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ABSTRACT

A special linear Grassmann variety SGr(k,n) is the complement to the zero section of
the determinant of the tautological vector bundle over Gr(k,n). For an SL-oriented
representable ring cohomology theory A*(—) with invertible stable Hopf map 7,
including Witt groups and MSL;"*, we have A*(SGr(2,2n + 1)) = A* (pt)[e]/(e*™), and
A*(SGr(k,n)) is a truncated polynomial algebra over A*(pt) whenever k(n — k) is even.
A splitting principle for such theories is established. Using the computations for the
special linear Grassmann varieties, we obtain a description of A*(BSL,) in terms of
homogeneous power series in certain characteristic classes of tautological bundles.

1. Introduction

The basic and most fundamental computation for oriented cohomology theories is the projective
bundle theorem (see [PS03, Theorem 3.9]) claiming A*(P") to be a truncated polynomial ring
over A*(pt) with an explicit basis in terms of the powers of a Chern class. Having this result at
hand, one can define higher characteristic classes and compute the cohomology of Grassmann
and flag varieties. In particular, the fact that the cohomology of a full flag variety is a truncated
polynomial algebra gives rise to a splitting principle, which states that from the viewpoint of an
oriented cohomology theory every vector bundle is in a certain sense a sum of linear bundles.
For a representable cohomology theory one can deal with the infinite-dimensional Grassmannian
which is a model for the classifying space BGL,, and obtain, even more neatly, formal power
series in the characteristic classes of the tautological vector bundle.

There are analogous computations for symplectically oriented cohomology theories [PW11a]
with appropriately chosen varieties: quaternionic projective spaces HP" instead of the ordinary
ones and quaternionic Grassmannian and flag varieties. The answers are essentially the same:
algebras of truncated polynomials in characteristic classes. In [PW11a] these classes were referred
to as ‘Pontryagin classes’, but it was noted by Buchstaber that it would be more convenient to
name them ‘Borel classes’ since they correspond to symplectic Borel classes in topology. We
prefer to adopt this modification of the terminology.

These computations have a variety of applications, including motivic versions of theorems by
Conner and Floyd [CF66] describing K-theory and hermitian K-theory as quotients of certain
universal cohomology theories [PPR09a, PW11d].
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A. ANANYEVSKIY

In the present paper we establish analogous results for SL-oriented cohomology theories. The
notion of such orientation was introduced in [PW1lc, Definition 5.1]. In the same preprint there
was constructed the universal SL-oriented cohomology theory, namely the algebraic special linear
cobordisms MSL [PW1lc, Definition 4.2]. A more down-to-earth example are the derived Witt
groups defined by Balmer [Bal99] and oriented via Koszul complexes [Nen07]. A comprehensive
survey on the Witt groups can be found in [Bal05]. Of course, every oriented cohomology theory
admits a special linear orientation, but it will turn out that we are not interested in such examples.
We will deal with representable cohomology theories and work in the unstable Hq (k) and stable
SH (k) motivic homotopy categories introduced by Morel and Voevodsky [MV99, Voe98]. We
recall all the necessary constructions and notions in §§2—4 and provide preliminary calculations
with special linear orientations.

We need to choose an appropriate version of ‘projective space’ analogous to P"® and HP™.
Natural candidates are SL,41/SL, and A""! — {0}. The choice makes no difference since the
former is an affine bundle over the latter,, so they have the same cohomology. We take A1 —{0}
since it looks prettier from the geometric point of view. There is a calculation for the Witt groups
of this space [BG05, Theorem 8.13] claiming that W*(A"T! — {0}) is a free module of rank two
over W*(pt) with an explicit basis. The fact that it is a free module of rank two is not surprising
since A"*! — {0} is a sphere in the stable homotopy category SH (k) and W*(—) is representable
[Hor05]. The interesting part is the basis. Let 7 = O™+ /O(—1) be the tautological rank n bundle
over A1 —{0}. Then for n = 2k the basis consists of the element 1 and the class of the Koszul
complex of 7. The latter is the Euler class e(7) in the Witt groups. Unfortunately, for odd n the
second term of the basis looks more complicated. Moreover, for an oriented cohomology theory
even in the case of n = 2k the corresponding Chern class vanishes, so one cannot expect that 1
and e(7) form a basis for every cohomology theory with a special linear orientation.

Here the following observation comes into play. The maximal compact subgroup of SL, (R) is
SO, (R), so over R the notion of a special linear orientation of a vector bundle leads to the usual
topological orientation of a bundle. The Euler classes of oriented vector bundles in topology
behave well only after inverting 2 in the coeflicients, so we want to invert in the algebraic
setting something analogous to 2. There are two interesting elements in the stable cohomotopy
groups 7**(pt) that go to 2 after taking R-points: the usual 2 € 7°9(pt) and the stable Hopf map
n € m~571(pt) arising from the tautological morphism A?2—{0} — P!. In general 2 is not invertible
in Witt groups, so we will invert 7. Moreover, recall a result due to Morel [Mor12, Corollary 6.43]
claiming that for a perfect field k there is an isomorphism @,, 7" (Spec k)[n~'] =2 WO(k)[n,n~1],
so in a certain sense 7 is invertible in Witt groups. In §§5-6 we carry out some computations
justifying the choice of 7.

In this paper we deal mainly with the cohomology theories obtained as follows. Take a
commutative monoid (A4, m, e : S — A) in the stable homotopy category SH(k) and fix a special
linear orientation on the cohomology theory A**(—). The unit e : S — A of the monoid (A, m, e)
induces a morphism of cohomology theories 7**(—) — A**(—) making A**(X) an algebra over
stable cohomotopy groups. Inverting the stable Hopf map 7, we obtain a cohomology theory

AV (X) = A (X))

This theory is periodic in the (1, 1)-direction via cup product (—Un™), thus without loss of
generality we may focus on

A*(X) = A0(X).
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This is still a cohomology theory. One can regard it as a (1, 1)-periodic cohomology theory A7™(—)
collapsed in the (1, 1)-direction. For these cohomology theories we have a result analogous to the
case of Witt groups.

THEOREM. A*(A?"T1 —{0}) = A*(pt) © A*22(pt)e(T).

A relative version of this statement is obtained in Theorem 3 in § 7. Note that there is no similar
result for A?" — {0}.

In the next section we consider another family of varieties, called special linear Grassmannians
SGr(2,n) = SL,/Pj, where P} stands for the derived group of the parabolic subgroup P, i.e.
P} is the stabilizer of the bivector e; A ez in the exterior square of the regular representation of
SLy,. There are tautological bundles 77 and 73 over SGr(2,n) of ranks 2 and n — 2, respectively.
We have the following theorem which seems to be the correct version of the projective bundle
theorem in a special linear setting.

THEOREM. For the special linear Grassmann varieties we have the equalities

2n—2
A*(SGr(2,2n))=EP A (pt)e(T1)' ® A*>"*2(pt)e(Ta),
=0

2n—1
A*(SGr(2,2n +1))=EP A (pt)e(T1)".

=0

Recall that there is a recent computation of twisted Witt groups of Grassmannians [BC12]. The
twisted groups are involved since the authors use pushforwards that exist only in the twisted case.
We deal with varieties with a trivialized canonical bundle and closed embeddings with a special
linear normal bundle in order to avoid these difficulties. In fact we are interested in relative
computations that could be extended to Grassmannian bundles, so we look for a basis consisting
of characteristic classes rather than pushforwards of certain elements. It turns out that such
bases exist only for the special linear flag varieties with all but at most one dimension step being
even, i.e. we can handle SGr(1,7), SF(2,4,6) and SF(2,5,7) but not SGr(3,6). Nevertheless it
seems that one can construct a basis for the latter case in terms of pushforwards.

Sections 8 and 9 are devoted to computations of the cohomology rings of partial flag varieties.
We obtain an analogue of the splitting principle in Theorem 6 and derive certain properties of
characteristic classes. In particular, there is a complete description of the cohomology rings of
maximal SLo flag varieties,

SF(2n) = SL2n/P2,,4,...,2n—27 SF(2n+1) = SL2n+1/P2/,4,...72n'

The result is as follows (see Remark 12).
THEOREM. For n > 1, consider

8; = ai(e%, e%, .. 62),

y En t:Jn(€1,€2,...,€n),

with o; being the elementary symmetric polynomials in n variables. Then we have the following
isomorphisms:

(i) A*(SF(2n)) = A*(pt)[e1, e, . . .,6@/(81,52’ S, t)
) ASF O+ 1) = A0 tal [ )
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Note that one can substitute SL,/(SLy)!"? instead of SF(n). These answers and the choice
of commuting SLy in SL, perfectly agree with our principle that SL,(R) stands for SO, (R),
since SLy(R) stands for the compact torus S* =2 SO5(R), and our choice of maximal product
of commuting SLy is parallel to a choice of a maximal compact torus. We get the coinvariants
for the Weyl groups W(B,,) and W(D,), and this is what one gets computing the ordinary
cohomology of SO, (R)/T.

In §12 we carry out a computation for the cohomology rings of the special linear
Grassmannians SGr(m,n) with m(n — m) even; see Theorem 9. The answer is a truncated
polynomial algebra in certain characteristic classes. We assemble the calculations for the special
linear Grassmannians and compute in Theorem 10 the cohomology of the classifying spaces BSL,,
in terms of homogeneous formal power series.

THEOREM. We have the following isomorphisms:

A*(BSLQn) = A*(pt)[[pl, ey Pn—1, e]]h,
A*(BSLant1) = A*(pt)[[p1, - - plln-

Finally, we leave to a separate paper [Aanl3] a careful proof of the fact that Witt groups
arise from hermitian K-theory in the fashion described above, i.e. W*(X) = (BO;*(X))*?. In
the same paper we obtain the following special linear version of the motivic Conner and Floyd
theorem.

THEOREM. Let k be a field of characteristic different from 2. Then for every smooth variety X
over k there exists an isomorphism

MSL;;’*(X) ®MSL4*’2*( WQ* (pt) & W* (X)[’r]’ 7’]_1]'

pt)
Another application of the technique developed lies in the field of the equivariant Witt groups,
and we will address this topic in another paper.

2. Preliminaries on S# (k) and ring cohomology theories

In this section we recall some basic definitions and constructions in the nonstable and stable
motivic homotopy categories Hq (k) and SH (k). We refer the reader to the foundational papers
[MV99, Voe98] for a comprehensive treatment of the subject.

Let k be a field of characteristic different from 2 and let Sm/k be the category of smooth
varieties over k.

A motivic space over k is a simplicial presheaf on Sm/k. Each X € Sm/k defines an unpointed
motivic space Homgp, i,(—, X) constant in the simplicial direction. We will often write pt for
Spec k regarded as a motivic space.

We use the injective model structure on the category of the pointed motivic spaces M, (k).
Inverting all the weak motivic equivalences in M,(k), we obtain the pointed motivic unstable
homotopy category He(k).

Let T = A'/(A'—{0}) be the Morel-Voevodsky object. A T-spectrum M [Jar00] is a sequence
of pointed motivic spaces (Mo, M1, Ma, ...) equipped with structural maps o, : T A My, — Mp41.
A map of T-spectra is a sequence of maps of pointed motivic spaces which is compatible with
the structure maps. We write M S(k) for the category of T-spectra. Inverting the stable motivic
weak equivalences as in [Jar00], we obtain the motivic stable homotopy category SH (k).
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A pointed motivic space X gives rise to a suspension 7T-spectrum X7°X. Set S = X3°(pt ) for
the spherical spectrum. Both He(k) and SH(k) are equipped with symmetric monoidal structures
(A, pt,) and (A,S) respectively, and

N Ho(k) — SH(k)

is a strict symmetric monoidal functor.

Recall that there are two spheres in M, (k): the simplicial one S0 = S} = Al/9(A!) and
Sbl = (G, 1). Here we follow the notation and indexing introduced in [MV99, p. 111]. For the
integers p,q = 0 we write SPT%4 for (G,,, 1) A (S})"? and ¥P+99 for the suspension functor
— ASP+44, This functor becomes invertible in the stable homotopy category SH(k), so we extend
the notation to arbitrary integers p, ¢ in an obvious way.

Any T-spectrum A defines a bigraded cohomology theory on the category of pointed motivic
spaces. Namely, for a pointed space (X, z) one sets

A4 (Xa 33') = HomSH(k) (E%o (Xa IL’), EP,QA)

and A**(X,z) = @, ,AP(X,z). In the case of i — j,j > 0 one has a canonical suspension
isomorphism AP4(X, x) 22 APT44+i($4 (X, x)) induced by the shuffling isomorphism SP+4 A 47 22
SP+ia+i In the motivic homotopy category there is a canonical isomorphism 7' = $%!, and we
write

S AY(X, ) > AP (X 2) AT)

for the corresponding suspension isomorphism. See Definition 16 in §5 for the details.

