ON THE INTEGRAL PART OF A LINEAR FORM
WITH PRIME VARIABLES

I. DANICIC

The object of this paper is to prove the following:

THEOREM. Suppose that \, p are real non-zero numbers, not both negative,
N is irrational, and k is a positive integer. Then there exist infinitely many primes
p and pairs of primes p1, ps such that

[Ap1 + wp2] = kp.
In particular [\p1 + ups] represents infinitely many primes.

Here [x] denotes the greatest integer not exceeding x. The proof is based on
the following

PRINCIPAL LEMMA. Suppose A1, s, A3, v are real numbers, the N's being non-zero
and not all of the same sign, and \i/\; being irrational. Then for every ¢ > 0
there exists a sequence of integers N — o such that the number of solutions of the

inequality
(%) Mipr+ Nepe+ Naps+ 7| < e
pi < N (p;prime)

is greater than CN?/(log N)3? where C is a positive number independent of N.
We first deduce the theorem from the lemma. We apply the lemma with

)lz)\y >\2='_k1 )\3=#1 'Y:.———%’ €=%.

This gives for more than CN?/ (log N)3 triples of primes p1, p2, ps

pi <N, kps < M1+ wps < kps + 1,
that is

(1) [Ap1 + ups] = kpo.
Suppose only finitely many primes ps, say d, occur in (1). Then for some fixed
p2 (1) has more than CN?/d(log N)? solutions p1, p2 (p; < N). For given p;
there are at most |u[~! + 1 primes p; satisfying (1) and for p; we have at
most C1N/log N choices.

Thus
GN CN®
log N = d(log N)*’

which gives a contradiction for sufficiently large N.

(™ +1)
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The proof of the principal lemma is based on an adaptation of Vinogradov's
method for Goldbach’s problem. By replacing the \; and v by \; e ! and ye!
it suffices to prove the lemma for ¢ = 1. Since A\; \37! and X\; \;7! are not both
rational, we may further suppose that \; > 0, X\s < 0, A5 < 0.

Notation. p indicates primes, e(a) = e,

S(a) = S, N) = 2 elap),

PN
Ve (ax)
I(a)—](a,N)— 210gx ’
. 2
K@) = (i’i‘—’f) :
T
L = log N.

LeEMMA 1. For real 0,

0 _ 0 1f |0| > 1'
2 Re foe(ea)K(a) do: = {1 — 10| dif o] < L.

A proof is given by Davenport and Heilbronn (1, Lemma 4).

LemMA 2. The number of solutions of the inequality (*) (with ¢ = 1) 1s not
less than

Re J; SO @) S0 ) S(s a)e(va)K () de.

Proof. This follows from Lemma 1 in the usual way, by multiplying out the
trigonometric sums in the integrand and then interchanging summation and
integration.

The remaining lemmas are devoted to establishing a lower bound for the
expression in Lemma 2. For ease of reference we shall refer to Prachar’s
book (3).

Throughout p will denote a positive constant, which will be fixed later.
C, Cy, . . . denote positive numbers independent of V.

LeEmMA 3. If a and q are integers, a is real, and

le —a/q| < 1/qT
where
Ty= Cy NL™*, (a,q) =1, L <q< Ty
then
[S(a)| < CNLO/»=%,

Proof. This follows at once from (3, Chapter VI, Theorem 6.1) (Vinogradov’s
estimate).
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LeMMA 4. If a and g are integers, (a,q) = 1,1 < q¢ < L*, a is real, and

a=(a/q) +B, 8] <q'Iy', T1=CiNL,
then
IS(a) — {u(g)/¢(@)}I(B)] < CNexp(—AL?),

where A 1s an absolute positive constant, and u(q) and ¢(q) are the Mébius and
Euler functions respectively.

Proof. This follows at once from (3, Chapter VI, Theorem 3.3) on replacing
¢ (nB)

1Sy log
by I(8). The error introduced by this is O(1 + L~ "), which is negligible.

LEMMA 5.
{CNL—1 all a,
[I(a)] < {CNIL-Y  forl|a] > N7},
le| L1 o] < N7

Proof. The first estimate follows from [I(a)| < [I(0)[; the second and third
are proved by integrating by parts.

