m + 1 

where J5TO+i(x) denotes the Bernoulli polynomial of degree m + 1, it follows 
easily that 

(2.7) f (?»>')= PB»*.» (modpn+2). 

Substituting from (2.7) in (2.4) we get 

h. = 2-iia-i) EI Bw+i (mod pn), 
U 

which is the same as (1.4). 

3. Some special cases. If we take n — 1, (1.4) becomes 

(3.1) *. s 2-*(a~2) I l B»uv+i (mod p). 
u 

But by Rummer's congruence (3, chap. 14) 

w feî-sr+ï {modp)' 
so that (3.1) reduces to 
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(3.3) h"^2^a~^Vuf\ {modp)-
I t follows a t once from (3.3) tha t the first factor of the class number of K is 
divisible by p if and only if the numerator of at least one of the numbers 

Bbu+1 (u = 1, 3, . . . , a — 1) 
is divisible by p. 

Let p = 3 (mod 4), a = 2, b = \(p — 1). Thus K is the quadratic field 
R({ — p) *). Since the class number of K is now determined by 

where (k/p) is the Legendre symbol, comparison of (3.4) with (1.3) shows 
that in this case h2 = — h. Also we see at once that (1.4) reduces to 

(3.5) h s - B>(P„1)pn+1 (mod pn). 

In particular (3.5) includes the well-known formula 

(3.6) h^ ~2BHp+1) (modp). 

(Since 1 < h < p, it is clear that B %(P+D ^ 0 (mod p) ; indeed this is a con
sequence of the fact that \{p — 1) is odd, as is evident from (3.7).) 

Again, in place of (3.4) let us use 

Since it follows from 

^ ( P _ 1 ) P ^ ^ ( m o d ^ + l ) , 

it is evident that (3.7) implies 

(mod£n+1), 

where m = \(P — l)pn + 1. Using the formula 

Bm(hp) + Bm{\p + i) = 2l~mBm(p), 
we get 

£-(4(/> + D) s 21~mBm - Bm = | ( j ) - l | Bn (mod £"+1), 

so that (3.8) yields 

(3.9) A . _ & a _ _ J ^ ( m o d ^ ) . 
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It can be shown, using Rummer's congruence, that (3.5) implies (3.9); also 
iorn = 0, (3.9) is identical with (3.6). 
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