For an unpointed space X we set AP4(X) = AP4(X,;,+) with A%*(X) defined accordingly.
Set 77 (X) = S (X) to be the stable cohomotopy groups of X.

We can regard smooth varieties as unpointed motivic spaces and obtain groups AP?(X).
Given a closed embedding i : Z — X of varieties, we write Th(i) for X/(X — Z). For a vector
bundle £ — X set Th(E) = E/(E — X) to be the Thom space of E.

A commutative ring T-spectrum is a commutative monoid (A, m,e) in (SH(k),A,S). The
cohomology theory defined by a commutative T-spectrum is a ring cohomology theory satisfying
a certain bigraded commutativity condition described by Morel.

We recall the essential properties of the cohomology theory represented by a commutative
ring T-spectrum A.

(1) Localization. For a closed embedding of varieties i : Z — X with smooth X and an open
complement j : U — X, put z : X — Th(i) = X/U for the canonical quotient map. Then we
have a long exact sequence

A

A FA
o B A (Th(i) D A(X) D A (U) S AT (Th)) 2 -

This is a long exact sequence associated to the cofibration j: U — X.
(2) Nisnevich excision. Consider a Cartesian square of smooth varieties

Z/ i’ X/

Tl

7. X

where i is a closed embedding, f is étale and f’ is an isomorphism. Then for the induced
morphism ¢ : Th(i’) — Th(i) the corresponding morphism g4 : A**(Th(i)) — A**(Th(i)) is
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an isomorphism. This follows from the fact that ¢ is an isomorphism in the homotopy category
(homotopy purity theorem, [MV99, §3, Theorem 2.23]).

(3) Homotopy invariance. For an A™-bundle p : E — X over a variety X the induced
homomorphism p4 : A**(X) — A**(E) is an isomorphism.

(4) Mayer—Vietoris property. If X = U; UU; is a union of two open subsets U; and U, then
there exists a natural long exact sequence

coi > AYN(X) - AYN(UY) @ AN (Up) - AV (U NUp) - AP (X) — -+
(5) Cup product. For a motivic space Y we have a functorial graded ring structure
U: A (Y) x A*(Y) - A*(Y).

Moreover, let i1 : Z; — X and i : Zo — X be closed embeddings and put ¢12 : Z1 N Zy — X.
Then we have a functorial, bilinear and associative cup product

U: A**(Th(i1)) x A**(Th(is)) — A**(Th(i12)).

In particular, setting Z; = X, we obtain an A**(X)-module structure on A**(Th(iz)). All
the morphisms in the localization sequence are homomorphisms of A**(X)-modules. We will
sometimes omit U from the notation.

(6) Module structure over stable cohomotopy groups. For every motivic space Y we have a
homomorphism of graded rings 7**(Y) — A**(Y'), which defines a 7**(pt)-module structure
on A%*(Y'). For a smooth variety X the ring A**(X) is a graded 7**(pt)-algebra via 7**(pt) —
(X)) - AY*(X).

(7) Graded e-commutativity [Mor04, Lemma 6.1.1]. Let ¢ € 7%%pt) be the element
corresponding under the suspension isomorphism to the morphism 7" — T,z — —xz. Then for
every motivic space X and a € A% (X),b € AP4(X) we have

ab = (—1)Peba.

Recall that €2 = 1.

3. Special linear orientation

In this section we recall the notion of a special linear orientation introduced in [PW1lc| and
establish some of its basic properties.

DEFINITION 1. A special linear bundle over a variety X is a pair (F,\) with E — X a vector
bundle and X : det E = Ox an isomorphism of line bundles. An isomorphism ¢ : (E, \) = (E', X')

of special linear vector bundles is an isomorphism ¢ : E = E’ of vector bundles such that
X o (det ¢) = . For a special linear bundle 7 = (E, X) we usually denote by the same letter 7
the total space of the bundle F.

Remark 1. Isomorphism classes of rank n special linear vector bundles over X are in a canonical
bijection with the pointed set H'(X, SLy,).

DEFINITION 2. Consider the trivialized rankn bundle O% over a smooth variety X. There is a

canonical trivialization det O% = Ox. We denote the corresponding special linear bundle by
(0%, 1) and refer to it as the trivialized special linear bundle.
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LEMMA 1. Let (E,\) be a special linear bundle over a smooth variety X such that E = O%.
Then there exists an isomorphism of special linear bundles

¢: (BN = (0%, 1).

Proof. Let ¢ : E 5 O% be an isomorphism of vector bundles. Then Adety~! € O% is an
invertible regular function on X. Consider the diagonal matrix D = diag(Adet+ =1, 1,1,...,1)
of size n x n. One can easily check that ¢ = D1 is the required isomorphism of special linear
bundles. O

LEMMA 2. Let Eq be a subbundle of a vector bundle E over a smooth variety X. Then there
are canonical isomorphisms:

(i) det By @ det(E/E7) = det E;
(i) det EY = (det E)V.

Proof. These isomorphisms are induced by the corresponding vector space isomorphisms. In the
first case we have A™V; @ A™(V/Vy) — A"V with

(VIA AUp) @ (W1 A+~ ANWp) = VI A= Aoy Awp A=+ A wy,.
For the second isomorphism consider the perfect pairing
¢ A"V x A"VY - K

defined by
¢('Ul/\“'/\vn7f1/\"‘/\fn Z Slgn fa (1) Ul) fa(n)(vn)' g

O’ESTL

DEFINITION 3. Let 7 = (E, Ag) be a special linear bundle over a smooth variety X and let
T' = (E',\g) with E/ < E be a subbundle. By Lemma 2 we have canonical trivializations
Apv : det BY S Ox and Ag/gr ¢ det(E/E") = Ox. The special linear bundle 7V = (EV, Agv)
is called the dual special linear bundle and the special linear bundle 7/7" = (E/E', Ag/pr) is
called the quotient special linear bundle. For a pair Ty = (E1, Ag, ), T2 = (E2, Ag,) of special linear
bundles over a smooth variety X we put 71 @ To = (E1 ® E2, Ag, ® Ag,) and refer to it as the
direct sum of special linear bundles.

DEFINITION 4. Let A**(—) be the ring cohomology theory represented by a commutative ring
T-spectrum A. A (normalized) special linear orientation on A**(—) is a rule which assigns to
every special linear bundle 7 of rank n over a smooth variety X a class th(T) € A?™"(Th(T))
satisfying the following conditions [PW11c, Definition 5.1

(i) for an isomorphism f: T = T’ we have th(T) = fAth(T");
i) for a morphism 7 : Y — X we have r4th(T) = th(r*T);
(iii) the maps —Uth(T) : A**(X) — A*T2*+7(Th(T)) are isomorphisms;
) we have

th(Ti & T2) = g th(Ti) U ¢3'th(Tz),

where ¢1, g2 are projections from 77 & 75 onto its summands. Moreover, for the zero bundle
0 — pt we have th(0) =1 € A%O(pt).
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(v) (Normalization.) For the trivialized special linear line bundle over a point we have
th((’)pt, 1) =Xrl e A2’1(T).

The isomorphism —Uth(T) is the Thom isomorphism. The class th(T) is the Thom class of the
special linear bundle, and

e(T) = 2Mh(T) € A" (X)

with natural z : X — Th(7) is its Euler class. A ring cohomology theory with a fixed (normalized)
special linear orientation is called an SL-oriented cohomology theory.

LEMMA 3. Let A**(—) be an SL-oriented cohomology theory, let T be a special linear bundle
over a smooth variety X and let Ty < T be a special linear subbundle. Then e(T) = e(T1)e(T/T1).

Proof. There is an A"-bundle p : Y — X such that
p*T =p*i&p"(T/T),

so the claim follows from homotopy invariance and multiplicativity of the Euler class with respect
to direct sums. The variety Y can be constructed in the following way. Denote by k = rank 7y
and n = rank 7 the ranks of the vector bundles. Consider the Grassmannian bundle 7 : Gr(k, T)
xx Gr(n — k,7) - X and denote by & and & the tautological vector bundles of rank k£ and
n — k induced from the factors. Let U be an open subvariety of Gr(k,T) xx Gr(n — k,T)
corresponding to the direct sum decompositions of T, i.e. the complement to the support of the
kernel of the canonical morphism & @&, — 7*7T . The subbundle 7; < T corresponds to a section
z: X — Gr(k,T) of the Grassmannian bundle. We can take Y = U N (2(X) xx Gr(n —k,T)).
The fibre of Y over a point € X is the variety of the vector subspaces V < T/, such that
Tz = Tilz @V which is an affine space of dimension k(n — k). 0

Remark 2. For a rank 2n special linear bundle T over a variety X we have th(T) € A¥2"(Th(T))
and e(7) € A¥™2"(X), so these classes are central, i.e. e(T) Ua = aUe(T) and th(T)U a =
aUth(T) for every a € A**(X).

Recall that a symplectic bundle is a special linear bundle in a natural way, so, having a
special linear orientation, we have the Thom classes also for symplectic bundles, thus an SL-
oriented cohomology theory is also symplectically oriented. We recall the definition of a Borel
classes theory (cf. [PW1la, Definition 14.1]) that could be developed for a symplectically oriented
cohomology theory. Note that our terminology is slightly different from that used in [PW1la]:
we refer to the ‘Pontryagin classes’ in the sense of [PW11a] as ‘Borel classes’.

DEFINITION 5. Let A**(—) be the cohomology theory represented by a commutative ring 7-

spectrum A. A Borel classes theory on A**(—) is a rule which assigns to every symplectic

bundle (E, ¢) over every smooth variety X a system of Borel classes b;(E, $) € A*2?/(X) for all

1 > 1 satisfying the following:

(i) for (El, (bl) =~ (EQ, ¢2) we have bi(El, ¢1) = bz‘(EQ, ¢2) for all i;

(ii) for a morphism r : Y — X and a symplectic bundle (E, ¢) over X we have r4(b;(E, ¢))
=b;(r*(E, ¢)) for all i;

(iii) for the tautological rank 2 symplectic bundle (E,$) over HP' = Sps/(Sps x Sps) the
elements 1, b1 (F, ¢) form an A**(pt)-basis of A**(HP');
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(iv) for a rank 2 symplectic bundle (V, ¢) over pt we have b1 (V, ¢) = 0;
(v) for an orthogonal direct sum of symplectic bundles (E, ¢) = (E1, ¢1) L (E2, ¢2) we have

i—1

bi(E, ¢) = bi(E1, ¢1) + Z bi—j(Ev, $1)bj(E2, ¢2) + bi(Ea, ¢2)
=1

for all 4;
(vi) for (E,¢) of rank 2r we have b;(E, ¢) =0 for i > r.

We set by (E,¢) =1+ Y22, b;(E, ¢)t" to be the total Borel class.

Remark 3. For a symplectically oriented cohomology theory A**(—) the canonical Borel classes
theory can be defined in the following way. For a symplectic vector bundle (E, ¢) of rank 2n over
a smooth variety X one puts

bo(E, ¢) = zth(E, ¢) € A™?"(X)

for the natural map z : X — Th(F). Then one may define the lower Borel classes using the
symplectic version of the projective bundle theorem; see [PW1la] for the details. Note that
since these Borel classes are similar to the symplectic Borel classes in topology and not to the
Pontryagin classes, we omit the sign in the above formula for the top Borel class.

Every oriented cohomology theory possesses a special linear orientation via th(E, \) = th(FE),
so one can consider K-theory or algebraic cobordism represented by M G L as examples. We have
two main instances of the theories with a special linear orientation but without a general one.
The first one is hermitian K-theory [Schl0] represented by the spectrum BO [PW11b]. The
special linear orientation of BO™* via Koszul complexes could be found in [PW11b]. The second
one is universal in the sense of [PW1lc, Theorem 5.9] and represented by the algebraic special
linear cobordism spectrum MSL [PW1lc, Definition 4.2].

DEFINITION 6. From now on A**(—) is an SL-oriented ring cohomology theory represented by
a commutative monoid in SH (k).

LEMMA 4. For a smooth variety X we have
th(OBL(, 1) = 9«1, th(OX, —1) = Yre.