LEMMA 6. T'he volume of the 3-dimensional body B defined by
Mixr 4+ Nexe + A3 < 3§, 2< ;<K N@E=1,23)
is greater than CN2.
Proof. We chose a positive constant § which satisfies
T+ Duh8 <1, B <1,  Q+3+ < b
The three intervals
PN — I <a < (4 4 3N + I
eIV < 2 < (1 4 D)Ni|he 28N,
I N7V < x5 < BN N[NV

lie in (2, V) if N is sufficiently large, and have lengths at least \;~!, C; N, and
C, N respectively. These inequalities therefore define a box of volume greater
than CN?2 Remembering that Ay > 0, A2 < 0, A\; < 0, it is at once verified that
for such x; we also have

x4 Nexe + Ngas| < 3,
which proves the lemma.

LEMMA 7. Let

J1 = Re f:l_ S a)S(ea)S(A; a)e(ya)K (@) da,
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where Ty = Cy NL™". Then J, > CN*L™3.
Proof. Let N = max; [\,]. In the interval of the integral we have
o] < IN|Tit < ACy N1,
Hence, by Lemma 4 witha = 0,¢g = 1,
IS\ia@) — I(\;a)] < CNexp(—ALY)  (i=1,2,3).

Since 0 < K(a) < 1, we may replace each S(\;a) in J; by I(\;a) with an
error at most

3N2T7ICN exp(—AL?) < C3 N2L® exp(—AL%),

since trivially [S(\;a)| < N, [I(\;a)] < N.
In the resulting expression

Re J; " I(Ma)I (A2 a)I(A;a)e(ya)K (o) da

we replace e(ya) by 1 with an error less than

7171

T1-1
Nile(ya) — 1|da < Iv|N3f ada < CN*Ty™* = C, NL*.
0
In the resulting expression
7T1-1
J: = Re f IMa)I(Aa)I(N;a)K (@) da
0
we replace the upper limit of integration by « with an error
f 1[[()\1 a)I (A2 a)I(A\;0)|K (a) da.
T~
By Lemma 5 this is less than
N} 1 o
c{ L% da + f 41\73/2 = do + f N*’L7*K () da}
T1-1 - 1

< C{L*T + LT°N** 4+ L7°N**) < CN*L™ %,
Thus

(2) IJI - J3! < CN2L=32,

where

Js = Re fo T I a) I @) IO @)K (a) da.
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Now

Js

o N N N
Re J;K(a){ J; fz J; claQuart Doy + M%) o g dxs}da

log x1 log x» log x3

N N N
Re f f f (log x1 log x5 log x3) ™"
2 2 2

X re{a(h X1 + )\2 Xo + )\3 xg)}K(a) da dxl dxz dxs
0

N N N
f f f (log %3 log x5 log x3)™*
2 2 2

X %max(O, 1 - ])\1 X1 + )\2x2 + )\3 OC3[) de dxg dx:;

by Lemma 1. Hence

1 N N N
J3 > 1 J‘ f ‘L (log x1 log x» log x;;)“lf(xl, X2, X3) dxy dxs dxs,
2 2

where f is the characteristic function of the body B defined in Lemma 6. By
that lemma

1 3 N N N 32
]3 > ZL f(xl, Xo, x3) dx1 dx2 dQC3 > CL™°N".
2 2 2
This together with (2) gives
]1 = J3 + (]1 - Ja) > C2N2L_3.

The next lemma is similar to Lemma 13 in the paper (2) by Davenport and
Roth.

LeEmMA 8. If M runs through those real numbers for which M (logM)—(/De
runs through the denominators of the continued fraction for \1/|\s|, N = [M], then

for
ANTIL? < o < L3, A = max (A, [Aef7Y),

we have min (|[S(\; &), |S(\za)|) < CNLO/2~%,

Proof. If Q is a denominator of the continued fraction for Ai/|\|, then by
Legendre’s law of best approximation

[(M/N2)g — a| > 3Q71

for all integers @, ¢ with 1 < ¢ < Q; cf. footnote in (2, p. 94). For every a there
are integers a;, ¢, such that

(@,9) =1 |[Nia— (a:/q)] <g'L°N7',  1<gqg:<NL
z=1,2).
Put
Bi= Nia — (ai/q.).
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For the « in the interval under consideration we cannot have a; = 0 or as =0,
for otherwise for + = 1 or 2