Proof. The first equality follows from conditions (iv) and (v). For the second equality consider
the morphism f4 : Th(Ox) — Th(Ox) corresponding to the isomorphism of the special linear
bundles (Ox, —1) — (Ox,1), v+ —v. By the very definition we have f4(X71) = L7e = Srl1Ue.
On the other hand, functoriality of Thom classes together with normalization yields

th(Ox,—1) = fAth(0x,1)) = fAS7r1) = Brl Ue = Sre. m
LEMMA 5. Let (E,Ag) be a special linear bundle over a smooth variety X. Then
e(E,\g) =eUe(E,—A\g).

Proof. Consider the bundle ¥ @ Ox and denote the projections onto the summands by q1, go.
We have
(EdOx,Ap®1) = (E®Ox,(—Ap) ® —1),
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hence
qith(E, A \g) U 3211 = qith(E, —Ag) U g3 Xre.

By the suspension isomorphism we obtain
th(E,\g) = th(E,—\g) Uk,
hence e(E,A\g) = eUe(E, —\g). O

DEFINITION 7. Let E be a vector bundle over a smooth variety X. The hyperbolic bundle
associated to E is the symplectic bundle

H(E) = <EEBEV, (_01 é)) .

Denote by p;(E) = (—1)'by;(H(E)) the signed even Borel classes of H(E) and refer to them as
Pontryagin classes. The total Pontryagin class is p.(E) = 3. p;(E)t*.

Remark 4. This definition is parallel to the definition of the Pontryagin classes in topology
with the Borel classes substituted for the Chern ones and using hyperbolization instead of
complexification.

We defined Pontryagin classes for arbitrary vector bundles without any additional structure.
For special linear bundles there is an interconnection between the top Pontryagin class and the
Euler class. The following lemma shows this in the case of rank2 bundles. The general case
would be dealt with in Corollary 3, but only for a cohomology theory with invertible stable
Hopf element. Note that in general Pontryagin classes behave quite badly, for example, the total
Pontryagin class may even lack multiplicativity, but things become much better if we invert the
stable Hopf element; see Corollary 3 and Lemma 16 for the details.

LEMMA 6. Let T = (E,\) be a rank 2 special linear bundle. Then
be(H(E)) =1+ (1+e)e(T)t +ee(T)*t?,  pu(T) =1 — ee(T)*%

Proof. Let ¢ be the symplectic form on E corresponding to A. There exists an isomorphism
[Bal05, Examples 1.1.21, 1.1.22]

(ron(40))= (Fom (3 5)).

bi(H(E)) = bi(E, )b (E,—¢) = (1+b1(E,)t)(1+b1(E, —@)t) = (1 +e(E,N)t)(1+e(E,—\)t).

By Lemma 5 we have e(E, —\) = ee(E, A), thus

so we have

b(H(E)) = (1+e(T)t)(1 + ee(T)t) = 1+ (1 + €)e(T)t + ee(T)*t2.

In order to obtain the formula for the total Pontryagin class one should drop the middle term
and change the sign in front of by(H(E)) = ee(T)?. O

LEMMA 7. Let T be a rank 2 special linear bundle over a smooth variety X. Then T = T" and
e(T) =e(TY).
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Proof. Set T = (E, Ag). The trivialization \g : A’E = Ox defines a symplectic form on E and
an isomorphism ¢ : E = EVY, thus it is sufficient to check that

Apv o det ¢ = Ap.

This could be checked locally, so we can suppose that E = Og( and, in view of Lemma 1,
(E,\g) = (0%,1). Fixing a basis {e1,e2} such that e; A e; = 1 and taking the dual basis
{eY, ey} for (O%)V, we have

dler) = (et A=) =eg, ¢le2) =(e2A—) =—ef.

Thus we obtain
det p(er Nez) =ey A(—ef) =ef Ney
and

Apv det ¢(eg A eg) = )\Ev(e\l/ A 65/) =1 =

DEFINITION 8. For a vector bundle E we denote by E° the complement to the zero section. For
a special linear bundle 7 = (E, \) we put 7° = E°.

DEFINITION 9. Let 7 be a rank n special linear bundle over a smooth variety X. The Gysin
sequence is a long exact sequence of A**(X)-modules

‘__gA*72n,*fn(X) Ue(T) A*,*(X)_>A*,*(TO)gA*72n+l,*fn(X)_)

obtained from the localization sequence for the zero section X — 7T via the homotopy invariance
and the Thom isomorphism.

LEMMA 8. Let (E,\g) be a special linear bundle over a smooth variety X :

(i) let Ny be any other trivialization of det E. Then
AY(X)Ue(E,Ap) = A" (X) Ue(E,Np);
(i) for the dual special linear bundle (EY, \gv),
AP X)Ue(BE, g) = A (X)Ue(EY, \pv).

Proof. Set n = rank E and denote the projections E° — X and EY® — X by p and p/,
respectively.

(i) Consider the Gysin sequences corresponding to the trivializations Ag and N:

M A2n,n(X) LA> A2n,n(E0) - - ...

Lk

pA
AQn,n(X) AQn,n (EO) .

e AO(X)

o AO’O(X) Ue(E,\)

We have
AY(X)Ue(E,Ap) = kerp? = A%0(X) Ue(E, \y).
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(ii) Consider
Y ={(v.f) e Exx E"| f(v) =1}

Projections py : Y — E° and po : Y — EVY0 have fibres isomorphic to A” !, thus
A*’*(EO) ~ A*,*(y) ~ A*’*(E\/O)

and we have a canonical isomorphism A**(E%) = A**(EV?) over A**(X). Now proceed as in
the first part and consider the Gysin sequences

Ue(E,\E)

A
. A0,0 (X) A2n,n (X) p A2n,n(E0) .

= o

Ue(EY Agv) /A
_—

. AO’O(X) A2n,n(X) P A2n,n(EVO) .

‘We have
AM(X)Ue(E, Ap) = ker p? = ker p' = A"V(X)Ue(EY, Apv). O

LEMMA 9. Let T be a special linear bundle over a smooth variety X such that there exists a
nowhere vanishing section s : X — T. Then e(T) = 0.

Proof. Set rank T = n and consider the Gysin sequence

e jA
o A00(x) LT g x) I gm0y

The section s induces the splitting s? for j4, thus j4 is injective and

e(T) =1Ue(T) € ker j4 = {0}. O

4. Pushforwards along closed embeddings

In this section we give a construction of pushforwards along the closed embeddings with special
linear normal bundles for an SL-oriented cohomology theory. This is quite similar to the
construction of such pushforwards for oriented [PS03, Nen06] or symplectically oriented [PW11a)]
cohomology theories and twisted Witt groups [Nen07], so we follow [PW1la] and [NenO7]
adapting them to a special linear context.

DEFINITION 10. Let i : Z — X be a closed embedding of smooth varieties. The deformation
space D(Z,X) is obtained as follows:

(i) consider X x Al;

(ii) blow it up along Z x 0;
(iii) remove the blow-up of X x 0 along Z x 0.
This construction produces a smooth variety D(Z, X) over Al. The fibre over 0 is canonically
isomorphic to the normal bundle to Z in X which we denote by NV;. The fibre over 1 is isomorphic
to X. We have the corresponding closed embeddings iy : N; - D(Z,X) and 41 : X — D(Z, X).
There is a closed embedding 2z : Z x Al — D(Z, X) such that over 0 it coincides with the zero

section s : Z — N; of the normal bundle and over 1 it coincides with the closed embedding
i: Z — X. Finally, we have a projection p: D(Z, X) — X.
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Thus we have homomorphisms of A**(X)-modules (via p?),

;A ;A
A**(Th(V;)) =2 A**(Th(z)) —= A**(Th(i)).
These homomorphisms are isomorphisms since in the homotopy category He(k) we have
isomorphisms g : Th(N;) = Th(z) and 4; : Th(i) = Th(z) [MV99, Theorem 2.23]. We set
d =i o (if) '+ A¥*(Th(V;)) — A™*(Th(i))
to be the deformation to the normal bundle isomorphism. The functoriality of the deformation

space D(Z,X) (see [Nen07, Proposition 3.4]) makes the deformation to the normal bundle
isomorphism functorial.

DEFINITION 11. For a closed embedding i : Z — X of smooth varieties a special linear normal
bundle is a pair (IV;, \) with IV; the normal bundle to Z in X and A : det NV; = 0Oy an isomorphism
of line bundles.

DEFINITION 12. Let i : Z — X be a closed embedding of smooth varieties with a rank n special
linear normal bundle (N;, A). Denote by 74 the composition of the Thom and deformation to the
normal bundle isomorphisms,

ia= df‘ o (—Uth(N;,\)) : A*(2) 5 AXT2 (TR (4)),
For the quotient map z : X — Th(i) the composition
ig=200y: AN(Z) —» AFER(X)
is the pushforward map. Note that in general i 4 depends on the trivialization of det V;.

Remark 5. We have an analogous definition of the pushforward map for a closed embedding
i: Z — X in every cohomology theory possessing a Thom class for the normal bundle N;. In
particular, we have pushforwards in the stable cohomotopy groups for closed embeddings with a
trivialized normal bundle (N, 6), where 6 : N; = 07 is an isomorphism of vector bundles, since
there is a Thom class th(O7%) = X7.1 and suspension isomorphism

(—USB1) 7 (Z) S et (Th(0)).

DEFINITION 13. Let i : Z — X be a closed embedding of smooth varieties with a rank n special
linear normal bundle. Then using the notation of pushforward maps the localization sequence
boils down to the following long exact sequence of A**(X)-modules:

L g A*—Qn,*—n(Z) 1_A> A*’*(X) J_) A*’*(X . Z) 2) A*—Qn—l—l,*—n(z) Z_A) .

We refer to this sequence as the Gysin sequence, similar to Definition 9.

In the rest of this section we sketch some properties of the pushforward maps. The next
lemma is similar to [PW11a, Proposition 7.4].

LEMMA 10. Consider the following cartesian diagram with all the varieties involved being

smooth:
X' =X xy Y’ ! Y’
K ¢
X : Y
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Let i,i" be closed embeddings with special linear normal bundles (N;, \) and (N, \'). Suppose,
moreover, that ¢' induces an isomorphism ((¢')*N;, (¢')*\) = (Ny, \'). Then we have g4iy =
9"

Proof. This follows from functoriality of the deformation to the normal bundle and functoriality
of Thom classes. |

The next proposition is an analogue of [PW11a, Proposition 7.6].

PROPOSITION 1. Let T be a special linear bundle over a smooth variety X with a section
s : X — T meeting the zero section r transversally in Y. Then for the inclusion i : Y — X and
every b € A**(X) we have

iai(b) = bU e(T).

Proof. Let 24 : A**(Th(i)) — A**(X) and 24 : A**(Th(T)) — A**(T) be the extension of
support maps and let p: 7 — X be the structure map for the bundle. Consider the diagram

7

*,k A *,k z4 *,k
A (X) T A% (TH(T)) A (T)
e T el
A (V) — A A%*(Th(i)) — 2= A**(X)
The pullbacks along the two sections of p are inverses of the same isomorphism p4, so s4 = r4.

The right-hand square consists of pullbacks, thus it is commutative. The left-hand square
commutes by Lemma 10. Hence we have

i4i2(b) = 247404 (b) = rAZADUth(T)) = bU e(T). O

Pushforward maps are compatible with compositions of closed embeddings. The following
proposition is similar to [Nen07, Proposition 5.1] and the same reasoning applies, so we omit the
proof.

PROPOSITION 2. Let Z - Y EN X be closed embeddings of smooth varieties with special linear
normal bundles (Nj;, Aji), (N, Ai), (i*Nj; /N;, Aj) such that A; ® X\j = Aj;. Then jaia = (ji)a.

5. Preliminary computations in the stable cohomotopy groups and the stable
Hopf map

We will carry out preliminary computations involving 7** and various motivic spheres. The

main result of this section is Proposition 3, proved by a rather lengthy computation. We track
down all the canonical isomorphisms involved, so the formulas are somewhat messy.

Throughout this section we use X = A"*! — {0} for a punctured affine space with n > 1. Let
x = (1,1,0,...,0) be a point on X. First of all, recall the following well-known isomorphisms
[MV99, Lemma 2.15, Example 2.20].

DEFINITION 14. Set o = 05 0y : (X,2) = (G, 1) AT for the canonical isomorphism in the
pointed homotopy category. It is defined via

(X, ) > X/((A < (A" = {01)) U ({1} x A") <= (G, 1) AT,

where o7 is induced by the identity map on X and o9 is induced by the natural embedding
Gy x A" C X. Recall that o7 is an isomorphism since (A! x (A™ — {0})) U ({1} x A")
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is Al-contractible: one can contract it in the following two steps: one first projects it onto {1} x A",
contracting A! x (A" —{0}) to {1} x (A" —{0}), and then contracts the obtained affine space. The
second morphism o is induced by the excision isomorphism (G, +) A T"" = X/(X — (Al x
{(0,0,...,0)})), so it is an isomorphism as well.

We write s = s51s1 : (A2 — {0}, (1,1)) = (G,,,1) AT for this isomorphism in the particular
case of n = 1.

Another isomorphism that we need can be easily expressed via the cone construction.

DEFINITION 15. Let i : Y — Z be a morphism of pointed motivic spaces. The space Cone(7)
defined via the cocartesian square

L

Y A Al —— Cone(i)

is called the cone of the morphism i.

DEFINITION 16. Set p = ppop; ' : T = (G, 1) A S! = 521 for the canonical isomorphism in
the homotopy category defined via

T & Cone(i,) 2 (G, 1) A S,

where i, stands for the natural embedding (G,,,1) — (A!,1) and the isomorphisms p; and ps
are induced by the maps A! — pt and A' — pt, respectively.

DEFINITION 17. For every pointed motivic space Y put
Y7 = (idy A p)"E3 7 (Y) - 7T (Y AT)

and set X7 = Yg o X o--- 0o X for the n-fold composition.

Consider the localization sequence for the embedding {0} — A"
oo P (T s gPA(ATTL) s P (X)) L aPtha(prntly oo

Here we identify the Thom space A"*!/X = A"H/(A"T! — {0}) with 7"t = (A!/G,,)" !
via the canonical choice of coordinates on A" (see [MV99, § 3, Proposition 2.17(2)]). Canonical
isomorphisms described above together with the choice of the point  on X provide a splitting
for the connecting homomorphism 0. We discuss this in the next lemma. Put

7: T A (Gy 1) = (G, ) AT, 7o : T AT — T AT

for the twisting isomorphisms defined via (xg, 1, ...,2Zn) = (Tn, Toy- -+, Tn-1)-

LEMMA 11. For the canonical morphism r : (X4, +) — (X, x) we have
or™ = (t7) " id A p)"8 07T (0™) 7L
Proof. On the right-hand side we have

(T LA A p)™ S0 (6™) T = (7F) A A )™ (o A TENY = (07 Add) (i A p) T )RR,
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Put Y = (Al x (A" —{0}))U ({1} x A"). Let iy : X/Y — A"tV iq : T"" A (G, 1) — T A
(A',1) and i; : (X4, +) — (A" +) be the natural embeddings and let j; : (A", +) —
Cone(i4) and jo : Cone(is) — Cone(j1) be the canonical maps for the cone construction.

Consider the diagram

id id
T A Gy 1) A SY <2222 PAR A Cone(i,) —on?s

~ ~

TA(n+1) Te TA(n+1)

~

TAId | = wlN
(G, 1) AT N A S} Cone(ig) ~| 1
oaid |~ tl~
(X/Y) A St <———— Cone(iy) ~ Cone(iy)
o1Aid | J2
(X,2) A S] rhid (X1, +) A SL <2 Cone(jy)

Here 11,19 and 13 are induced by Al — pt, v is induced by A" — A"*1/Y and X, — X/Y,
u is induced by A" /Y — pt, w is an obvious isomorphism 7" A Cone(i,) = Cone(id Ai,) and

t is induced by the commutative square
T A (G, 1) ——= XY
iig iiY
T A (AL 1) —=s AnHL Y

where 7/(zg, 21, ..., Zn) = (Tn, Toy -+, Tn—1)-

One can easily verify that the large diagram is commutative. By the very definition we have

O™ = (Yagatpy )BT = ((r Aid)epajorry )R,

thus it is sufficient to show that

(r Aid)abagorhyt = (o7t Add)(id A p)Tt

which follows from the commutativity of the above diagram.

DEFINITION 18. The Hopf map is the morphism of pointed motivic spaces

H: (A% —{0},(1,1)) = (P, [1:1])

given by H(z,y) = [z : y]. Let ¥ = 19;1191 be the composition

9:(PL[1:1)) B pl/al &2 1,

where 1 is induced by the identity map on P! and ¥, is the excision isomorphism given by
Yo(x) = [z : 1]. Then the stable Hopf map is the unique element n € 7~ 1~!(pt) such that
s*Srylln = B (p¥H), i.e. 1 is the stabilization of H moved to 7~ ~1(pt) via the canonical

isomorphisms.
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LEMMA 12. Let H : (A2 —-{0},(1,1)) = (P,[1:1]) be the morphism of pointed motivic spaces
given by H(z,y) = [y : x| and let 7} € 7~ L~1(pt) be the unique element such that s™ X1 =
YP(pVH). Then = eUn.

Proof. Let ¢ : (A2 — {0}, (1,1)) — (A2 — {0}, (1,1)) be the reflection given by ¢(z,y) = (y, z).
Put Y = (A x (A% — {0})) U ({1} x A?) and consider the commutative diagram

(A2 — {0}, (1, 1) ATZZST (A2 — {0}, (1, 1) AT

%lﬁ ¢2i2

(A3 —{0})/Y — 2 (A3 — {0})/Y

%TN ¢1TN

(G, )YANT AT (G, )YANT AT

idA(—idraT)
_ >

Here 1); is induced by the inclusion G,, x A? — A3 — {0}, 19 is given by a(x,y,2) = ((z +1)/2,
(x —y)/2,2) and 3(z,y,z) = (x,—y,—=z). All the morphisms ; are isomorphisms: ; is an
excision isomorphism, 3 is an involution and 9 can be decomposed in an obvious way,

(42— {0}, (L)) AT 25 (A% = {0)/((A" x G,) U ({1} x A1) AT — (47 = {0})/Y,

with the first map ¥4 (z,y,2) = ((z + y)/2, (x — y)/2, 2) being an isomorphism since ((A! x G,,)U

({1} xA1)) is Al-contractible and the second map being an excision isomorphism. It is well known
that —idpar = idpar in the homotopy category: one has

(0 =B D6 )6 )

so there is an A'-homotopy between id7r and —idra7 given by the matrix

o= 0 D) (5 )6 1)

Thus we obtain ¢ A —idp = 15 "4y (id A idpar)e] Mb = id A idy, yielding
(p9H) Aidy = ((p9H) Aidp) (¢ A —idr) = (p9H) A —idy.
Taking the Y7 -suspension and using the suspension isomorphism E;l, we get
S (pIH) Ue = P (p9H).

The suspension isomorphisms as well as p™ and s™ are homomorphisms of 7%°(pt)-modules, and
€ is central, thus

STErS U (eUn) = SR (pIH) Ue = S (pH) = s"Srob (7).

The claim follows via taking (s™)~! and desuspending. O
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Recall that for stable cohomotopy groups we have canonical Thom classes for trivialized
vector bundles th(O%) = 7.1 and pushforwards i, for the closed embeddings with a trivialized
normal bundle (N;, 6).

We fix the following notation. Let ¢ : G,;, — X be a closed embedding to the zeroth coordinate
given by i(t) = (¢,0,...,0). Identify the normal bundle

N,2U=G,,xA"C X
with the Zariski neighbourhood U of G,,, and define the trivialization 6 : U = Gy, x A" via
O(t,x1,...,2n) = (t,z1/t,22,...,2p).
This particular trivialization will arise naturally in Lemma 15. There is a pushforward map
in : T0(Gp) = T2(X)
induced by the trivialization . In Lemma 15 we will need to know the image of the unit under

this pushforward, or, more precisely, Ji,(1).

PROPOSITION 3. In the above notation we have Ji(1) = (—1)" U X0y,

Proof. From the construction of the pushforward map we have
ix(1) = 2"d7 (th(U, 0))

with 2™ : #*(Th(i)) — 7**(X) being the support extension and d the deformation to the
normal bundle isomorphism. Represent i as the composition

PG, 5 UB X

and let w : Th(i;) = Th(i) be the induced isomorphism in the homotopy category. Recall that
for U there is a natural isomorphism [Nen07, proof of Proposition 3.1] D(G,,,U) = U x Al and
d? =1id. By the functoriality of the deformation construction we have df = (w™) ™1, so we need
to compute

92" (w™) L (th(U, 0)).
Decomposing z as
2 (X4, +) > (X, 2) 2 Th(i)

and using Lemma 11, we obtain

2™ (w™) " H(th(U, 0)) = 0r™ 2T (w™) "1 (th(U, 9))
= (72)7 G A )RR (o) () (U, 0))).

(&
We can represent the Thom class th(U, 0) € 72" (Th(i1)) by $5°-suspension of the composition

An

Th(iy) 25 7'\ 25 (521 2o g2nn,

where H, is given by ﬁg(t,xl,xg, ooy y) = (z1/t,z2,...,2y), and =, is the canonical shuffling
isomorphism. B ~

Identifying the first copy of T with P'/Al via 6a(z) = [z : 1], we rewrite Ha as Hy =
(051 Nid)Hy with Hy given by

Hi(t, @1, 20, ..., 2n) = ([x1: t], 22, ..., Tn).
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Put Y = (A x (A" — {0})) U ({1} x A") and consider the diagram

|
>
3

Yo Aid

(P!/AY) AT 1 - T AT g2nn

(

Th(iy) - (A2 — {0})/A" X Gp) AT M1 —Z25 Th(4)

~

(A2 — {0}, (1,1)) AT/ i XY o1 (X, z)

~

~

Here fIg(:v, y) = [y : x] and all the other maps are given by the tautological inclusions, i.e. wq
is induced by the inclusion U = G, x A" C (A? — {0}) x A" ! wy and 1 are induced by
(A2 — {0}) x A"! C X, j' is given by the identity map on X and j is given by identity map
on A% — {0}. Morphisms w; and ws are excision isomorphisms and 1; is the composition of the
isomorphism s; Aid and an excision isomorphism (see the next diagram), so it is an isomorphism
as well. One can easily check that this diagram is commutative. Hence

T (W) (Eh(U, 0)) = T (wawr)") " (¢R(U, 9)) i
S5 (200" (03 Haj M)y "o1) = (U7 o1) S5 (S5 (09 ),

with H = ﬁg j. There is the following commutative diagram consisting of isomorphisms:

P1

~

(AZ — {0}, (1,1)) AT/ L — XY

slAile /UQTN

(A% = {0})/((A! X Gpn) U ({1} x AL)) AT 229G, 1) AT A TA

All the maps in the diagram are induced by the tautological inclusions, s, is induced by G,,, x A
C A% — {0} and sy is given by the identity map on A% — {0}. Morphisms o2, s2 and the
diagonal morphism are excision isomorphisms and s; is an isomorphism via the usual contraction
argument.

Thus we have

SO toro ) S (ST (00 ) = SO((s7 2 A 1)) (SF (00 1))
= SO (57 52) ST (00 ).

To sum up, the above considerations together with Lemma 12 yield

Oin(1) = ((id A p)rs )T (TS (57! 52) "EF (p0H))
=eU((idA p)r, H™s0(rmenybln) = e U ((r A1d)(id A p)7, DT80y by,

Now we examine the homomorphism
O = ((r Aid)(id A p)TEl)”EI’OE%ZM : Wﬁl’fl(pt) — 772"+1’"(TA”+1).

Unravelling the notation, this homomorphism can be represented as an external product with a
Y7 -suspension of the map TAHL s §2nt2n+1 corresponding to the following picture consisting
of copies of the morphism p and identity maps:
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Gm A Gy AGp Ao NGy ASEASEA o A SEASE

N oL

G NG A SYA G A SUA - AGp A SLIA S

AR A

Here the top row of arrows is the canonical shuffling isomorphism, the top row and second row
combined correspond to X10¥2YLL the third row is 7 A id and the bottom row is (id A p)7, L.
Taking the composition, we obtain (writing G,, A S! instead of T')

Gm N G NGy A - NGy A SEASEA o A SEASE

NN ey N\

G A SLAIGn A STIA G A SHA - NG A SL

The corresponding picture for ngl is

Gm N G Ao AN Gy AGyy ANSE A SEA o A SEASE

NS S /

G A SLAIGm A STIA - AlGp A SHIAIGy A SL

............................................