N-LP < [\ja < L°N-1,

a contradiction. Further, if ¢; > L*? for ¢ = 1 or 2, then the required estimate
follows from Lemma 3. Hence we may suppose that ¢; < L°( = 1, 2). Hence
by Lemma 4

[SNia)| < (1/e(g)I(B)| + CN exp(—AL?Y)
< |B4TIL7Y + CN exp(—ALY) < CilBy|"1LY,

by Lemma 5 since |8;] < ¢/ 'L°PN—' < N—%, If the result to be proved is false,
it follows from this that

(3) NLO®=% < C4y|8, "L~ (i =1,2).
Now
(A\1/N)az q1 — a1q2 = q1q2(B1 + Ba).
Since ¢; < L*, (3) gives
4)  [(\/A)azqr — a1 ¢e] < g1q2(|B1] 4 [Be])
< 2C1q1qs N-1L-QUD+E « CN-1L~11/D+(5/2)p,
We put ¢ = |a2 ¢1|, @ = =a1 ¢, the sign being chosen so that

[(\/X2)g — a] = [(\/No)asz g1 — a1 qs|.
By (4),
|(\/N2)g — a| < CN-1L-QU2+(s/D5,
and
1 < g = (lazl/q2)q1 g2 < Co L3t

since |A2a| < |Ag| L3 and as/q» is near Ny a. Putting
Q = M(log M)=G/2s,
we have in particular
1 <qg<Q,(\/N)g —al <1/2Q.

Since Q is a denominator of the continued fraction for A\1/|\s|, this contradicts
Legendre’s law of best approximation. Hence (3) is false and the lemma is
proved.

LEMMA 9. If N # 0, then

71500 K @) da < NI
0
Proof.

[SQ)|* = 20 2 efda(pr — p2)}.

PISN p2<N
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Hence by Lemma 1, the integral is less than the number of solutions of
NP1 = p2)| <1, pupe < N.

For given p; this gives at most 2|\|=! + 1 choices for p; and hence the number
of solutions is at most

m(N)2|ANt+ 1) < CNL-L.
LemMA 10. If N, p, and \ are the same as in Lemma 8, then

L3
f L 1S(Ma)S(Ae @) S(s @) |K (@) da < CNPL/D~%,
AV-1L
Proof. By Lemma 8, the integral is less than
CNL(Q/Q)_%”{ J; |S20)|S(A; @) |K (@) da + I; [ SO a)S(A; ) IK(a)da} .
By Cauchy’s inequality, the first of the two integrals is

< { J:D,S()\z a)|’K (o) dex f;sma)]ﬂz{(a) da}’ < CNL-

by Lemma 9. The same estimate holds for the second integral and the result
follows.

LemMA 11. If A > 4, then

Lm|S()\a)]2K(a) da <20 f:lS()\a)IQK(a) des

Proof. This is a special case of (2, Lemma 2).

LEmMmaA 12,
fj SO\ @) S(hs @) SOhs @) [K (@) dee < CN*L™.
Proof. By Holder's inequality the integral is < (Ly Lo L3)/3, where
Li=— fj SO @) 'K () dee
Using the trivial estimate |[S(\;a)| < CNL™! and Lemma 11,
L, < CNL™ J:lS()\ia)PK(a) da < C,NL™ J;m|5(xia)|21<(a) da

and this by Lemma 9 is <CN2L-5.

Proof of the Principal Lemma. We shall prove that if N runs through the
sequence specified in Lemma 8 and p = 15, then

J = Re J‘OOS()\I @) S a) SO\ a)e(va)K () da > CN’L™2.
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We divide the interval of integration into three subintervals E;, E., E; where
Ei: 0 < a < AN,
Eo: ANTILP < o < L3,
E;: L} < a
where A is defined in Lemma 8. By Lemma 7, the integral over E;is > CN2L3,
The integral over E; is in absolute value
< CN2LG/D=Q5/Y) = CN2L—4,

by Lemma 10. By Lemma 12 the integral over E; is in absolute value less than
CN2L~5. Hence
J > CNL—3

and this with Lemma 2 proves the Principal Lemma.

One might conjecture that if A is positive and irrational, then [Ap] represents
infinitely many primes.
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