These pictures coincide up to a cyclic permutation of S!-s. This permutation automorphism
equals (—1)™ in the homotopy category, thus © = (—1)”2’:}“. O

6. Inverting the stable Hopf map

Let A**(—) be the bigraded ring cohomology theory represented by a commutative monoid
A € SH(k). Inverting n € A~ ~1(pt), we obtain a new cohomology theory with (2i,4) groups
isomorphic to (2i + n,7 + n) ones by means of the cup product with n~". Put

AMNY) = (A7 (Y))™0 = (A (Y) @ (y A (pt) 0™,

AN(Y) = (A7) = P AY).

nez
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One can easily see that this is a cohomology theory. For the algebraic K-theory represented
by BGL [PPR09b] this construction gives BGL*(—) = 0 since we have n € BGL™ V71 (pt) =
K_i(pt) = 0 and BGL;*(—) = 0. As we will see in Corollary 1, it is always the case that an
oriented cohomology theory degenerates to a trivial cohomology theory. Thus we are interested
in cohomology theories with a special linear orientation but without a general one. Our running
example is hermitian K-theory represented by the spectrum BO that transforms to Witt groups,
i.e. for every smooth variety X there is a natural isomorphism BO;(X ) =2 WH(X) (see [Aan13]).

For stable cohomotopy groups there is the following result by Morel.

THEOREM 1. There exists a canonical isomorphism (7 (pt))*0 = WO(pt).
Proof. This follows from [Mor12, Corollary 6.43]. O

DEFINITION 19. From now on A*(—) denotes a graded ring cohomology theory obtained via the
above construction, i.e.

A(Y) = (47" (V)

for a bigraded SL-oriented ring cohomology theory A**(—) represented by a commutative monoid
A € SH(k). We have Thom and Euler classes and all the machinery of SL-oriented theories,
including the Gysin sequences and pushforwards. In order to stay in the chosen grading we need
to modify the Thom and Euler classes as follows:

th'(T) = (=1)" " D2n(Ty U™, (T) = ()" 2e(T) U™,

for a special linear bundle 7 of rank n. The sign is introduced for the sake of multiplicativity of
the characteristic classes. For ease of notation, we will omit the primes and write just th(7) and
e(T) and refer to them as Thom and Euler classes. These classes are of degree n.

Remark 6. Note that from e-commutativity we have nUn = —e U (n Un), thus, inverting 7, we
obtain e = —1 in A*(pt).

We conclude this section with the following simplification of Lemma 6.

LEMMA 13. Let A*(—) be a graded ring cohomology theory described in Definition 19 and let
T = (E,\) be a rank 2 special linear bundle. Then

be(H(E)) =1—e(T)*?,  pu(T)=1+e(T)*>

Proof. This follows from the above remark and Lemma 6. O

7. The complement to the zero section

In this section we compute the cohomology of the complement to the zero section of a special
linear vector bundle. It turns out that there is a good answer in terms of characteristic classes
only in the case of odd rank.

Recall that for a special linear bundle 7~ we denote by 7 the complement to the zero section.
We start with the following lemma concerning the case of a special linear bundle possessing a
nonvanishing section.

DEFINITION 20. We denote an operator of the U-product with an element by the symbol of the
element, writing o for —U .
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LEMMA 14. Let T be a rank k special linear bundle over a smooth variety X with a nowhere
vanishing section s : X — T. Then for some o € A*¥~1(T°) we have an isomorphism

(1,a): A*(X) @ AR (X) = A*(TY).
Proof. Consider the Gysin sequence

0 0

s AR S A% (X)) EiR AX(TY) 94, AF(X) S

The section s induces the splitting s for j4, hence gives a splitting r for 94. We have the claim
for a = r(1), since all the maps involved are homomorphisms of A*(X)-modules. O

We want to obtain an isomorphism which does not depend on the choice of a section, so we
act as one acts in the projective bundle theorem for oriented cohomology theories: take a certain
special linear bundle over 70 and compute its Euler class.

DEFINITION 21. Let p: E — X be a vector bundle over a smooth variety X. Restricting the
‘diagonal’ section Op — p*E to E°, we get an exact sequence

If F is a special linear bundle, then, by Lemma 2, so is 7.

For the derived Witt groups there is a computation of W*(A™ — {0}) due to Balmer and
Gille. In the case of the odd dimension it can be formulated as follows.

THEOREM 2. Let (E,\) = ((’)IQJ?H, 1) be a trivialized special linear bundle of odd rank over a
point with n > 1. Then we have an isomorphism of graded W*(pt)-algebras

W*(pt)[e] / (¢2) S WA — {0})

induced by e — e(Tg) € W2 (AZ+1 — {0}).

Proof. See [BG05, Theorem 8.13] for an explicit basis of W*(A2"*+1 —{0}) over W*(pt) in terms
of a certain Koszul complex. One can identify this Koszul complex with the Euler class e(7Tg)
(see [Nen07, §2.5] for the definition of Thom classes in derived Witt groups). O

We can derive an analogous result for A*(—) from our computation in stable cohomotopy
groups.

LEMMA 15. Let (E,\) = ((’)?D?H, 1), n > 1, be a trivialized special linear bundle over a point.
Then we have an isomorphism of graded A*(pt)-algebras

A*(Pt)[e]/(e2) = AM(EY).
induced by e — e(Tg) € A?"(EY).
Proof. Consider the Gysin sequence
e AT () S A (pt) > AN(ED) P AT (p) S

The bundle E is trivial, hence e(E,\) = 0 and the Gysin sequence consists of short exact
sequences.
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Consider the dual special linear bundle 7. Taking the dual trivialization of E, we obtain
T = {(z0,...,Ton, Yo, - -, Y2n) € E* x BV | 200 + - - - + Tanyon = 0}.
There is a section s : £V — Ty with
s(xo, 1, T2, -+, Ton—1, Tan) = (L0, T1,- .., Tan, 0, T2, —T1, ..., Top, —T2p—1)-
This section meets the zero section in G, = {(¢,0,...,0) | t # 0}. Proposition 1 states that
e(Ty) = ia(1) for the inclusion i : G,, — A1 — {0} with the trivialization of det N; arising
from the trivialization of det T, . Identify N; = T |g,, with U = G,, X A?" ¢ EY via
(t,0,...,0,0,y1,...,920) = (t, Y1, -, Y2n)-

The isomorphism A7y : det T G = Og,, arises from the canonical trivialization of EV|g, and
morphism ¢ : EV|g,, — Og,, with

¢(t7 y07 ?/17 e 7y27"b) = (t7 tyo)

Thus over ¢ for y* = (yi,45,...,95,) we have
1/t 0 0 - 0
0yt ¥ - ou"
1 2 2
Ay (y Ay A Ay =det | O % 4 Ba"

and 6 : (U, A1) = ((9(2}7;‘”, 1) with 6(t,y1,y2,---,y2n) = (t,y1/t, Y2, - - ., Y2,) is an isomorphism of
special linear bundles.

Consider the following diagram with ¢, being the pushforward in stable cohomotopy groups
for the closed embedding ¢ with the trivialization € of the normal bundle:

0a

AY(G,,) — A A (EO) A%(pt)

] |

7(Gp) —— (B — 2 7(pt)

The left-hand side commutes since 6 is an isomorphism of special linear bundles. The right-hand
side consists of the structure morphisms for A* and the boundary maps for the Gysin sequences
of the inclusion {0} — E, hence commutes as well. Proposition 3 states that d;ir(1) = —1, thus

da(e(TE)) = aia(1) = —1.

Hence, examining the short exact sequence
g
0 — A*(pt) > A*(E°) =5 A2 (pt) — 0

given by the Gysin sequence, we obtain that {1,e(74)} is a basis of A*(E) over A*(pt).
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There is a nowhere vanishing section of 75 @ T, constructed analogously to s defined above,
SO

e(Te)? = e(Tg ® Te) = 0.

Lemma 8 yields that for some a1, ag, 81, B2 € A*(pt) we have
e(Tp) = (a1 + P1Ue(Tg)) Ue(Tg) = a1 Ue(Ty),

e(TH) = (a2 + B Ue(TE)) Ue = as Uag Ue(Tg).

We already know that {1,e(7x)} is a basis, thus as Ua; = 1 and «a; is invertible. Hence
{1,010 Ue(TE)} = {1,e(Tr)} is a basis as well and e(Tg)? = o U e(Ty)? = 0, so the claim
follows. O

COROLLARY 1. Let A**(—) be an oriented cohomology theory represented by a commutative
monoid A € SH(k). Then A*(pt) = 0.

Proof. There is a natural special linear orientation on A**(—) obtained by setting th(E,\) =
th(E), with the latter Thom class arising from the orientation of A**(—). Hence for a rank n
special linear bundle we have e(E,\) = ¢,(F). By the above lemma, for F = Of,t there is an
isomorphism

(1,e2(Tg)) : A*(pt) ® A 2(pt) > A*(EP).

Multiplicativity of total Chern classes yields ¢,(Ogo)c.(Tg) = ¢ (O%y), hence ¢2(Tg) = 0. The
above isomorphism yields A*(pt) = 0. O

Having a canonical basis for A*(O]%?'H — {0}) over A*(pt) as in Lemma 15, we can glue it
and obtain a basis for the cohomology of the complement to the zero section of an arbitrary
special linear bundle of odd rank.

THEOREM 3. Let (E,\) be a special linear bundle of rank 2n + 1,n > 1, over a smooth variety
X. Then for e = e(Tg) we have an isomorphism

(1,e) : A*(X) ® A" 2"(X) > A*(EY).

Proof. The general case is reduced to the case of the trivial vector bundle E via the usual
Mayer—Vietoris arguments. In the latter case we have a commutative diagram of the Gysin
sequences

0= A*(X) — = A*(E?) s g==2(X) — 0

I

0— > A*(pt) —— A*(E0) 2 A*=2n(pt) — >0

with £/ = OZ?H. By Lemma 15 the element d4(e(7z)) generates A*~2"(pt) as a module over
A*(pt), thus for a certain av € A*(pt) we have o U d4(e(Tgr)) = 1. Using E = p*E’, we obtain

aUda(e(Tg)) = aUpras(e(Te)) = 1,

s0 0a(e(Tg)) generates A*~2"(X) over A*(X). Hence (1,e) is an isomorphism. O
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Remark 7. In the case of rank EF = 1 one still has an isomorphism: a special linear bundle of
rank one is a trivialized line bundle, hence there is an isomorphism

AN (X) @ A*(X) =2 AY(EY) = A*(X x Gyp)
induced by the isomorphism A*(pt) ® A*(pt) = A*(G,,).
COROLLARY 2. Let T be a special linear bundle of odd rank over a smooth variety X. Then
e(T)=0.

Proof. Set rank T = 2n+ 1 and e = e(7T). Consider the Gysin sequence

o AVX) S AZHL(X) D A2 (0 AL (X S

The above calculations show that j# is injective, hence e = 0. O

8. Special linear projective bundle theorem

In this section we obtain a special linear version of the projective bundle theorem. First of all,
we introduce the varieties that behave in a special linear context similarly to projective spaces
and Grassmannians in the context of general orientation.

DEFINITION 22. For k < n consider the group

;[ SLg *
b= < 0 SLn_k>'

The quotient variety SGr(k,n) = SL,/P] is called a special linear Grassmann wvariety. Put
SGrx(k,n) = X x SGr(k,n). We denote by 71 and Ty the tautological special linear bundles
over SGrx (k,n) with rank 77 = k and rank 7o = n — k.

Remark 8. Consider the parabolic subgroup

_ GLy *
Pk—SLnﬂ< 0 GLn_k>‘

We have a projection SL,,/P| — SL, /Py identifying the special linear Grassmann variety with
the complement to the zero section of the determinant of the tautological vector bundle over
the ordinary Grassmann variety Gr(k,n). This yields the following geometrical description of
SGr(k,n). Fix a vector space V of dimension n. Then

SGr(k,n) = {(U <V, A € (A*1)?) | dimU = k}.

In particular, we have SGr(1,n) = A™ — {0}, since the above description says that it is the variety
of nonzero vectors in one-dimensional subspaces of V, i.e. all the nonzero vectors of V. On the
other hand, one can see that SGr(1,n) =2 A™ — {0} from the definition: the canonical left action
of SL, on A™ — {0} is transitive and the stabilizer of the point (1,0, ...,0) equals P;.

THEOREM 4. For a smooth variety X we have the isomorphisms:

2n—2
(1er,...,e"72 ey) @A* (X))@ ATT2(X) S A*(SGrx(2,2n)),

2n—1
(1,e1,€2,...,e2n7h) EBA* %(X) S A*(SGrx(2,2n + 1)),
with e; = e(T1), e2 = e(T2).
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Proof. We will deal with several special linear Grassmann varieties at once, so we will use 7;(r, k)
for 7; over SGrx (r, k) and abbreviate e(7;(r, k)) to e;(r, k) and e(7;(r, k)V) to € (r, k). The proof

is by induction on the dimension of the Grassmannian.

The base case. We have SGrx(2,3) 2 SGrx(1,3) & A% — {0} and under these isomorphisms the
bundle 77(2,3)" goes to T3(1,3) which goes to TO% in the notation of Definition 21. Note that
rank 71 (2, 3) = 2, thus 71(2,3) = 71(2,3)" and e(71(2,3)) = e(71(2,3)"). Hence Theorem 3 gives
the claim for SGrx (2, 3).

Basic geometry. Fix a vector space V' of dimension k41, a subspace W < V of codimension one
and forms g1 € (AFF1V)0 py € (A*W)°. Then we have the following diagram constructed in the
same vein as in the case of ordinary Grassmannians:

J

SGr(2, k) ——= SGr(2,k + 1) Y

p

SGr(1, k)

where the inclusion i corresponds to the pairs (U, u € (A2U)%) with U < W, dim U = 2; the open
complement Y consists of the pairs (U, u € (A2U)°) with dim U = 2, dim UNW = 1; the projection
p is given by p(U, ) = (UNW, ) where p is given by the isomorphisms AW @ V/W = A1y
and A*"1(UNW)® V/W = A2U and forms p, pio and p. Here i is a closed embedding, j is an
open embedding and p is an A*-bundle. Take an arbitrary f € V'V such that ker f = W. This gives

rise to a constant section of the trivial bundle ((’)Iggrl@ k +1))V, hence a section of 77(2,k + 1)".

The latter section vanishes exactly over i(SGr(2,k)). Note that we have rank 7;(2,k + 1) = 2,
hence €y (2,k +1) = e1(2,k + 1).

The case k = 2n — 1. Identify A*(X x Y) = A*(SGrx(1,2n — 1)) via p4 and consider the
localization sequence

. A
o> AT2(SGrx (2,2n — 1)) B A*(SGrx(2,2n)) 2> A*(SGrx(1,2n — 1)) — ---.

Theorem 3 states that {1,e2(1,2n — 1)} is a basis of A*(SGrx(1,2n — 1)) over A*(X). We have
J*T2(2,2n) = p*T2(1,2n — 1) and

74 (ea(2,2n)) = e2(1,2n — 1),
hence j4 is a split surjection (over A*(X)) with the splitting defined by
1—1,e2(1,2n — 1) — e2(2,2n).

Then iy4 is injective. Hence to obtain a basis of A*(SGrx(2,2n)) it is sufficient to calculate the
pushforward for a basis of A*~2(SGrx(2,2n — 1)) and combine it with {1, es(2,2n)}. Using the
induction, we know that

{1,e1(2,2n —1),...,e1(2,2n — 1)>"73}
is a basis of A*(SGrx(2,2n — 1)). We have i*(71(2,2n)) = 71(2,2n — 1), hence

e1(2,2n — 1) = i(e1(2,2n)).
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By Proposition 1 we have
ia(e1(2,2n = 1)) = e1(2,2n)",

obtaining the desired basis
{e1(2,2n),e1(2,2n)2, ... e1(2,2n)?" 72, 1,e5(2,2n)}
of A*(SGrx(2,2n)) over A*(X).
The case k = 2n. Again identify A*(X x Y) = A*(SGrx(1,2n)) via p? and consider the

localization sequence

i jA
A 428Gy (2,20)) A A*(SGry (2,20 + 1)) L5 A*(SGry(1,2n)) X -
Using the induction, we know a basis of A*(SGrx(2,2n)), namely
{15 €1 (2? 2”)) 61(23 2n>2, -y €1 (27 2”)2n_2a 62(2? 2”)}

and Lemma 14 gives us a noncanonical basis {1,a} for A*(SGrx(1,2n)). Examine i4(e2(2,
2n)). It cannot be computed using Proposition 1 since it seems that e2(2,2n) cannot be pulled
back from A*(SGrx(2,2n + 1)), so we use the following argument. Consider a nonzero vector
w € W. This induces constant sections of Og’ér(mn) and Og’éj(lmn +1) and sections of 73(2, 2n) and
T2(2,2n+1). The latter sections vanish over SGrx (1,2n—1) and SGrx (1, 2n), respectively. Here
SGrx(1,2n — 1) corresponds to vectors in W/{w) and SGrx(1,2n) corresponds to vectors in

V/{w). Hence we have the following commutative diagram consisting of closed embeddings:

SGry(1,2n — 1) — " SGry (2, 2n)

T

SGrx(1,2n) ——=SGrx(2,2n + 1)

By Proposition 1 we have ex(2,2n) = 7/4(1), so, using Proposition 2, we obtain i4(e2(2,2n)) =
rai'y(1). Notice that Ny is a trivial bundle of rank one. In fact, there is a section of trivial bundle
T1(1,2n)" over SGrx(1,2n) constructed using the same element f such that ker f = W and this
section meets the zero section exactly at SGrx(1,2n — 1). So we have

ia(e2(2,2n)) = r4i's(1) = r4(ey (1,2n)) = r4(0) = 0.

We claim that keriy = A*(X)Uez(2,2n) and Im j4 = A*(X) U 1. We have j4(1) = 1, hence
04(1) = 0 and
kerig =Imos = A" (X) U da().

The localization sequence is exact, so we have
€2(2,2n) = 0a(yUa) =y U da(a)

for some y € A*(X), and since e2(2, 2n) is an element of the basis, y is not a zero divisor. Consider
the presentation of 04 («) with respect to the chosen basis:

da(a) =zoUl+zUer(2,2n) + - + on_o Uei(2,2n)?" 2 + 2 U ey(2,2n).
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We have y U da(a) = e2(2,2n), hence y U z = 1 and every y U z; = 0, hence z; = 0. Then
0a(a) = zUe2(2,2n) and

kerig =Imos = A" (X)U0a(a) = A*(X) Uea(2,2n).
We have

Oa(roUl+ 21 Ua) =21 Uda(a) =21 Uz Uea(2,2n),
hence Im j* = ker 94 = A*(X) U 1.

FA
There is an obvious splitting for A*(SGrx(2,2n + 1)) 25 Imj4, 1 — 1. Then calculating

by the same vein as in the odd-dimensional case the pushforwards for the basis of Coker d4,
{e1(2,2n)'}, and adding {1} to them, we obtain the desired basis of SGrx(2,2n + 1),

{e1(2,2n+1),...,e1(2,2n + 1)1 1}, O

DEFINITION 23. Let T be a rank n special linear bundle over a smooth variety X. We define
the relative special linear Grassmann variety SGr(k,T) twisting SGry (k,n) with the cocycle
v € HY(X,SL,) given by T. This variety is an SGr(k,n)-bundle over X. Note that in the
particular case of k = 1 we have SGr(k, T) = T° since we twist X x (A" — {0}) with the cocycle
defining ~. Similarly to the above, we denote by 71 and 75 the tautological special linear bundles
over SGr(k,T).
THEOREM 5. Let T be a special linear bundle over a smooth variety X.
(i) Ifrank 7 = 2n then there is an isomorphism
2n—2 '
(Ler,...,et" 2 ea) : @ A2(X) @ A2 (X) S A*(SGr(2,T))
i=0
with e; = e(T1), ea = e(T2).
(ii) Ifrank 7 = 2n + 1 then there is an isomorphism
2n—1

(1,e,€%,...,e2"7 1) EB AE(X) S A*(SGr(2,7))
=0

with e = e(T7).

Proof. The general case is reduced to the case of the trivial bundle 7 via the usual Mayer—Vietoris
arguments. The latter case follows from Theorem 4. O

9. A splitting principle

In this section we assert a splitting principle for SL-oriented cohomology theories with inverted
stable Hopf map. The principle states that from the viewpoint of such cohomology theory every
special linear bundle is a direct sum of rank 2 special linear bundles and at most one trivial
linear bundle.

DEFINITION 24. For k; < kg < --- < ky, consider the group

SLkl % “ e *
0 SLpy_p, - .
P]él,..,,k:,m,1 : : .. .
0 0 e SLkm*k"mfl
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and define a special linear flag variety as the quotient

SF(ki,... . km) = SLkm/P,él

----- k‘mfl :
In particular, we are interested in the varieties
SF(2n)=8F(2,4,...,2n), SF2n+1)=8F(2,4,...,2n,2n+1).

These varieties are called mazimal SLy flag varieties. Similar to the case of the special linear
Grassmannians, we denote by 7; the tautological special linear bundles over SF(k1, ko, ..., ky,)
with rank 7; = k; — k;—1.

Remark 9. For k1 < ky < --- < ky, consider the parabolic group

GLy, * . *

0 GLpy—t;, - *

Pp,....kr = Lk, N : : .. :
0 0 -+ GLg, —k,,

The projection
S.F(kl, kQ, ey km) = SLH/Plél,...,km — SLn/Pkl,...,km = .F(kl, kg, ey km>

yields the following geometrical description of the special linear flag varieties. Consider a vector
space V of dimension k,,. Then have

SF(k1 ko, k) ={(VA < < Vi1t VoM, o A1) | dim V= Ky, Ay € (AR1V)0).

DEFINITION 25. Let T be a rank n special linear bundle over a smooth variety X. We define the
relative special linear flag variety SF(k1,ka, ..., km—1,T) twisting X x SF(k1, ke, ..., km—1,n)
with the cocycle given by 7. This variety is an SF(k1, ko, . . ., km—1,n)-bundle over X. We denote
the relative version of the maximal SLy flag variety by SF(T).

THEOREM 6. Let T be a special linear bundle of rank k over a smooth variety X. Then A*(SF(2,
4,...,2n,7T)) is a free module over A*(X) with the following basis: if k is odd,

{efey? - epm | 0 < my < k — 2i};

{u1u2 e un

Proof. Proceed by induction on n. For n = 1 the claim follows from Theorem 5.
Consider the projection

if k is even,
e e, 0<m; <k—2i
i =
€it1€i42 " Enil ’

where e; = e(Ti, ;).

p:Y =8F(2,4,....2n,T) - SF(2,4,...,2n—2,T) =Y,

that forgets about the last subspace. Denote the tautological bundles over Y by 7; and the
tautological bundles over Y7 by 7.

Suppose that k is odd. Using an isomorphism Y 2 SGr(2, 7)) and Theorem 5, we obtain that
A*(Y) is a free module over A*(Y7) with the basis

B={l,e,,...,ek2),

ren

489

https://doi.org/10.1112/50010437X14007702 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007702

A. ANANYEVSKIY

Using the induction, we have the following basis for A*(Y7):
Bl_{elml /ma /mn 1|0 \k‘—2i},

with e} = e(77). One has p*(7;) = T; and p”(€}) = ¢; for i <n — 1. Computing the pullback for
By and multiplying it with B, we obtain the desired basis.

Now let k& be even. This case is completely analogous to that of odd k. We have an
isomorphism Y 2 SGr(2,7,)). By Theorem 5 we know that A*(Y) is a free module over A*(Y7)
with the basis

B = {un

Using the induction we have the following basis for A*(Y7):

e o<mi<k—2i
UZ - / / ... /
€it1€i42" " Cn

[ m"0<mn\k‘—2n}
Up = .
€n+1

Y

B = {U1U2 S Up—1

with e; = e(7). Note that p*(7/) = 7; and p?(e}) = e; for i < n — 1. Multiplicativity of the
Euler classes yields p?(e!,) = enenr1. Computing the pullback for B; and multiplying it with B,
we obtain the desired basis of Y. |

A straightforward consequence of the splitting principle is the following corollary relating
top characteristic classes of special linear bundles.

COROLLARY 3. Let T be a special linear bundle over a smooth variety X and put n = [% rank 7.
Then we have:

(i) e(T)=e(T");
i) boiy1(H(T)) =0 for all i;
(iii) p;(T) =0 for i > n;
(v) if rank T = 2n then p,(T) = e(T)?.

Proof. Consider r = rory : Y —> SF(T) 5 X with r being an AS-bundle splitting the r*7 into
a sum of special linear vector bundles isomorphic to 7]7;. One can construct Y in a similar way
to Lemma 3. From Theorem 6 we know that r4 is an injection. We have m*7 = @, 7 7; and
r*TV = @, r;T;Y. Note that rankr]7; < 2, hence ri7; = ri7,¥ and we obtain r*7 = r*T, so
rde(T) =r e(TV) and e(T) = e(TV).

By Lemma 13 and multiplicativity of total Borel classes we have

n

bo(r*H(T)) = bo(H(r*T)) = [[(1 = e(r{ D),

i=1

thus the odd Borel classes vanish and p; = 0 for ¢ > n. Moreover, for a special linear bundle of
even rank this equality yields

rpa(T) = (=1)"rb2u(T) = (=1)*" [T e(riT0)? = (r4e(T))>. O
i=1

Another consequence of the splitting principle is multiplicativity of total Pontryagin classes.

LEMMA 16. Let T be a special linear bundle over a smooth variety X and let T; < T be a special
linear subbundle. Then p.(T) = p«(T1)p«(T/T1).
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Proof. Considering the A"-bundle p : Y — X described in Lemma 3, one may assume that
T =Ti®T/Ti. The claim of the lemma follows from the second item of the above corollary and
multiplicativity of total Borel classes. O

We finish this section with the theorem claiming that every special linear bundle of even
rank is cohomologically symplectic in a precise sense.

THEOREM 7. Let T = (E,\) be a special linear bundle of even rank over a smooth variety X.
Then there exists a morphism of smooth varieties p : Y — X such that A*(Y) is a free A*(X)-
module (via pA ) and p*E has a canonical symplectic form ¢ compatible with trivialization p*\.

Proof. Consider the same morphism p : Y — X as we used in the proof of Corollary 3, i.e. Y is
an A"-bundle over SF(T) such that

rT=EPT,
where 7; are special linear bundles of rank two. Theorem 6 yields that A*(Y) is a free A*(X)-
module. The special linear bundles 7; = (E, \;) have canonical symplectic forms ¢; induced by

trivializations \;. Hence F = @ E; has a symplectic form ¢ = ¢1 L ¢o L --- L ¢, which is
compatible with A=A ® Aa ® - - - ® A, O

10. Cohomology of the partial flags

We now turn to the computation of the relations satisfied by Pontryagin and Euler classes of the
tautological bundles.

THEOREM 8. Let T be a special linear bundle over a smooth variety X. Put e = e(T), p; = pi(T).
Then we have the following isomorphisms of A*(X)-algebras:

(i) for rankT = 2n,
by 0 A(X)[er, €] / Roan — A"(SGr(2,7)),
where
n—1
R on = (6162 —e,e3+ Z(_l)i_lpnilefl)
i=0
and the homomorphism is induced by ¢1(e1) = e(Th), ¢1(e2) = e(T2);
(ii) forrank T =2n+1,

¢2 : A*(X)[el]/<Zn:(_1)lpn—z€%l> - A*(SGY(27T))7

i=0
the homomorphism is induced by ¢2(e1) = e(T7).
Proof. In view of Theorem 5 it is sufficient to show that the claimed relations hold, since ¢
and ¢9 are supposed to map the bases to the bases. We have an isomorphism p*7T /71 = T
for the natural projection p : SGr(2,7) — X, so the relation e(77)e(72) = e follows from the

multiplicativity of the Euler class. In order to obtain the other relation, compute the total
Pontryagin class

P+ (pAT) = p«(T1)p«(T2)-
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Dividing by p«(71) = 1+ p1(T1)t* in A*(SGr(2,T))[[t]], we get
Lt 1 =T o+ (i) )24 = S (T

j=0
For rank 7 = 2n, recall that by Corollary 3,
pi(Th) = e(T1)?, pn1(T2) = e(T2)?

and compare the coefficients at ¢t2"2. In the other case, by the same Corollary 3, we have
p1(T1) = e(T1)? and p,(T3) = 0, so the claim follows from the comparison of the coefficients of
$2n O

COROLLARY 4. The homomorphisms of A*(pt)-algebras,
(i) 61+ A PDlersea] /ey, 2072 4 (—1)ned) > A*(SGr(2, 2n)),
(i) g2 s A"(POler] /(e2m) 5 A%(SGr(2,20n+1)),
induced by ¢1(e1) = e(Th), ¢1(e2) = e(Ta) and da(er) = e(T7) are isomorphisms.

Proof. The characteristic classes of the trivial bundle vanish, so the claim follows from the above
theorem. 0O

In order to write down the relations for the cohomology of the special linear flag varieties we
need to carry out certain computations involving symmetric polynomials. Put h;(x1,x2, ..., zy)
for the ith complete symmetric polynomial in n variables.

LEMMA 17. Let O% be the trivialized special linear bundle over a smooth variety X. Suppose

that there is an isomorphism of special linear bundles (O%,1) = (@le T:) & T' for the special
linear bundles 7T; of rank 2. Then

pi(T') = (=1)'hi(e(T1)*, e(T2)%, .., e(Ti)?).

Proof. Using multiplicativity of total Pontryagin classes and Lemma 13, we obtain

k
(TT0-+ 77 )pu(7) = (0% = 1.

=1

The claim follows from the comparison of the coefficients of t* in the series obtained inverting

(1+e(7:)%?) in A*(X)[[t]]:

k
L+ pi(TE + po(THE + - = [[(1 — e(T)* 2 + (Tt — )
=1
=1—hi(e(T)% ..., e(TR)HE? + ha(e(T1)?, ..., e(TR))t —--- . O

PROPOSITION 4. We have the following isomorphisms of A*(pt)-algebras:

() g1 s APOler o vemie] [T, 5 AY(SF(2,4,...,2m,2n)), where

Iomon = (€162 - emeny, (—=1)"€3 -+ eoyeln + hp_1(€3),
(— 1)” e emenm + 2(€1a6§) ,
(_l)n il %+hn—m(€%7€%>-~-7ezn>)

and the isomorphism is induced by ¢1(e;) = e(T;), ¢1(e,) = e(Tm+1);
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(i) s : A*(pt)[el,...,em]/bm,%H S AYSF(2,4,...,2m,2n+ 1)),
where
IZm,2n+1 = (hn(€%)7 hn—1(6%7 6%), cee 7hn—m+1(€%7 e%v o 76311))

and the isomorphism is induced by ¢2(e;) = e(T;).

Proof. The detailed proof would be quite messy, so we present the reasoning only for part (ii).
The even case is quite the same, but the formulas are a little more complicated.

The special linear flag varieties considered are iterated SGr(2, k)-bundles, so one may proceed
by induction on m. The case of m = 1 was dealt with in Corollary 4. Put SF,, = SF(2,4,...,2m,
2n + 1) and write 7; ,,, for the ith tautological special linear bundle over SF,,. As usual, taking
an A"-bundle Y — SF,, allows us to assume that (’)2”+1 splits into a sum (D" Tim) B Tm+1,m-

Put
m+1

= @ﬂ,m

i=j+1
and for ease of notation for the Euler classes write e;m = e(Tim), €}, = e(T/,,)-
There is a natural isomorphism SF,,4+1 = SGr(2, Tm41,m)- By Theorem 8 there is an

isomorphism
A*<8fm)[em+17m+ﬂ/<Z(_1)ipn—m—i(7-w/1,m)e127§+l,m+1> = A (SFms1)-
i=0

The induction assumption provides the description for the coefficients of this polynomial algebra,
ie.

A (SF ) = APl semm] /150y
Note that €;,, = €;m+1 for @ < m. Thus it is sufficient to show that

n—m

/ 21 n—m 2 2 2
Z pn m—1i Tm m) m+1 m+1 — ( 1) hn—m(eLm—i-l? 62,m+17 A €771—',—1,m—}—1)'
=0

Applying Lemma 17, we obtain
Pn—m—i (TT:’L,m) = (_1)n_m_ihn—m—i (‘%,m? eg,m’ R 6%1,m)-

The claim follows from the well-known identity

k

hi (21, ... 1) :Zhi(xla'--al'l—l)xfii' U
i=0

Remark 10. The relations in the proposition arise from the comparison of the different
descriptions for the top Pontryagin class of 77 m

(s em1)? = e(Tim)? = pu—i(T)) = (=1)" " hniled, ... 7).

In the even case there is another relation expressing triviality of the Euler class of the bundle
(DL, Ti) ® Trns1-

There is another description for the ideals Io;, 2, and I2, 2541-
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LEMMA 18. For the above ideals Iy, 2, and Io;, 2n4+1 We have

Tomon = (e1€2- - emel,, (1) ™ e L b, (e €3, ... e2) hnomii(ed, ... e2),
Pmia(€2, .. €2), ... hn_1(e3,...,€2)),
I ont+1 = (Pr—ma1(€3,. . €2) hmaa(€2, ... €2), .. hn(€3, ..., €2)).
Proof. These equalities follow from the obvious identity
hi($17 Z, ... 7xn) = h’i(xl)I?) RN xn—l) + xnhi_l(ﬂfl,IQ, e 7xn)‘ 0
Remark 11. The vanishing of the polynomials h;(e?,. .., e2) corresponds to the vanishing of the
Pontryagin classes p;(Tm+1),? > n — m, for the tautological bundle Ty,1+1 over SF(2,4,...,2m,

2n+1).

Remark 12. Consider the case of the maximal SLy flag variety, i.e. SF(2n) and SF(2n + 1).
Investigation of the above relations yields that the cohomology of these varieties coincide with
the algebras of coinvariants for the Weyl groups W (D,,) and W (B,,), respectively. In other words,
there are isomorphisms

A (SFen) = ADlen ez ovenl /(5 5, s 0,t),
A (SF@En+ 1) = ADlevenevenl [(5) 5, 5,),

where s; = a;(e2,€2,...,€2) for the elementary symmetric polynomials o; and t = ejes - - - ey.

11. Symmetric polynomials

In this section we deal with the polynomials invariant under the action of the Weyl group W (B,,)
or W(D,,) and obtain certain spanning sets for the polynomial rings. Our method is an adaptation
of that used in [Ful97, § 10, Proposition 3.

Consider Z" and fix the usual basis {e1,...,e,}. Let

W(By) = {¢ € Aut(Z") | ¢(e;) = xej}
be the Weyl group of the root system B,, and let
— n N — (—1Yeie. (1) ki —
W(Dn) = {¢ € Aut(Z") | ¢(ei) = (—1)"e;, (-1)=" =1}

be the Weyl group of the root system D,,. Identifying R = Z[ey,...,e,] with the symmetric
algebra Sym*((Z™)") in the usual way, we obtain the actions of these Weyl groups on R. Let
Rp = RW(Bn) and Rp = RW(DPr) bhe the algebras of invariants.

For the elementary polynomials o; € Z[x1,...,x,] consider
s;=oi(ed,...,e2), t=on(er,...,en).

One can easily check that Rp = Z[s1,...,s,] and Rp = Z[s1,...,Sp—1,1].
In order to compute spanning sets for R over Rg and Rp we need ‘decreasing degree’
equalities provided by the following lemma.
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LEMMA 19. There exist polynomials g;, h; € R such that

n
= Zgisiy et Zh ;i + hnt.
i1

One may assume that g; and h; are homogeneous of appropriate degrees, i.e. deg g; = 2n — 21,
degh; =2n — 2t — 1 and degh, =n — 1.

Proof. Let Ip = (s1,...,8,) and Ip = (s1,...,8,—1,t) be the ideals generated by the
homogeneous invariant polynomials of positive degree. We need to show that e € Ip and
et '€ Ip. Set Sg = R/Ip, Sp = R/Ip.

Consider Sp[[z]]. Since all the s; belong to Ip we have

(1-é&z)(1—ész) - (1 —e2x) =1,
hence
(1-&3z)(1 —esa)--- (1 —ézm) =l1+é&ztefa’+ ..

Comparing the coefficients at 2™, we obtain 3" = 0, thus e3" € Ip.
Consider Sp[[z]]. As above, we have

(1-&a?)(1-&a?) - (1 - 2a?) = 1,

hence
(1+ex)(1 —e2a®)(1 —e2a?)---(1—é22®) =14 ex +ésa’ 4 -

Comparing the coefficients at 22"~!, we obtain
7%” 1 ( 1)” 161@% éi = (—1)” 1t62€3 en =0,
thus e%”_l e Ip. O

PROPOSITION 5. In the above notation we have the following spanning sets:

(1) By ={ef"ey? ey | 0 < m; < 2n —2i+ 1} spans R over Rp;

e;’%‘ ,0<m; <2n—2¢

Shviiionsi } spans R over Rp.

(ii) BQ = {’u,llLQ cee un_l‘ui = [
Proof. In both cases proceed by induction on n. The base case of n =1 is clear. Denote by B
and Bf the spanning sets in R’ = Zleg, ..., e,] and let s;,t' € R’ be the corresponding invariant
polynomials. Note that s; = e?s;_; + s} and t = e;t.

Suppose that one cannot express some monomial as a linear combination of B; (or Bs)
with Rp-coefficients (or Rp-coefficients). Consider among these monomials the ones of minimal
degree and choose among them a monomial with the largest degree at e;, denoting it by
f= elflegz oefn e R

(1) For k1 > 2n we can use Lemma 19 and substitute Y g;s; for €2”, obtaining

ki1—2n k kn
f § 5i9i€q " n22 €

with deg g;ey ghr—2n kQ -.-efn < deg f, so the right-hand side is an Rp-linear combination of Bj.
Now suppose that k:1 < 2n. By the induction we have
ko _k kn __
€5 es’ eyt = Zaj(sll, e S
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for some b; € B} and «aj € Z[zy,...,2z,—1]. We can assume that all the summands on the right-
hand side are homogeneous of total degree kg + - - - + ky,. Since s; = e2s,_; + s. one has

aj(slv o 7871*1) = aj(slh ceey S{n—l) + Zellﬁjl
>0

for some B;; € Rj. Thus we obtain

k ey +1
f= Zellaj(sl, R sn_l)b; — Zell+ Bﬂb;.
J 3,

Note that elflb;- € Bq, so the first sum is an Rp-linear combination of the monomials from the
spanning set. The second sum consists of monomials of degree deg f, and degrees at e; of these
monomials are greater than ki, so by the choice of f it is an Rp-linear combination of the
monomials from the spanning set. Hence f is an Rp-linear combination of B, contradicting the
assumption.

(2) As above, for k1 > 2n — 1 we can use Lemma 19 and lower the total degree, so suppose
that k1 < 2n — 1. By induction we have

ko k kn _
R Zaj(s'l, ey Sy g, D]
for some b;- € Bé and «o; € Zlz1,...,xn—1]. We may assume that all the summands on the

/

n_1, hence

right-hand side are homogeneous of degree ko + k3 + - -- 4+ k,,. One has t?> = s

aj(slly ) Slan’ t) = 62]'(5/1, B 541,727 S;Lfl) + t,aj(sllv ceey 8,n727 S;Lfl)‘

As above, we can substitute s; into &; and &; and obtain some i, 3j; € R},. Thus we have

k1~ k1~
f= g ellaj(sl,...,sn_l)b;~+ E ellozj(sl,...,sn_l)t'b;
j J

J
ki+l7a 3! ki+l7g g1y
=Y el B, = > et Bt
Jsl Jsl

In the first sum we have e’fl b;- € By. One has t’b;. € Bo, so in the case of k1 = 0 the second
sum is a linear combination of the elements from the spanning set, otherwise, if k; > 1, one
has t = ejt’ and deg(elfl_laj(sl,...,sn_l)b;) < deg f, so in both cases the second sum is an
Rp-linear combination of Bs. The third and fourth sums are dealt with like the second one in
(1); the monomials have the same degree as f but the degrees at e; are greater. Thus we obtain
that f is an Rp-linear combination of Bs, contradicting the assumption. O

12. Cohomology of the special linear Grassmannians and BSL,,

We are now ready to compute the cohomology of the special linear Grassmannians. Recall that
hi(z1,x2,...,2n) = gi(01,09,...,0,) for a certain polynomial g; € Zly1,y2, ..., Yn).

THEOREM 9. For the special linear Grassmannians we have the following isomorphisms of A*(pt)-
algebras:
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(i) ¢1: A*(pt)[p1,p2, - - 7pm7€7€/]/J2m on = A*(SGr(2m, 2n)), where

J2m,2n — (66/, 62 — D, (_1)n—m+16/2

+ In-m(P1, P2, - - s Pm)s In—m+1(P1, P2,
gn—m+2(p17p27 cee 7pm)7 .

ctt 7pm)7
-y gn-1(P1, D25 - - - Pm))
and the isomorphism is induced by ¢1(p;) = pi(T1), ¢1(e) = e(T1) and ¢1(e') = e(Tz);
(it) ¢2: A (PD)[P1 P2, P, e]/JQm o1 = A*(SGr(2m,2n + 1)), where

JQm,QnJrl = (62 - pWHgn*erl(plvaa .. ,pm),gnfm+2(p1,p2, cee ,pm), ..

> 9n(P1, P25 -, Pm))
and the isomorphism is induced by ¢2(p;) = p;i(T1) and ¢a(e) = e(T1).

A

Proof. (i) Consider the special linear flag variety p : SF(7;) — SGr(2m, 2n). The homomorphism
p“ is injective by Theorem 6. There is an isomorphism

SF(T) = SF(2,4,...,2m,2n).

Denote this variety by SF. Proposition 4 yields that there is an injection
pA: A*(SGr(2m, 2n)) — A™(pt)[eq, .. '7em7€;n]/[2m o *

We have p(e(71)) = erea---em,p?(e(T2)) = €, and, by Lemma 13 and multiplicativity of
total Pontryagin classes, p”(p;(71)) = oi(e?,¢€2,...,€2,). From now on we omit p* and regard
A*(SGr(2m,2n)) as a subalgebra of A*(SF). Lemma 18 shows that

J2m72n C I2m,2n = J2m72nA*(pt)[el7

ey €m, €
moreover,

mi
J2m,2n = IQm,2n nA* (Pt)[ph
since by Proposition 5 A*(pt)[e1, ..., em,eh,]

i 7pm7 67 el:l?
Hence there exists the claimed map

is a free module over A*(pt)[p1,...,pm,e, €]

¢1 : A*(pt)[plap% 7PM7676/]/J2m om A*(SGr(Zm, 271)) C A*(S]:)
with ¢1(p;) = pi(Ti) = o5(eh, 3., €2, b1(e) = e(Ti) = exez--- em and Gy (e) = e(T3) = e,
and it is injective.

Applying Theorem 6, we obtain that the set

B = {u1u2 CEE um—l

" — [ e;"",Oémngn—%}

’ €it1€it2 """ €m ’

forms a basis of A*(SF) over A*(SGr(2m,2n)). Note that by the same theorem A*(SF) is
generated as an A*(pt)-algebra by e, ea,...,em, €., thus by Proposition 5 we know that B
spans A*(SF) over the algebra

Im(¢1) = A*(pt)[d1(p1), $1(P2), - - - s $1(Pm—1) 1 (), P1(€)],
hence Im(¢1) = A*(SGr(2m,2n)) and ¢ is surjective.
(ii) This can be obtained via similar reasoning.
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Remark 13. It seems that there is no good description for A*(SGr(2m + 1,2n)) in terms of
the Euler and Pontryagin characteristic classes. For instance, consider the simplest example
SGr(1,2) = A2 — {0}. Tt is isomorphic to the unpointed motivic sphere $32, so A*(SGr(1,2)) =
A*(pt) @ A*~Y(pt), but we do not have an appropriate nontrivial special linear bundle over
A*(A2 —{0}) to take the characteristic class. Another complication comes from the fact that the
grading shift is odd whereas our characteristic classes lie in the even degrees.

We now turn to the computation of the cohomology rings of the classifying spaces

BSL,, = lim SGr(n,m).
—
meN

The case of BSLy, easily follows from Theorem 9. In order to compute the cohomology of BSLa, 41
we will use a certain Gysin sequence relating A*(BSLg,+1) to A*(BSLa,).

Recall that A* is constructed from a representable cohomology theory. In this setting we
have the following proposition relating the cohomology groups of a limit space to the limit of
the cohomology groups [PPR09b, Lemma A.5.10].

PROPOSITION 6. For any sequence of motivic spaces X1 Xy B Xe B oo and any p we have
an exact sequence of abelian groups

0 — lim" AP~ (Xy) — AP(lim X) — ljm AP(X}) — 0.

As usual, the lim' term vanishes whenever the Mittag-Leffler condition is satisfied, i.e. if
for every i there exists some k such that for every j > k one has Im(A*(X;) - A*(X;)) =
Im(A*(Xg) — A*(X))).

Consider the sequence of embeddings

12m+1

-+ — SGr(2n,2m + 1) —— SGr(2n,2m +3) — - --
By Theorem 9 we know that i3\ 41 is surjective, hence
AP(BSLy,) = l(i_IEAP(SGr(Zn, 2m+1)) = l(i_rilAp(SGr@n, m)).

The sequence of the tautological special linear bundles 77 over SGr(2n,m) gives rise to a bundle
T over BSLo,. We have a sequence of embeddings of the Thom spaces

J2m+1
=

.= Th(71(2n,2m + 1)) Th(7:(2n,2m +3)) — ---

where 71 (4, j) is the first tautological special linear bundle over SGr (i, j). Since all the morphisms
T1(2n, k) — T1(2n, 1) considered are inclusions there is a canonical isomorphism 7 /(7 —BSLg,,) =
Th(T) = li_n>17'1(2n, m). For every k we have an isomorphism

Uth(Ti (2n,k))
—_——

A*72"(SGr(2n, k)) A*(Th(T1(2n, k))),

SO jf‘m 11 are surjective as well as 49,41 and

AP(TL(T)) = lim AP(Ti (2n, m)).
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DEFINITION 26. Let 7 be the tautological bundle over BSLy,. Denote by b;(7),e(T) €
A*(BSLay,) and th(7T) € A*(Th(7)) the elements corresponding to the sequences of the classes
of the tautological bundles,

pi(T) = (..., pi(T1(2n, m)), pi(T1 (2n, m + 1)), ..),
e(T)="(...,e(T1(2n,m)),e(Ti(2n,m + 1)),...),
th(T) = (..., th(Ti(2n,m)), th(Ti(2n,m + 1)), ...),
with 77(2n, m) being the tautological special linear bundle over SGr(2n,m).

The above considerations show that we have a Gysin sequence for the tautological bundle
over the classifying space BSLo,.

LEMMA 20. Let T be the tautological bundle over BSLs,,. Then there exists a long exact sequence

T jA
s A2(BSLay) 2 A% (BSLyy) L A*(BSLon_1) S -
Proof. For the zero section inclusion of motivic spaces BSLg, — 7T we have the long exact

sequence

= ANTW(T)) — AX(T) = A*(T%) & ...

The isomorphisms

A2 (SCr(2n, k)) ST

induce an isomorphism A*~2"(BSLy,,) LT, A*(Th(T)), so we can substitute A*~2"(BSLy,,)

for the first term in the above sequence. Using homotopy invariance, we exchange T for BSLa,.
By the definition of e(7) the first arrow represents the cup product Ue(T).
We have isomorphisms

70 = 1im SGr(1,2n — 1,m) = lim SGr(2n — 1,1, m).
— —

Th(71(2n,k))

The sequence of projections
-+ —SGr(2n—-1,1,m) ——SGr(2n — 1,1,m+1) ——

l |

- ——=SGr(2n—1,m+1) ——=SGr(2n —1,m +2) —— - --

induces a morphism 77 = BSLs,,—1. Note that
SGr(2n —1,1,m) = T2(2n — 1,m + 1)°,

and T is an (A® — {0})-bundle over BSLy,_1, so by [MV99, §4, Proposition 2.3] r is an
isomorphism in the homotopy category and we can substitute A*(BSLg,_1) for the third term
in the long exact sequence. O

DEFINITION 27. For a graded ring R* let R*[[t]], be the homogeneous power series ring, i.e. a

graded ring with
Rl = { ot

R*[t] / t", where the limit is taken in the category of graded algebras. We
1s

- tna]lallEn]ln-

dega; +idegt = k}

Note that R*[[t]], = (_@
set R*[[t1,...,tn]]n = R*[[t
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THEOREM 10. For dege = 2n,deg p; = 4¢ we have isomorphisms

A*(p)[[p1, - - -, Pr1,€]]n — A*(BSLay),
A*(p)[[p1, -, palln = A*(BSLgpt1).

Proof. The case of BSLy, follows from Theorem 9 and Proposition 6, since for the sequence

12m+1

-+ = SGr(2n,2m + 1) —— SGr(2n,2m +3) — - --
the pullbacks 74 - 11 are surjective and lim! vanishes, yielding

A*(BSLg) = LiLnA*(SGr(Qn, 2m+1)) = l(ir_nA*(pt)[pl,pg, ooy Dns €]/ Jon 2m1
= A*(pt)[[pla <y Pn—1, 6]]h.

For the odd case, consider the long exact sequence from Lemma 20 for BSLg,42. By the
above calculations e(7) is not a zero divisor, so the the map Ue(7) is injective and we have a
short exact sequence

0= A*2"(BSLyy ) —5 A*(BSLapsa) — A*(BSLans1) — 0.

Identifying A*(BSLaj,42) with the homogeneous power series and killing e, we obtain the desired
result. O

Remark 14. Another way to compute A*(BSLa,+1) is to use the calculation for A*(SGr(2n + 1,
2m + 1)) = A*(SGr(2m — 2n,2m + 1)). The Euler classes are unstable, so the image

Im(A*(SGr(2n + 1,2m + 3)) - A*(SGr(2n+ 1,2m + 1)))

is generated by the Pontryagin classes p;(7z) and lim' vanishes. One could express p;(73) in
terms of p;(71), obtaining the desired result.
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